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AUTOMORPHISMS OF A WEYL-TYPE ALGEBRA 1

SEUL HEE CHOI

ABSTRACT. Every non-associative algebra L corresponds to its sym-
metric semi-Lie algebra L[;] with respect to its commutator. It is an
interesting problem whether the equality Aut,on (L) = Attsemi-ric(L)
holds or not [2], [13]. We find the non-associative algebra au-
tomorphism groups Autnon (WN0,0,1[0,1,r1,...,rp]) and Autsemi—Lie
(WNO;O,I[0,1,r1,...,rp])> where every automorphism of the automor-
phism groups is the composition of elementary maps [3], [4], [7], [8],
(9], [10], [11]. The results of the paper show that the F-algebra au-
tomorphism groups of a polynomial ring and its Laurent extension
make easy to find the automorphism groups of the algebras in the

paper.

1. Preliminaries

Let N be the set of all non-negative integers and Z be the set of
all integers. Let F be a field of characteristic zero. Let F*® be the

multiplicative group of non-zero elements of F. Let F[z1,...,Zm+s] be
the polynomial ring with the variables x1,...,Zmys. Let g1,...,9n be
given polynomials in F[z1,...,Zm4s]. For n,m,s € N, let us define the
commutative, associative F-algebra Fy, s = F[eigl, ... ,eign,xlﬂ, cee
Tl Tty ..., Tmys] which is called a stable algebra in the paper (5]
with the standard basis
B = {eM9 .. -eang"will cexpttla, .., Gn, i1, ...y im € Z,
im+1,- .. 7im+s € N}

and with the obvious addition and the multiplication [5], [6], [9], where
we take appropriate gi,...,¢g, so that B can be the standard basis of
Fy.ms Ow, 1 < w < m+ s, denotes the usual partial derivative with
respect t0 xy on Fy, ., s. For partial derivatives Oy,...,0y of Fg, ms,
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the composition (‘}Z;“ 0.0 85" of them is denoted by 817;” e ;“, where
Jus+++,Jv € N. Note that 89(f) = f for any f € Fy, ms. Let D be the
set . .
{0 1 <uy..., v <M+8,Juy,...,Jvo € N}

Let us define the vector space W N (g,,, m, s) over F which is spanned by
the standard basis

{ealgl...eangnx'il. ;’q‘"_:ssaju BZ”Ial,...,an,il,...,imEZ,
(1) Gmtls-rbmis € Nyjuyo ooy du € Ny1 <, ...,v <m+ s}
Thus we may define the multiplication * on W N (g, m, s) as follows:

allgl . ealngnmgll . le m+36]u - ag'u * erZlgl .. ea2ngn

m+s
(2) 3&“"'5%"(6“2191"'eaz“g"wifl" T 5)37 SRRy 74
for any basis elements e1191 . . . e@ndn gl .. :7111:: o ... 80 and e o
.. efandn gl L ;“;r;sa“ .80 € WN(gn, m, s) [8]. Thus we can

define the Weyl-type non-associative algebra WN, .,m,s With the multi-
plication * in (2.3) and with the set WN(gp,m, s) [1_], 13, [4], 8], [13],
[14]. For r € N, let us define the non-associative subalgebra W Ny, m s..

of the non-associative algebra W Ny, .m,s spanned by

{eM 9t ... eondngTt .. zledfv . ¥, ..., 0,01, .. im € Z,

Tmgly .o ls EN,ju,...,gveN,
(3) Jut -t <rl<u,...,v <m+s}.
The the non-associative subalgebra W Ny, ., s, of the non-associative
algebra WN,,, s is the non-associative algebra Ny, s in the paper
[1]. Generally, there is no left or right identity of W Ny, ., ;. The the
non-associative algebra WNgy, s is Z"-graded as follows:
(4) WNgn,m,s = @ WN(al,...,an)7

(al,...,an)
where WN(,, . yis the vector subspace of W Ny, , ¢ with the standard
( 1, 7an) gn,m,
basis
{eM91 ... gondnglt . :}L”I;BJ“ SO iy, .y im € Bty - - - Bmts)

