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UNIFORM ASYMPTOTICS IN THE
EMPIRICAL MEAN RESIDUAL LIFE PROCESS

JoNGsIG BAE AND SUNGYEUN KiM

ABSTRACT. In [5], Csérgt and Zitikis exposed the strong uniform-
over-[0, oo) consistency, and weak uniform-over-[0, co) approxima-
tion of the empirical mean residual life process by employing weight
functions.

We carry on the uniform asymptotic behaviors of the empiri-
cal mean residual life process over the whole positive half line by
representing the process as an integral form. We compare our re-
sults with those of Yang [15], Hall and Wellner [8], and Csérgé and
Zitikis (5].

1. Introduction

Our motivation for this paper is looking at the empirical mean resid-
ual life process as an integral process over the whole positive half line.
Yang [15], and Hall and Wellner [8] initiated investigations of the as-
ymptotic behaviors of the empirical mean residual life process. They
obtained results on the basis of a uniform on compact topology. In
1996, Csérgé and Zitikis [5] exposed the study of the mean residual
life process over the whole positive half line. They establish the strong
uniform-over-[0, 0o) consistency, and weak uniform-over-{0, co) approx-
imation of the empirical mean residual life process by employing weight
functions.

In this paper, we carry on a different approach of studying the uni-
form asymptotic behaviors of the empirical mean residual life process
over the whole positive half line. More specifically, we view the empirical
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mean residual life process as an integral process over the whole positive
half line and prove the Glivenko-Cantelli type uniform consistency, the
Donsker-type weak convergence and the Strassen type relative compact-
ness of the process. In the context of Glivenko-Cantelli type process,
we obtain the uniform convergence over the whole positive half line in
almost sure and in the mean sense. In the vein of Donsker-type process,
we get an asymptotic Gaussianity regarded as random elements of the
space of cadlag functions over the whole positive half line. In the point
of Strassen type process, we get the relative compactness of the process
and specify the set of limit points.

Our tool is a unified approach for an empirical process theory that
can be represented as an integral form. In particular, our method of de-
riving uniform consistency and asymptotic Gaussianity of the empirical
mean residual life process deviates the use of weight functions that were
essentially used in Csorgé and Zitikis [5].

In Section 2, we illustrate the concepts of the empirical mean residual
life process and describe the main results. In Section 3, we compare our
results with those of Yang [15], Hall and Wellner [8], and Csorgé and
Zitikis [5]. In Section 4, we supply the proofs of the results. Finally, in
Section 5, we review the results of an integral process indexed by the
real line.

2. The main results

We begin by introducing a mean residual life function. Let £ be
a nonnegative random variable with the distribution function F' that,
defined on a probability space (£2, .4, P), represents a life time. Then
the mean residual life function of £ is given by

M(z):=E({—z|&>z)forz>0.

Let &1,&2, ... be a sequence of independent copies of £ and F,,(z) be
the empirical distribution of F. Let £* denote the random variable hav-
ing the distribution function F, when &.,...,&, are fixed. We consider
the empirical mean residual life process {M,,(z) : £ > 0} given by

My (z) :=E*(* -z | & >z) forz >0,

where E* denotes the conditional expectation when &1, .. .,&, are fixed.
Let £1.0 < -+ - < &np denote the order statistics of £1,...,&,.
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Our goal is to establish that the centered empirical mean residual life
process

{(My, — M)(z) : x > 0}
holds uniform consistency, Glivenko [7] and Cantelli [4],
{n'2(M,, — M)(2) : 2 > 0}
satisfies uniform asymptotic Gaussianity, Donsker [6] and
{(2loglogn)~ Y2 /2 (M,, — M)(z) : & > 0,n > 3}

is uniformly relative compact, Strassen [11].

We view the process {(M,, — M)(z) : z > 0} as an integral process.
See Stute and Wang [13] and Stute [12] for a strong law of large numbers
and central limit theorem for Kaplan-Meier integral. See also Bae and
Kim [1], Bae and Kim [2], and Bae and Kim [3] for uniform asymptotic
properties for Kaplan-Meier integral process.

