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THE BOUNDEDNESS OF SOME BILINEAR SINGULAR
INTEGRAL OPERATORS ON BESOV SPACES

MING XU

ABSTRACT. In this paper we weaken the kernel conditions of bilin-
ear Calderén-Zygmund operators and prove boundedness on Besov
spaces.

1. Introduction

Related to multilinear integral operators, some earlier works can be
found in R. Coifman and Y. Meyer’s papers ([1]-[3]). Later in 90’s, some
nice works about multilinear singular integral operators have been done
by M. Lacey and C. Thiele about the LP boundedness of bilinear Hilbert
transform ([13]-[14]), L. Grafakos and R. H. Torres about the bounded-
ness of multilinear Calderdn-Zygmund operators ([6]-[9]). In 1984, G.
David and J. L. Journé gave the T(1) theorem which was a general law
to verify the L? boundedness for classical C-Z singular integral operators
([4]). L. Grafakos and R. H. Torres proved the T(1) theorem in [7] for
the multilinear C-Z singular integral operators. In [6], L. Grafakos and
R. H. Torres have given several open questions about the boundedness
of multilinear Calderén-Zygmund operators. One may consider whether
we can weaken the kernel conditions of multilinear Calderdn-Zygmund
operators and also obtain the LP(1 < p < co) boundedness of multi-
linear Calderén-Zygmund operators. In this paper we try to give some
results about it. For convenience the bilinear operators are considered
only. Before we give our main results, let’s recall some notations about
bilinear Calderén-Zygmund operators first.
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DEFINITION 1.1. Consider a bilinear operator T : D(R%) x D(R?) —
D'(R?), for f,g € D(R?),x ¢ suppf Nsuppy,

@) TGeE = [ K @)z

where K (z,y, 2) is a distributional kernel on (R%)3, suppose that it sat-
isfies C-Z kernel conditions, if

(12) (K (yo, 1, 12)| < A

9 2d’
( > Iy — yz|>
k=0

IK (yo, y1, ¥2) — K (y0,v1, v2)| + [ K (1,90, ¥2) — K (v1, %0, ¥2)|
A AT
(1.3)  +|K(y2,91,%) — K(y2,v1,%0)| < lvo = %ol

2 2d+-¢€?
( >y — yzl)
k,1=0

1
for |yo —ypl < 7 o22%, lv; — Yl,

where 0 < e < 1.

Next some kind of Besov spaces is introduced ([12}).

DEFINITION 1.2. A test function space C(R?) is defined as the set of
functions f which satisfy the following conditions

<>|ﬂm (n<chﬁgqmﬂ;mux—ms%w+mu
(3) The norm of f can be defined as || f||c®e) = inf{C : (1) and (2) hold}.

DEFINITION 1.3. A sequence {®y }x>¢ of linear operators is said to be
an approximation to the identity if ¢r(z,y), the kernel of @, satisfies
the following conditions

(1) I68(29)] < C ez

@ 16ue9) - )] < O ey ) rgyee

®) 16u0:9) - 9u(0 ) < O sy ) sy for o = o] <
327 + |z —y)), ,

(@) [B1(o.0) — du(o )] - Bu(e'0) — oute' ) < Oy )
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EI
ly—y'| 2=k(1-¢" 19—k
() et for = 2 < J07 4o )

and |y — /| < 5(27F + & — y),
(5) fRd ¢k($,y)d.'13 = f]Rd ¢k($;y)dy =1,
where 0 < ¢ < 1.

DEFINITION 1.4. Let {®% }x>0 be an approximation to identity , ¥y =
@ — Pp_1(k > 0) and ¥y = g, s € (—1,1) and 1 < p,q < 0. Then
(1.4)

1/q
B = {1 €€ s W flgorme ~ (X 210Dl ) < ool
k>0

DEFINITION 1.5. Let a bilinear operator T : D(R?%) x D(RY) —
D'(R?) satisfy (1.1) with distributional kernel K(z,y,z), and we say
that K (z,y, z) is a weakened C-Z kernel if it satisfies the following con-
ditions

sup { / / (lK(yo,yl,yz)l
rr!' >0
{y1r<lyo—wy1|<2r} {y2:r' <|lyo—y2|<2r'}

+ | K (y1, 90, ¥2)| + IK(y2,y1,y1)l>dy1dy2

+ / / <|K(y0,y1,y2)|

{y1:lyo—y1122r} {y2:lyo~y2|<2r}

+ K (y1,y0,y2)| + IK(ya,yl,w)I)dyldyz} < 00,

sup  sup / / <|K (Yo, ¥1,Y2)
9, r>0 X .
0 [yo—w0|<r{y2:ly2—yo|>297} {y1:jy1—yo|>29+5r}