Jus-eydw €ENJI <y, v <m+ s}

An element in WN(,, . is called an (a1, . . ., a5 )-homogenous element
and WN(g, . 4, is called the (a1, ..., an)-homogeneous component. For
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any basis element e®191 - .. gdndngll .. :7’1":; 0, of WNgn m,s, let us define

the homogeneous degree degy (€91 - - enongll ... ghmtegle ... 50¥) of
it as follows:

m+s

degn (™9 ... e“"g”ar;i1 . “"“87" o) = Z 2w,

Trm+ts
u=1

where [i| is the absolute value of 44, 1 < u < m + s. Throughout
this paper, for any basis element %9 ... e®o g% .. ool 8 we
write it such that 1 < gy < --- gugn,lg)\g gagm,
and 1 < u < --- < v < m+ s For any element [ € WNy, i,
we may define degn(l) as the highest homogeneous degree of the ba-
sis terms of [. Thus for any basis elements I; and Iy of WiNpgs, we
may write [; 4+ 1; or I3 + I; well orderly with unambiguity. For any
element [ € WNy s, we may define degn(l) as the highest homoge-
neous degree of each monomial of I. For any [ € W Ny, s, let us define
#(l) as the number of different homogeneous components of I. WNy, 1, s
(resp. W Ny, m, WNy, m,s,) has the subalgebra WT (resp. WT,) spanned by
{8Ju y“{(resp Jut-t i <) Ju--dv € NI <uv < s}
which is the right annihilator of WNgy, ms. For a subset D; of the
set D, let us define the non-associative subalgebra WNg, msp, of the

non-associative algebra W Ny, ., ; with the set
{f0|f € Fy,m,s,0 € D1}

Since the non-associative algebra WNg, s is Z"-graded, W Ny, m s o)
is Z™-graded. A non-associative algebra A is simple, if it has no proper
two sided ideal which is not zero ideal [14]. For any element [ in a
non-associative algebra A, [ is full, if the ideal generated by [ is A.
Generally, the algebra WNgn,m,s[o,r] or WNy, ms, is not Lie admissible
[1], [9], since the Jacobi identity does not hold using the commutator of
the non-associative algebra W Ny, m,s,j Or the non-associative algebra

W Ny, m;s, for r > 1. For any F-algebra A and an element [ € A, an
element [; € A is a left (resp. right) stabilizing element of [, if I; I = ¢l
(resp. I %13 = cl), where ¢ € F. For any element Iy € Al € Ais a
locally left (resp. right) unity of Iy € A, if [xl; =1; (resp. Iy xl =11)
holds and throughout the paper, we read it as that [ is a left unity of [y,

c.. A semi-Lie algebra enjoys similar results of a Lie algebra except a
result which requires the Jacobi identity (3], [12], [13], [14]. A semi-Lie
algebra is self-centralizing, if for any element of A, the dimension of its
centralizer in A is one. If | Dy| # 1, then WNp 91 p, has no right identity
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and if |Dq] = 1, then W NNy 1 p, has a right identity. D; = {0} if and
only if WNo0,1p, has the (two-sided) identity, i.e., the algebra is the
polynomial ring. ‘

2. Automorphism groups

Throughout this section, we put r; < --- non-associative algebra
WNO,LO[O S and its subalgebras. The non-associative algebras

WNO,O,I[

Tp

3 WNooy, . WhNosop, ],VVNO,L

0,71,000,T, yeres Tp 0[0,71,-..,7p)

and their corresponding semi-Lie algebras are simple.

LEMMA 2.1. For any non-associative algebra isomorphism 6 of
WNoo,1{0,ry,...m0] (resp. WNO»l,O[O,rl,...,rp])’ 0(c) = c for any c € F.

PROOF. Since 1 is the identity element of F[z] (resp. F[z*!],) the
proof is straightforward. So let us omit it. O

LEMMA 2.2. For any non-associative algebra automorphism 6 of
WNO,O,l[O 1r1er]? 0(0") = ¢, 0" holds, where c, is a non-zero scalar

foru € {0,1,71,...,7rp}.