We now introduce a class of functions {¢; : © > 0} defined by

‘pw(u) = (u - m)l(z, oo)(u)

Then we notice that for each > 0 the function ¢, (u) is bounded by
an envelope o(u) := ul( ) (u) and

(o)
|- F@ydu= [ awriaw.
x
Let xr be the, possibly infinite, end of the support of F', defined by
zp =inf{z: F(z) =1}.

Then we get the integral representations of M and M, as

M(z) = %”:ﬁﬂ%((;)—)(;(w) forz >0
and '
Mp(z) := %Gn(x) for x > 0,
where
Ga) = [ ¢a(wFldu)
and

Co(z) = / 0 (1) Fo(dl).
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Notice further that, for each x > 0
(1) (M, — M)(x)

) Lo, £n:n) (@)
= 1CEE @ TTRm ¢@

1o ) (@) Gla) 1o, o) (2) ()

1— Fu(z) 1 — F(x)
l[o_&ﬂ%_) [Gn(z) — G(2)] + Ru(2)G(a),

where
R.(z) = Lo, 6nn) () 1o, o) (@)
©1— Fy(x) 1—-F(z)’

We shall use the representation (1) in studying the uniform asymp-
totic behaviors of M, — M viewed as a random process defined on the
whole positive half line.

Firstly, we state a uniform consistency of M,, to M.

THEOREM 1. Suppose that F§ < oo. Then the empirical mean resid-
ual life process
{Mp(z): x = 0}
is a uniform strong consistent estimator of M. That is,

Sup M, (z) ~ M(z)| — 0

almost surely. The convergence can be strengthened to convergence in
the mean.
Esup M, (z) — M(z)] — 0.
>0

Let D[0,00) be the space of the cadlag functions defined on [0, c0).
We endow the space with the Skorohod topology. We use the following
weak convergence. See Van der Vaart and Wellner [14] for a recent
reference.

DEFINITION 1. A sequence of D|0, co)-valued random functions {Y,, :
n > 1} converges in law to a D|0, co)-valued Borel measurable random
function Y whose law concentrates on a separable subset of D[0, o),
denoted by Y,, = Y, if

Eg(Y) = lim Eg(Yy)

for all g € C(D[0,00),|| - ||), where C(D]0,00),|| - ||) is the set of real
bounded. continuous functions. . :
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Let Z = {Z(x) : > 0} be the mean zero Gaussian process with co-
variance function

o0

Cov(2(z), Z(y)) = / (4 — 2)(u — y) F(du).

xVy

Let Br := {B(F(z)) : * > 0} denote the stretched-out Brownian
bridge. Consider a Gaussian process W := {W(z) : z > 0} defined as
follows:

Z(x)1}, o) () N Br(z) [°(u— z)F(du)l), zp)(x).

(2) W(z):= 1- F(x) (1 - F(x))?

Secondly, we state a limiting Gaussian property for the process
{n1/2(Mn - M)(z):z> O} .
THEOREM 2. Suppose that E£% < co. Then we have
n'?2(M, — M) => W
as random elements of D[0, c0).

Let C be the space of real valued bounded continuous functions de-
fined on [0, 00) equipped with the sup norm. Let

Uz{g:/gzngl}.

Let
U([0, o)) := {n € C:n(z) — o*(z,g) for g e U },
where
L, upy(®) [ (u = 2)g(u)F(du) [ [°(u — 2) F(du)
o?(z,9) = I~ @) [ T 1]‘

Thirdly, we state the uniform law of the iterated logarithm for the
empirical mean residual life process.

THEOREM 3. Suppose that F¢2 < oo. Then almost surely the se-
quence ’

{(210glogn)_1/2n1/2(Mn ~M)z):z>0,n> 3}

is relatively compact and the set of its limit points is U([0, 00)).
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3. Comparison of the results

We firstly compare our results to those of Yang [15], and Hall and
Wellner [8] where they developed uniform consistency and weak uniform
approximation over the compact interval.

The following result in Yang [15], and Hall and Wellner [8] is regained
as a corollary of Theorem 1.

- COROLLARY 1. (Yang (15|, Hall and Wellner [8]) For every fixed
Ty < TF, 88 N — 00,
sup |M,, — M|(z) -0
z€[0,z0)

almost surely.