— K (yg,y1,y2)| + | K (1, Y0, ¥2) — K (y1, %6, 2)]

+ |K (y2,¥1, %) — K(y2, 91, yé)l)dwdyz = (4, k),

sup sup { / / <|K(y0, Y1, 92)
y’ >0 ! . .
% Jyo—vpl<r {yz:lya—yo|<29H*r} {ys:lys —yo|>2i+kr}

— Ky, y1, y2)| + 1K (y1, y0, v2) — K (y1, %0, ¥2)]

1K (g2 y1, 90) — K (92, 1, ya>|)dyldy2
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« [ (1Ko - K mm)
{yo:lyo—vpl<r} {va:lya —yo|>27+5r}
+ 1K (y1, %0, y2) — K (y1, 90, v2)| + 1K (y2, 91, %0)

- K(yz,yl,y6)|>dy1dyo

+ / / (lK(yo,y1,y2)
{yo:lyo—v5| <7} {y2:ly2—yo| =29 +kr}
— K(y6, v1,92)| + K (y1, v0, v2) — K(y1, 45, v2)| + | K (y2, ¥1,%0)

- K(yz,yl,yé)l)dyzdyo} =14, k),

08 3. (0GR + 0 k) + 3 (5(0,9) +7(0,5)) < +oo.
Fk=1 j=1

REMARK 1.1. The ideas of above definitions of the weakened kernel
come from S. Hofmann and Y. S. Han [11]. Obviously the conditions
are weaker than the standard bilinear C-Z kernel (Definition 1.1).

DEFINITION 1.6. Let T : D(RY) x D(R?) — D'(R?), and we say
that T satisfies bilinear weak boundedness property(BWBP), if for any
f,g9,h € D(R?), supp f, g, h € B which is any ball in R? with radius R,

(1.9) (T(f,9), 1)l < CRY|fllsolgllcollFeloo-
The purpose of the paper is to prove the following theorem

THEOREM 1.1. Let a bilinear operator T : D(R?) x D(R?) — D'(R%)
satisfy (1.1) with distributional kernel K (x,y, z) satistying weakened C-
Z kernel conditions. Suppose that for any f,g,h € Dy, (T(1,9),h) =
(T(f,1),h) =(T(f,9),1) = (T(L,1),h) = (T(1,9),1) = (T(f,1), 1) =0
and T also satisfies bilinear weak boundedness property. Then T can
be extended to be a bounded operator from B3 (R?) x BY%(R?) into
BY9(RY), where ;,1; + ;—2 = zlﬂ (-]1; + 51; = %(1 < p,q < 00).

REMARK 1.2. In the above theorem, f, g, h € Dy means that f,g,h €
D and [ f(z)dz = [g(z)dr = [h(z)dz = 0, by using bilinear weak
boundedness property and conditions (1.6), (1.7), and (1.8), it’s easy
to obtain that, (T(1,g), k) = (T(f,1),h) = (T(f,g),1) = (T(1,1), h)
= (T(1,9),1) = (T(f,1),1) = 0 converges.

Through out the paper, the constant C is not essential and maybe
different somewhere.
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2. Proof of the main theorem

In this paper, one of the most important things is to choose Calderén
representation formula, here we take one inhomogeneous version and
this following fact can be found in [10], [12].

LemMA 2.1. (Inhomogeneous Calderdn formula) Suppose that {#}4s0
is an approximation to identity, V) = & — &;_1(k > 0) and ¥y = Py.
Set

(2.1) Dn(f)= 3 W¥Y(H)+ D TWY(),

0<k<N k>N

where ¥ = T Viy;. Then there exist a fixed large enough integer
l71SN

N > 0 such that for f € Bg’q(Rd)(l < p,g < ), ||DN(f)||Bg,q <
CNHfHBg,q(CN < 1). Dy has its reverse operator (Dy)~" and ||(Dyn)™}
(Dligge < Cl 10

In the proof of the main theorem we choose ¢ (z—y) = 254 (2% (x—v))
to be the kernel of ®¢, and ¢ € D(R?). With Lemma 2.1, actually we can
use following formula as a substitute for the inhomogeneous Calderén
formula

N(f) =D WY (f) for f € BYU(RY).