PrOOF. Let 8 be the non-associative algebra automorphism 8 of
WNO,O,I[O,I,H,...,TP]' Note that Q(F[l‘]) C F[x]) and Q(T/VNO:OJ[M,...,TP]) -
WNoo1,,
WN0,0,1[1,T1,...,1~,,] is 1+ 7p, 8(0) = 10 is obvious, where ¢; € F*. Since
F[z] is an integral domain and (0 * ) = 1, we have that 6(z) = = +d
with appropriate scalars. This implies that

(5) ﬂﬁﬁﬂé+®k

o)’ Since the dimension of the right annihilator of 9 in

for k£ € N. Because of the dimension of the right annihilator of 8* and
by (5), we have that 6(9%) = c¢,0%, where ¢, € F*, v € {1,r1,...,7,},
and ¢g = 1. This completes the proof of the lemma. O

Note 1. For any ¢ € F*® and d € F, let us define an elementary
F-map 0., 4 of WNO,O,l[ as follows:

0,1,71,...,7p]
(6) - ey a(a0") = eo( = +d)"0"
1

then 6., 4 can be linearly extended to a non-associative algebra automor-

phism of WN07071[0,1,r1,...,r,,]7 wherece Fand ¢, =c},ve {1,r1,...,rp}.
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LEMMA 2.3. For any non-associative algebra automorphism 6 of
W Noo,1p9 6 = 0., 4 in Note 1.

N SRR N

PROOF. Let 6 be the automorphism in the lemma. By Lemma 2.2,
6(0") = ¢,0" holds, where ¢, is a non-zero scalar foru € {0,1,r1,...,7p}.
By (5), (z*) = (£ + d)* for k € N and d € F. By 0(z* x 9*) = 6(z*"),
we have that §(zF9%) = cul( s +d)*8*. By 0(0 x2%0) = u!6(9), we have
that ¢, = ¢} for u € {0,1,r1,...,7p} and ¢g = 1. This completes the
proof of the lemma. O

THEOREM 2.1. The algebra automorphism group
AUtF(WN():O’l[0,1,7‘1,...,Tp])
is generated by 6., 4 in Note 1 with appropriate scalars.

PrOOF. The proof of the theorem straightforward by Lemma 2.2,

Lemma 2.3, Lemma 2.4, and Note 1. Let us omit it. O
LEMMA 2.4. For any 0 in AutF(WNO,l,O[O Lo r,,])’ 6(z0) = z0.
PROOF. Let 6 be an automorphism of WNO,LO[O Lty By (5), for

k € N, we have that 6(z*) = (£ + d)F for ¢ € F* and d € F. Since
x is invertible in F[z¥!,y] with respect to the usual multiplication of
F[z*!,y], we have that d = 0. Thus the remaining proof of the lemma
is similar to the proof of Lemma 2.3. Let us omit it. O

ProPoOsSITION 2.1. The algebra automorphism group
A'U/tF(WNO,l,O[O

,1,T1,...,7‘p])

is generated by 0., o in Note 1 with appropriate scalars.

PrOOF. The proof of the proposition straightforward by Theorem
2.1 and Lemma, 2.4. Let us omit it. (|

LEMMA 2.5. For any non-associative algebra automorphism 6 of
WN0,0’]_[ ], 9(3“) = Cuau

1,72

holds, where ¢, is a non-zero scalar for u € {r1,r2}, where r1 and ry are
positive integers.

ProOOF. Let # be the non-associative algebra automorphism 6 of
W No 0,1y, ]+ Since the dimension of the right annihilator of 8™, 6(6™)
= ¢10™ is obvious, where ¢; € F°. Because of the dimension of the



50 Seul Hee Choi

right annihilator of 8™, we have that 6(0") = ¢;0™, where ¢; € F*. By
c10™ % 0(z™0™) = r1lc19™, we also have that

OEno™) = o (- +d)" +#
1

where # is the sum of the remaining terms of 8(z"1d™) and its degree
is less than r; with appropriate scalars. This implies #(0™) = 202,
where c; € F*. This completes the proof of the lemma.