Proof. For every fixed zo < xf, we get
sup M, — M|(z) < sup |M,(z) — M(z)|.
z€[0,z0] >0

Theorem 1 completes the proof. O

Let {W,, : n > 1} be a sequence of independent copies of Gaussian
process W given in (2). We observe that the Gaussian process W,, has
the same distribution as that of

1 1 g
T P FOM@) — =g [ Ba(Pl)n

for all z € {0,zr) and W, (z) := 0, where {B,, : n > 1} denotes the
sequence of Brownian bridges as in Csorgd and Zitikis [5].

The following result in Yang [15], Hall and Wellner [8] is regained as
a corollary of Theorem 2.

COROLLARY 2. (Yang [15], Hall and Wellner [8]) For every fixed
o < T, asn — 0,

sup nY2M, — M — W,|(z) — 0
:EVE[O,(I:()]

in probability.
Proof. For every fixed x¢g < zp, we get
sup n'/?M, - M — W,|(z) < su%nl/Qan - M — W, |[(x).

z€([0,z0} >

Theorem 2 and an application of continuous mapping theorem complete
the proof. ' O
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We secondly compare our results to those of Csorgé and Zitikis [5]
where they developed uniform consistency and weak uniform approxi-
mation over the whole positive half line by describing classes of weight
functions. See Csorgé and Zitikis [5] for the comparison with those of
Yang [15], and Hall and Wellner [8].

In order to relate our result to those of Csorgé and Zitikis [5] we illus-
trate the notion of the weight functions. Assume that weight function
q:[0,1] — [0, 0] is measurable and, for every 6 > 0,

(3) sup{q(t) : t € [0,1 - 6]} < c0.
Assume, as well as (3), that the function
q(t) 1
(4) t»—>1_tlog21_t

is non-decreasing in a neighborhood of 1. Here log, z := log(e V log(e V

The following result in Csorgé and Zitikis [5] is regained as a corollary
of Theorem 1.

COROLLARY 3. (Corollary 1.2 in Csorgé and Zitikis [5]) If q is the
function

t— C-(1-1t)/logy{1/(1 1)},
then

ilirgq(F(w))an - M|(z) -0

almost surely.

Proof. For the choice of such ¢, we see that the function in (4) be-
comes a constant function C. Therefore we get

q(F(z)) = C- (1 - F(z))/logo{1/(1 - F(z))}.

Now, observing the limiting behavior of the right hand side near zg, we
conclude that

31;18 q(F(z)) < o0.

Therefore we have
sup ¢(F(z))[M, — M|(z) < supg(F(z)) - sup [M,, — M|(z).
>0 >0 >0

Theorem 1 completes the proof. O
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Assume, as well as (3), that the function

q(t)
(5) t— 1—3

is non-decreasing in a neighborhood of 1, and E¢? < oo.
The following result in Csorgd and Zitikis [5] is regained as a corollary
of Theorem 2.

COROLLARY 4. (Corollary 1.6 in Csérgs and Zitikis [5]) If ¢ is the
function
t— C-(1-1),
then

sup g(F(z))n'/|M,, — M — Wy|(z) — 0
z>0

in probability.
Proof. As in the proof of Corollary 3 we see that

sg% q(F(z)) < 0.

Then, from Theorem 2, we conclude that
sup g(F(z))n'/* My, — M — W,|(z)
z>0
< supg(F(z)) - supn'/?M,, — M ~ Wy|(z) — 0
>0 x>0

in probability. The proof is completed. O

REMARK 1. We do not know whether our Theorem 1 (Theorerﬁ 2)
implies Theorem 1.1 (Theorem 1.2) in Csorgd and Zitikis [5]. However,
for the choice of ¢ and F satisfying

sup g(F(x)) < oo,
z>0
we can get the almost sure convergence of
sup ¢(F(z))|Mn — M|(z) — 0
x>0
and convergence in probability of

sup q(F(w))n1/2|Mn - M -Wyl(z)—0
>0

by using our Theorem 1 and Theorem 2. See the proof of Corollary 3
and Corollary 4.