Using the Calderén formula, for any f, g,k € D, one has
(T(Dn(f), Dn(9)), Dn(h))
ZZ ‘I’lT W]?‘I’k) ( ), q}k ( ))’\IllN(h»,

k=0 1=0

Mg

(2.2)

Il
<)
o

J

where we set the kernel of ¥;T(¥;, ¥;) to be

T, W) (y1,y2,93)
= ///1/)1(131 —y1)K (21, T2, 23)9j (22 — y2 )i (23 — y3)dridzades.

We'll prove the following lemma.
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LEMMA 2.2. Let T be defined as in Theorem 1.1. Then forl < j <k,
j=1U4+m, k=j+n, there exists C > 0 such that

//(l‘l’tT(‘I’ja‘I’k)(yl,y2,y3)ldy1dy2 + [T (Y5, Wi)(y1, y2, y3)|dy2dys
+ |9 T (¥, U)(y1, v2, y3)|dyrdys) < Cy(m,n),

o0 o0
where Y > 4(m,n) < +oo and 7(0,0) = 1.

m=0n=0

Proof. Note that 1;(-) is the kernel of operator ¥;(j > 0). Without
loss of generality, we set supp ¥o(z) C [0, 1].

i) The first case: I, m,n > 0. We will prove

//|‘I’1T(‘I’j,\I’k)(yhyz,yz)ldyldw < C¥(m,n).
Observe
//(‘Isz(‘I’j,‘I’k)(yl,yz,y:a)ldmdyz
(
{v1:lys—y1124-271} {yo:lys —ya)>4-2-C+m)}
+
{y1:lys~y1124271} {yo:|ya —y2|<4-2- ™)}
+
{y1:lys~111<4271} {y2:fyz —y2|24-2-(Hm)}

+

{(y1:lya—v11<4-2-1} {y2:lys —ya| <4-2-(+m)}
N’lT(‘I’j"I’k)(yl,y2,y3)ld’y1dy2 =TI+ II+IIT+1V.

Firstly we deal with I, using condition (1.6) and (1.8),

-

{v1:ly3—31124-271} {y2:lys —y2|>4-2- (4™}

) [ [ [@im025) ~ Kieron5)

Y21 — y1)v;(z2 — yo) (23 — y3)dzideades|dyidys < y(m,n).
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To deal with II, from (1.7) and (1.8) we can deduce

- [

{v1:lya—y11>4-21} {yo:lya—y2|<4-2-(+m)}

l///(K(‘”l’%xs) — K(21,33,33))

Yz — 11)¢5(x2 — yo) i (x3 — y3)dzrdzadas|dyrdyz < vi(m,n).

To deal with III, we have

III-z(

{y1:lya—y11<42-1} {y2:lyz ~y2| 2421}
+ / )...=1111+1112.

{yi:lya~1 <4271} {y2:4.2- M) gz —yp) <4271}

Using (1.7) and (1.8) directly, we can obtain IT]; < ~1(m,n). Because
for any 1,9, h € Do, (T(1,9),h) = (T(f, 1), ) = (T(f,g),1) = 0, we set
x(z) =1if |z| <1 and x(z) = 0if |z| > 1, then
Il =
{y1:lys—91/$4:271} {y2:4-2- UM<y —yo|<4-2-1}
‘///(K(ml,wz,ws) — K(z1,22,93))(di(z1 — 91)
— i(ys — 1)) X@F e — pal) + (1 - x (2 21— ys))]

Yi(xa — y2)¥k(xs — y3)dzrdrades|dyrdys = 11153 + 1115 5.

Using |9y (21—31) ~1(ys —v1)| < 2'@V]a1 —ys], we can obtain [11,; <
2—(m+n)»-yl(0,n) by (1.7), (1.8) directly. To deal with III33, note that
o—(Hmtn) < |z1 — y3] < C27L, (C large enough), from (1.7) and (1.8),
we can obtain

m-+n ]
I < y(m,n) + Y 27"y (i,m).

i=1
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{y1:ly1 —ys|<4-27UFmEm)} fyo-fyn ~ya|<4-2-(1H+m)}

{y1:4-2-EmEn) <y —ys| <4271} {yz:ly2 —ys|<4-2-(+m)}
=IVi +1V;.

Then to deal with V1, set n(x) € D and if |z| < 4, n(z) = 1; if |z| > 6,
n(z) = 0, we have

Wy = //‘///K x1, 22, ©3) (Y1(T1 — 1) — Yi(ys — 1))

(1!+m+n)lx1 y3|) + (1 _ ( (l+m+n),x1 ygl))]'l[/'] (-732 - y2)

Yr(z3 — y3)dzrdzodrs|dyidys = IV 1 + Vi .