LEMMA 2.6. For any non-associative algebra automorphism 6 of
holds, where ¢, is a non-zero scalar for u € {1,2}.

PRrROOF. Let # be the non-associative algebra automorphism 6 of
WN0,071[1,2]' Since zd is an idempotent and it is a right identity of 9, by
Lemma 2.5, we have that 6(z0) = cl(zl;x—i—d)a with appropriate scalars.
By ¢10 * 8(z20) = 261(%56 + d)d, we also have that

1
(7 0(z%0) = c%(c—x + )20 + d10 + dp0*

1
with appropriate scalars. By (7) and 6(8% * £28) = 2¢18, we have that
1 = ¢y, i.e., 0(8%) = ¢102. Since z0 is a right identity and 6% annihilates
0, we have that dy = 0. By 8(20?+220) = 20(x?8), we have that d; = 0.
Since 20 and O generates the non-associative subalgebra WN0,0,1[1] of

WN0,0,1[1 L We can prove that

1
(8) 0(x*0) = ci(_-z +d)*d

1
for any k € N. Since 28? annihilates itself, by c10 * 9(z0?) = ¢18?%, we
have that 8(z6?) = c1(ém + dy)9?, where dy € F. By 0(28? x 230) =
60(z%9), we also have that dy = d. By induction on k of 0%, k € N,
we can also prove that

1
(9) 0(z*%) = c’f(c—x + d)ko2.

1
This implies that § = 6, 4 which is defined in Note 2. This completes
the proof of the lemma. M

Note 2. For any c¢; € F*® and d € F, let us define an elementary
F-map 6., 4 of WN070,1[1 5] 88 follows:

(10) ey a(a0") = o= + d)"0"
1
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then 6., 4 can be linearly extended to a non-associative algebra auto-
morphism of WN070,1[1 2 where ¢, € F* and ¢, = ¢, v € {1,2}.

THEOREM 2.2. The algebra automorphism group
AUtnon(WNO,O,I[LQ])
is generated by 0., 4 in Note 2 with appropriate scalars.

PrROOF. The proof of the theorem is similar to the proof of Theorem
2.1, so let us omit it. O

PROPOSITION 2.2. Any non-zero algebra endomorphism 6 of
WhNoo.1p )
is surjective.

PRrROOF. Since WNO 0.1 is simple, the endomorphism in the propo-
sition is injective. The remaining proof of the proposition is straightfor-
ward by reviewing the proof of Theorem 2.2. So let us omit it. O

Since the semi-Lie algebra, WN0,0,1[1 2 is self-centralizing [6], the
algebra enjoys similar results of Lemma 2’.5, Lemma 2.6 and Note 2,
thus we have the following theorem.

THEOREM 2.3. The semi-Lie algebra automorphism group
AUtsemi—Lie (WNO,O,I [1,2] [ ])
is generated by 0., 4 in Note 2 with appropriate scalars.

PROOF. The proof of the theorem is similar to the proof of Theorem
2.1, so let us omit it. O

Since the semi-Lie algebras WN07071[0 L] WN(),O,;L[O r1yesl] and
WN0,1,0[1 2 is self-centralizing [6], we have a similar results of Theorem

2.3 of the above semi-Lie algebras. Because of the dimensions of right
annihilators of 9%, k € N, it is an interesting problem to find the similar
formula of (9). Thus we have the following open questions:

Question 1. Find the non-associative algebra automorphism group
AUtnon(WNo,o,l[1,1,“,,,‘?]) of the non-associative algebra WNO,OJ[

1,71,...,mp)"

Question 2. Find the non-associative algebra automorphism group
Autnon(WNo0,1p,, 1) of the non-associative algebra WNo,0,1(,, . | su-
ch that r; > 1 and p > 1.
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