The empirical mean residual life process 233
4. Proof of the results

Observe that for z > 0

(6) R (z)
_ 1o e (@) 10, £0n) (@) + i, 2 (@)
T 1-Fu (=) 1 - F(z)
— ‘ 1 1 1[§n:na l‘F)(x)
= o 6@ [1 —Fu(z) 1-F(z)] 1-F(z)
(Fn(x) ‘ F(.’L’)) l[fnny zF)(x)

= 1 (@ —
0. &) TR @)1 - F@) 1~ F(@)
= Rpi(z) — Rp2(x).
We begin by the following Lemma 1.
LEMMA 1. Asn — oo,
21 () =0
as random elements of D[0, co0). Hence,
leiro) l[gn;n, mF)(m) - O
almost surely and in the mean.
Proof. Observe first that for z < zp
Enl/21[§n:n7 IZIF)(:E) = n1/2p(€n:n S :I")
= nl/2[F()]"
— 0
since 0 < F¢(x) < 1. This together with Cramer-Wold device verifies the

finite dimensional distributions of {n'/21j, .. (z) : © > 0} converge

to those of 0. In order to prove the weak convergence of n'/ 21[,5”:”, or) ()
we need to prove a tightness of the following form. Given € > 0 we can
find a § > 0 such that

limsupP{ sup n1/2|1[§nm, er) (@) = g, 2 (W) > e} <e.

n—oo | |y—z|<s
See Theorem 10.2 in Pollard [10]. Observe that

1[€n:n, xF)(x) = ]-[()7 m](&n;n) fOI' T Z 0.



234 Jongsig Bae and Sungyeun Kim

Now, let € > 0. Choose 0 < § < zF so that 0 < y —z < é. Then, we get

P{ sup n1/2|1[o, o(&nin) — 1o, 4 (nin)l > 5}

y—x<d

= P{ sup n1/21(m, | (nin) > 6}

y—z<é
< P {Sup n1/21(a:, z+4] (fn:n) > f} .
x>0

By reasons of symmetry, or stationarity, the last probability reduces to
P{n'?1y (&un) > €}. Next, observe that

P {n1/21(0, §)(nin) > 6} < nM?Elgp, §(énn)
= nY2P(0 < &un < 6)
< n'2P(gnn < 6)
= 'R ()"
— 0

since 0 < Fg(d) < 1. The proof that n'/1 ;. y(-) = 0 is completed.
The fact that convergence of sup>g Li¢,.,, zx)(Z) to zero in probability
follows from a continuous mapping theorem. Almost sure convergence
can be deduced form the monotonicity of supy>¢ 1e,..., «)(Z) (monotone
decreasing in n) and convergence in probability. Finally the convergence
in the mean follows from the uniform integrability. O

LEMMA 2. Suppose that E§ < co. Then,
sup |F,, — F|(z) —» 0
x>0

almost surely and in the mean. Hence,

sup |Rp|(z) — 0
>0

almost surely and in the mean.

Proof. The almost sure and mean convergence of sup,~g |Fn, — F|(z)
to zero can be gained as a corollary of Proposition 1 by applying ¢(z, -) =
Ljo, zJ(*). This together with the uniform convergence of 1y ¢,..)(-) to
ljo, zz)(-) of Lemma 1 implies that sup,>q[Rx|(x) — 0 almost surely
and in the mean. The proof is completed. O
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LEMMA 3. Suppose that E£? < oo. Then,
n*/%(F, — F) = Bp(")
as random elements of D[0,00). Hence,

WRA() = g, o)

as random elements of D[0,c0).

Proof. By applying Proposition 2 with ¢(z,-) = 1p, 4(-) we get
n'/2(E, — F) = Bp(-) as random elements of D[0,00). Now, the re-
sult that

Br(')

n'2Rn(-) = ml[o, zr) ()

is easily followed. The fact that n'/2R,5(-) = 0 follows from Lemma 1.
The proof, from (6), is completed. O

LEMMA 4. Suppose that E€% < co. Then almost surely the sequence
{(2loglogn)~V*n'/3(F, — F)(z) : ¢ > 0,n > 3}

is relatively compact and the set of its limit points is
{yeC:y(m)n——»/Owngforg with [ g?dF <1 }
Hence almost surely the sequence
{(2 loglogn) *?n' 2R (z) : z > O,n > 3}

is relatively compact and the set of its limit points is

1o 2 ~ gdF
{y eC :y(z)— [O’(lpi(;)(f))g for g with [ g?dF < 1} .