Notice that |v;(x1 —yr) —i(ys —v1)| < 2/92¢|z; — 3|, then using BWBP
property to IV 1, we have

Vi < Co~-(U+m)d g—(+mtn)d gldg—(m+n) o(l+m+n)d < ¢g—mld+1) g-n
To deal with IV; 2, we have
IV s
<
{y1:ly1 —ys|<4-2-(Hm+™} {yo:jyn —~ys|<4-2-(Hm)}
| [
{z1:6-2—(4m+n) |3y —ya|<4.2- U+ ) {g4:4.2- M) |z —y3|<4.2-1)

//(K(mlamzyxa) — K(z1,z2,23)) (1(x1 — y1) — Yi(yz — v1))

(1 — p(2UHm+™) |2y — ya]))bi (22 ~ Yo )r(z3 — y3)dridzades|dyidys

n m
<CER™Y 276,00+ Y 2™ (i, n)).
=1 i=1
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Using (T'(1,1),h) = 0 for h € Dy, then

IVa < //l///K w1,$2,$3)(¢l(w1 y1) — Yu(ys — y1))

™My — ys]) + (1= n(@F M ay — yg)))]
(Yi(w2 — y2) — ¥;(y3 — v2))
[n(254 ™ 2y — ya]) + (1 — n(2F™ " |2y — y3)))]

Yj(x3 — y3)dri1drads

g// ///K(wl,xg,x3)(wl($1“yl)"'l/)l(yli"yl))'

(W3 (2 — y2) — ¥ (ys — y2)){n(@F™ a1 — y3l)
x (2™ gy — ys)) + (2T r — ys])

x (1 =024 zg — ys]))

+ (1= @2y — yg))) x (2 2y — ys))
+ (1= @1 — )

dy1dy»

x (1= (2™ |z — y3]))}oj (@3 — ys)dz1daadas|dyrdy
<IVo1 +1IVao +1Vy3+ IVay.

Next using BWBP property and regular conditions of +; and ;, it’s
easy to obtain IVz; < 272"~™. To deal with IV 5, we have

IVae = // ///(K($1,$2;333)“K(xl,932,y3))(¢l($1—yl)

— tu(ys — y1)) (W5 (@2 — y2) — ¥;(ys — y2) )@ z1 — ys|)
x (1 — n(2™ " zg — y3())¢; (z3 — y3)dzydaadrs|dy:dys

<c2TmT

Then

IVg,gz//‘///(K(x1,m2,$3)—K(-’B1,9B2,y3))(1/fz(x1~y1)

— Pi(ys — y1))(Wj(x2 — y2) — ¥5(ys — y2))
(1 — n(2™ "2y — yal))
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dyidys

x (2™ gy — y3|)i (23 — ys)daidrades

<//( / /1

{£1:6:27(Hm+n) gy —ys|<4-2-(Hm)}

)

{z1:4-2- M) zy —ya| <421}
R R ) o
{wl'($1—y3|>4 271}

ce™ Z 207"y (0,4) + 27" 22“’” (0,%) + y1(m, n)).
1=1 i=1

Finally to IV 4, we have

Waa= [ [| [ [ [G@iz2,m0) - Kior,zn,00) (o — )

—i(ys — 1)) (Wi(z2 — y2) — V(Y3 — ¥2))
(1 = n(2H™ "2y — ys)))

x (1 — (2™ zy — y3))j(zs — y3)dzrdzades

scffl [ ][ ] ]

{z1:|z1—ys3[>4-2"} {z2:lwa—ys3|>4-2~1}

oo / /

{@1:6-2— (1+m+n) <z —y3)|<4-2-1} {£2:6.2~ (H+m+n) jgy —ys]<q.2-(+m)}

+ / / [l

{z1:6-2—(t+m+n) |z —y3| <4271} {22:4-2~ M) | —y5| <421}
<IVoya1+1IVaso+1Voys3+1Va4,.

dy1dy2

Using (1.7) and (1.8), it’s easy to obtain IVo 431 + IVa 42 < Cyi(m,n)
Next we have

I%ms//l

{21:6:2~(+m+7) <[z —yg| <4:2~(+m)}
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{22:6.2=AmIn) Lo —ya|<a.2—(+m)}

o /

{1:4-2-Um) gy —y3| <4271} {22:6.2—(Hm+n) < |gg—ya] <42 (H+mIY

n m
<CER™Y 276,00+ 27 27y (i,n)).
=1 =1

n , m i
We can obtain IV 44 < C(27™ Y 2°7"(4,0)+27™ 5 2°"™(4,n)) more
i=1 i=1
simply.
ii) We will prove that for l = j =k =0,

//I‘I’OT(‘I’O,‘I’o)(yl,yz,y3)|dy1dy2 <C.

