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ON A FINSLER SPACE WITH («,3)-METRIC AND
CERTAIN METRICAL NON-LINEAR CONNECTION

Hong-SuH PARK, HA-YONG PARK, AND BYUNG-D0oO KiM

ABSTRACT. The purpose of this paper is to introduce an L-metrical
non-linear connection N*! and investigate a conformal change in
the Finsler space with (a, 8)-metric. The (v)h-torsion and (v)hov-
torsion in the Finsler space with L-metrical connection FT™* are
obtained. The conformal invariant connection and conformal in-
variant curvature are found in the above Finsler space.

1. Introduction

A Finsler connection FT ([1]) is determined by the Finsler metric
L and a non-linear connection N%; on an n-dimensional differentiable
manifold M™. If the Finsler space admits an («, 3)-metric, where o =
(aij(z)y*y?)Y/?, B = bi(z)y’, then can be defined the Christoffel symbol
constructed from a;;(z).

In the present paper, we consider a Finsler space with («, 3)-metric
and a new non-linear connection N*!; which is constructed from the
given non-linear connection N*;, the Finsler metric L and the covariant
differentiation of L with respect to the Levi-Civita connection. We find
the torsion tensors, curvature tensor of the new Finsler structure and

some conformal invariants in a Finsler space with the new connection
FT™*,

2. An L-metrical non-linear connection

Let (M™, L) be a Finsler space with («, 5)-metric L = L(«, 3) on an
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n-dimensional differentiable manifold M, and let {;*;} be the Christof-
fel symbols constructed from a;;(x) and let Vi denoie the h-covariant
differentiation with respect to ({x%;}, {0*;},0), where the index 0 de-
notes the transvection by 3*. The Finsler fundamental metric tensor
gij(x,y) = 8;0,L2/2 is given in ([1)).

For the given non-linear connection N*;(z,y) on (M™, L) we denote

Xy = 0 — N"x0,

where 8, = 8/8x*, 0, = 8/dy*.
Now we consider a new non-linear connection N*';(z,y) which is
given by

(2.1) N*; =N + '%V]L.
If we put
X; =0 — N0,
(2.2) e = 97 (XS 9k + XGgr — X7 gi%)/2,
Ci'x = 9" (D;9rk + Orgjr — Orgsn)/2,
then we have

X:=Xp - yf(vkL)&,
(23) P;ik — Fjik;
Cjikz = giréjgrk/z

where I';'y = ¢ (X grk + Xkgjr — Xrgjx)/2. _ _
Here we define a symmetric Finsler connection FT™* = (I';*;, N*;,
C;'k) on (M™, L) from the given Finsler connection FT = (T';%, N%;,
C;*k). We denote by V; the h-covariant differentiation with respect to
FT*.
For any p-homogeneous scalar p(z,y) of degree 7 in 3¢,

y° .

* s rp

where |; is the h-covariant differentiation with respect to FT'. Thus we
have proved the following theorem:
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ATHEOREM 2.1. A Finsler connection FT'* is L-metrical in case N* =
{o's}.
Next we put N*; = {o%;} in (M" L), then
(2.4) ={o'} + + (5 L—{o";}0,L).
The (v)h-torsion for FT* is given by
(2.5) R* ;= XiN*; — (j/k),

where (j/k) means the interchange of indices (j,k) of the preceding
terms.
From (2.4)

O N ak{o J} + (6k8 L — ak{o ]}8 L— {0 J}aka L)
(2.6)

- %5(31'L ~{0"5}0,L)0k L,
O N*; = {5} £ (3 L~ {0°5}0sL)
(2.7) + yf(érajL — {30 L — {0°;}8,05L)
yz . s . .
- ﬁ(ajLarL —{0°;}0sLO.L).
By the homogeneity of L, we have

(2.8) (0:0;L)y" =0, (0,0:L)y" =0L, (O,L)y" =L.
Using (2.4) and (2.8), we get

N*'I"ka.rN*ij — {Ork}{rij} + %{Oik}(aj[x _ {Omj}émL)
L OHOBL (7D - L0108
+ %{Oij}(akL —{0°:}0sL)
+ z—;(@jL ~{0™;}0mL)B: L

94 . .
—L%(@jL —{0™;}0mL){0°xk }Os L.
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Therefore we get

N*Tk0N*5 = (3/k) = {o"e}o's} + 8,0,
(2.9) :

= {+"3}0m L — 7 (8- L)E; L)}] — (/).