Proof. The uniform law of the iterated logarithm for F,, — F can be
obtained as a corollary of Proposition 3 by applying ¢(z,-) = 1y, 4(-)-
The result for R,, can be deduced from (6). The proof is completed.

Proof of Theorem. 1. The result follows from (1) and Lemma 2. O
Proof of Theorem. 2. The result follows from (1) and Lemma 3. O
Proof of Theorem. 3. The result follows from (1) and Lemma 4. O
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5. Uniform asymptotic behaviors of the integral process

In this section we review a unified approach of the uniform asymptotic
behaviors of the integral representation of the real line indexed empirical
process.

Let £ be a random variable defined on a probability space((2, A, P)
with the distribution function F, and let £1,&,,... be a sequence of
independent copies of £. Let B denote the Borel o-field on R. Let
¢ :R® O — R be a function which is measurable B ® A and assume
that the range of ¢ is separable in the sense that there is a measurable
set N C Q with P(IN) = 0 such that for any open set O C R and any
closed set F C R,

[p(z, &) € Florallz € ONQ)\ [p(z,&) € F for all z € O] C N.

We introduce the integral form of the empirical process
n
Gn(z) = /go(x,u)Pn(du) =n! 290(33,&) for z € R,
i=1

and the integral form of the mean functions

(H@::/@@ﬂﬂﬂ&dbrmeR

where Py denote the probability measure induced by the distribution
function F and Pp(-) =n~' Y7 ; &, () denote the empirical measure.

We firstly state a uniform strong law of the large numbers for the
process

{(Gr — G)(z) : z € R}

of Glivenko-Cantelli type under the assumption of [ |p(z,u)|Pe(du) <
oo for each z € R.

The following proposition is real line indexed modification of Corol-
lary 3 in Bae and Kim [1].

PROPOSITION 1. Suppose [ |p(z,u)|Pe(du) < oo for each z € R.
Then
sup |G, — G|(z) — 0
z€R
almost surely. The convergence can be strengthened to convergence in
the mean.

Esup |G, — G|(z) — 0.
zeR
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Consider
{Dn(x) = nl/? /go(x,u)(Pn —FP)(du):z € R} .

Let Z, = {Z,(z) : ¢ € R} be the mean zero Gaussian process with
covariance function

(7) Cov(Z (), Zo 1)) = / (2, u)p(y, u) F(du).

Establishing a uniform central limit theorem for the process D,, means
showing that £L(Dy,(z) : € R) — L(Z,(z) : € R), where the processes
are considered as random elements of D(R), the space of the cadlag
functions defined on R, equipped with the Skorohod metric on D(R).
Z, is a Gaussian process whose sample paths are continuous.

Secondly, we state a uniform central limit theorem for the process

{(n'*(G,, — G)(z) : x € R}

of Donsker type under the assumption of [ ¢?(z,u)Pg(du) < oo for each
z € R. The following proposition is real line indexed modification of
Corollary 2 in Bae and Kim [2]. See also Theorem 3.1 of Ossiander [9].

PROPOSITION 2. Suppose [ ¢?(z,u)P:(du) < oo for each z € R.
Then
%G, - G) = Z,
as random elements of D(R). The limiting process
= {Zy(z) : 2 € R}

is a mean zero Gaussian process and the covariance funcmon is given in
(7). The sample paths of Z, are continuous.

Let C = C(R) be the space of real valued bounded continuous func-
tions defined on R equipped with the sup norm. Let

U:z{g:/gzngl}
and :
U (R) = {y €C:y(x)— /(p(x,u)g(u)F(du) forgel } .

Thirdly, we state the uniform law of the iterated logarithm for the
process

{(210glogn)'1/2n1/2(Gn -G)x):n>3,z € R}
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of Strassen type under the assumption of [ ©?(z,u)P:(du) < oo for each
x € R. The following proposition is real line indexed modification of
Corollary 2 in Bae and Kim [3].

PROPOSITION 3. Suppose that [ ¢?(z,u)P:(du) < oo for each z € R.
Then almost surely the sequence

{(210g log n)”l/znl/Q/go(m,u)(Pn — Pe)(du):z eR,n > 3}

is relatively compact with respect to the sup norm and the set of its
limit points is Uy, (R).
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