We write

//I‘I’OT(‘I’O,q’o)(yl,yz,y3)|dy1dy2

< / / [T (Yo, o) (y1,y2, y3)|dy1dy2

{v1:ly1—y3]|<8C1} {v2:|y2—y3]|<8C1}

+ / / |ToT (Yo, o) (y1, Y2, ¥3)|dy1dy2

{v1:ly1 —y3|>8C1} {y2:|ly2—v3|<8C1}

+ / / |WoT (Yo, ¥o)(y1, y2, ¥3)|dy1dy2

{y1:ly1—y3|=8C1} {y2:ly2~ya|<8C1}

* / / [WoT (Yo, ¥o) (11, Y2, y3)dy1dy2

{v1:|ly1—v3|>8C1} {y2:|y2—v3|>8C1}
=A1 + Az + Az + Ay,

where (7 connected with N. To deal with A;, using BWBP property,
it’s easy to obtain A; < C. A, and As are similar, we only need to deal
with A. Using (1.5), for fixed z € supp h and z € supp f, we have

Ay =

{y1:ly1—v3| 28C1 Aly1 —2|<8C1 } {y2:ly2—~y3| <8C1Aly2 —x|<8C1}
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94
'///K(m,m,mwo(wl — y)vo(zs — y2)

Yo(z3 — y3)dz1dzades|dy1dys

<
{y1:ly1—y3|=8C1Aly1 —2|<8C1 } {y2:ly2~y3|<8C1 Aly2—z|<8Ch } {za:|lxs—ys| <4}
| K (z1, 22, x3)|dm1da:2> dzz < C.
{z1:|x1—2z3|>4} {z1:|T2~23]| <4}

Also using (1.5) directly, we can prove A4 < C.

iii) Thirdly the cases 0 <l =j =k, 0<l=j < kand 0 =1 <
j < k compound the two previous cases, which should make some minor
modifications, here we omit its proof. From the three cases, we have
actually proved that for 0 <1< j<k,j=l4+m, k=1+m+n,

//mn%mewmmM<mmm,

where ¥(m, n) have relations with v(m,n) and v;(m,n) satisfying
x

Z F(m,n) < co.

m,n=0

iv) To prove that

(2.3) //Iq’lT(\I’j’\I’k)(yl,y2;y3)’dyldy3 < Cy(m,n),

or
(2.4) /fmn%mmemmm<mmm

note that for fixed z € supph, y € suppg,

//|‘IlzT(‘1’j,\I’k)(yl,yz,ys)ldyldys

- /

{y1:ly1—21<C1-271} {y1:|y1 —y|<Cp 2~ (FHmn}y
[T (Y5, Ui ) (Y1, y2, y3)|dy1dys.

Then using the similar method in three previous cases, we also can prove
(2.3) and (2.4). This completes the proof. O
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PropPOSITION 2.1. Let {@k}k>0 be an approximation to identity,
\I/k—q)k‘q)k 1(k>0) \1/0——(1)0, and 1 <p,q < o0. Then
(2.5)

l/q
Bg’q(Rd) _ {f c C/ . Il-f”Bg’q(Rd) ~ <Z “\I’ ”LP(Rd)) < OO}

3>0

This proposition can refer to [5] or [10]. Now we give the proof of the
main theorem.

Proof of Theorem 1.1. Using Hoder’s inequality and Lemma 2.2, for
1/p+1/p =1/ +1/p1+1/pe = 1and 1/q+1/q¢ = 1/¢'+1/q1+1/q2 = 1,

(T(Dn(f), Dn(g)), Dn(h)]

[o ol e o}

< ZM IZI (UT (5, 0) (95 (F), T (9)), U1 (R)]
églz F(rm, )1 (1) gy L ()l 120 o (9D s
< C{:nz F(m, n)[ e (R[4

x {I’Z’ s ) (OB 1 e (9,3

< ONY i o {3 A0, W E (D)1

l,m,n

X{Z (m,n ”‘I’l+m+n( I }1/q2

Immn

< ON I 1l gon 9l g 1l -
r4

With Proposition 2.1 and Lemma 2.1, we finish the proof of the main
theorem.
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