Substituting (2.6) and (2.9) in (2.5) we have
* _ ph i Y
(2.10) R* ;= Ro"jk(6}, — fc')hL),

where R, jk is the Riemannian curvature tensor constructed from a;;(z).
Next we consider the (v)hv-torsion:

(2.11) P* i = O N*'; — T3,

of FT* on (M™, L). Substituting (2.11) and (2.7) in (2.11), we have

v ; ; 51‘ s 14
P = {5} — Tk’ + fk(ajL —{0%}0sL)
(2.12) + %(ékajL ~ {+°5}0sL — 0405 L{0*;})

- %(@LE);CL — 8, LR L{p%,}).

Thus we have

THEOREM 2.2. In the case N*; = {¢%;}, the (v)h-torsion R*j; and
(v)hv-torsion P*'y; of a Finsler space (M™, L) with connection FT'* are
given by (2.10) and (2.12) respectively.

3. Conformal invariants

In a Finsler space (M, L) with connection FT*, let’s consider the
following conformal change ([2]):

(3.1) L=L(a, ) — L(e, B) = @D L(c, B).

We have also f(a,ﬁ) = L(a, B), where @ = e"’(z)a,B = eff(x)ﬂ_
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Putting @ = (@, (z)y'y?)Y/2, B = bi(z)y?, we have @;; = €29 ®a;;, b; =
e?(®)b;. The Christoffel symbols {;x} constructed from @;; are written

(3.2) {51} = {;'%} + 8ok + 8405 — o' ays,

where 0y = 00, 0" = a"0,.. Thus we have ([4])

(3.3) Vibj = €°(Vibj — bio; + bro"ax),
from which

(3.4) 0j = M; — Mj,

where

1 1
(3.5) M; = 25 (b Vrbj — ——=b;V,b").

b2 (
Now we consider N*; = {¢%;}. From (2.1) and (3.2) we have

_]\7*13' = N*; + y'o; + 8log — y"ar;o’
(3.6) v )
- f(aoajL —y’a;s0"0.L).

Substituting (3.4) in (3.6) and paying attention to

then we have

{05} +v'M;+ §5Mo — yrarjM - g—(Moa L - y*a;,M 9,L)

.

C&

= {Oij}* + yiMj + 5;M0 — yrarjM (MOB L—-y’a;sM" ) L),

|

where M* = a*" M,.. Putting

M*ij = {oij}* + yiMj + (5;M0 - yTG,TjMi
(3.7) Y . .
- f(MoajL — ysajsM’"arL),
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it is a conformal invariant non-linear connection; that is, Vi =M,
Next from (2.2), (3.4) and (3.6) we have

T+ MoCy' + Py + O,k = Tk + MoCii + Pi'i + Q5

where Pjik = 6;-Mk + 6 M; — g Mygjx, jSk = g/’"((szC’si;c + arszij -
a'r‘tgitcsjk)Ms~
Putting
(3.8) M =T5% + MoCi'x + Pi'e + Q'
it is a symmetric conformal invariant connection, that is,

(3.9) M = M7y

If we denote M. ,’;ijk the curvature tensor constructed from M;‘ik, then
we have from (3.9),

(3.10) My e = My,
where
(3.11) Pk = (ORMG 4+ MET M) - (3/k),

where 0} = O — M*" .0,
Thus we have

THEOREM 3.1. In a Finsler space (M™, L) with connection FT™,
there exists a conformal invariant connection (M;*y, M™* ;) and confor-

mal invariant curvature tensor M}*;;, given by (3.7), (3.8) and (3.11)
respectively.

Especially, if Vib; = 0, then M; = 0. Therefore from (3.7) and (3.9)

we have

THEOREM 3.2. If b; is parallel in the Riemannian space R" =
(M”,a), t.hen we have M*zj = {olj}*, M;lk = F;zk and M;:ljk = R;:zjk,
where R}';i is the curvature tensor constructed from F;‘? k-
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