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TRACE FORMULAS ON FINITE GROUPS
JAE-HYUN YANG

ABSTRACT. In this paper, we study the right regular representation
Rr of a finite group G on the vector space consisting of vector
valued functions on I'\G with a subgroup I' of G and give a trace
formula using the work of M. -F. Vignéras.

1. Introduction

Following the suggestion of D. Kazhdan, James Arthur proved the
so-called local trace formula for a reductive group G(F') over a non-
archimedean local field F investigating the regular representation of
G(F) x G(F) on the Hilbert space L2(G(F)) (cf.[1]-[4]). Motivated
by the work of J. Arthur on the local trace formula, M. -F. Vignéras
(cf.[10]) gave a trace formula for the regular representation of G x G
in L%(G) for a finite group G. In this paper, motivated by the above
mentioned work of M. -F. Vignéras, we study the trace formula of the
right regular representation Rr of a finite group G on the vector space
of consisting of all vector valued functions on the coset space I'\G for a
subgroup I'. We derive the trace formula for Rp(f) using the result of
M. -F. Vignéras (cf. [10]). This trace formula simplifies the proofs of the
well known results on a finite group.

In this paper, we shall study the right regular representation R of G
on the vector space V[I'\G] consisting of all vector valued functions on
I'\G with values in V' and give a trace formula for Rp(f) with a function
f on G. Using this formula, we derive some well known results.

NoOTATION. We denote by C the complex number field. For a finite set
A, we denote by | A| the cardinality of A. For a finite group G, we denote
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by G the set of all equivalence classes of irreducible representations of
G. For A € GG, we let dy be the degree of .

2. Trace formula

Let I' be a subgroup of a finite group G. Let V be a finite dimensional
complex vector space. We let Xr = I'\G and denote by Vr the vector
space consisting of all vector valued functions ¢ : Xy — V. We note
that G acts on Xp transitively by right multiplication. We let Rr be
the right regular representation of G on Vr, namely,

(Rr(9)e)(z) = p(zg), g€G, ¢ € Vrand z € Xr.

For any g € G, weset X2 ={z € Xr|zg=1x}.

THEOREM 1. Let G, ', Vr, Xr and X7 be as above. We let xg, be

the character of the regular representation Rr of G. For each A € é’, we
let x be the character of A\. We assume that R =), ama([,V)\ is
the decomposition of Rr into irreducibles. Here my(I',V') denotes the
multiplicity of A in Rr. Then '

(1) Xgrr(g) =dimc V- | XZ| forallge G,

dimcV

2) maT,V)= > 1XExalg™") for each A € G,

Gl &2

3) GP =113 S dy X2 xalo™ D).

AeG 9€CG

For a function f € C[G], we define the endomorphism Rr(f) of Vr

by
= > f(9)Rr(g)
g€eG
Then for a function f € C[G],
(4) trRe(f) = dime V- >~ f(g) 1XE],

geG
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and for any fi, f2 € C[G],
(5) trRuy(fi* f2) = Y da tr (FANF (V).
pYte:

Here f; = fo denotes the convolution of fi and fo defined by
(f1x f2)(g Zfl )f2(h™'g), g €G,

heG

dy is the degree of A and F f(\) is the Fourier transform of f defined by

= floMg), reG.

geG

PRrOOF. We let V[X] be the set of all functions ¢ : X — V with
values in V. We describe a basis for the vector space V[X] and its dual
basis. If V = C, the vector space C[X] has a basis {4, |z € X }, where

1 ifx =y,

0z (y) = {

For z € X and v € V, we define the function §,  v: X — V by

0 otherwise.

v ifz=y,
0 otherwise.

(6 90)0) = {

Let {v1,...,vn } be a basis for V with dim¢V = n. Then it is easy to
see that the set {0; ® vx |z € X, 1 < k < n} forms a basis for V[X].
Let V* be the dual space of V. For z € X and v* € V*, we define the
linear functional 6 ® v* : V[X] — C

(07 ® V™) (¢) =< d(x), v* >, ¢ e V[X].

Suppose {v],..., v} } is the dual basis of a basis {vy,... ,v, }. Then
we see easily that the set {§X Q@ vi| z € X, 1 < k < n} forms a basis
for the dual space V{X]*. We also see that for each g € G,

1 ifzxg=2zx,

0 otherwise.

< Rr(g9)(0z ® v), (6; ® vy) >= {

Therefore
Xrr(9) = tr Rr(g) = n - |XZ| for each g € G. This proves Formula

(1).
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We define the hermitian inner product < , > on the group algebra
C[G] by

< fi, fa>= = > fil9) f2(9),  f1, f2 € C[G].
|G| %
Since xRy = 3,z MA(T, V) X2, we have
m,\(F, V)
= < XRrrXx >
(by Schur orthogonality relation (cf. [6], p. 148))
Z Xrr (9 Z 1 X8 xalg™h)- (by (1))
~Ial 1G]
9eG geG
This proves Formula (2).
We observe that
(6) dimc Vp = Il—?—: . dimc V.
Since Rr = ), ca ma(T, V), we see that
(7) dimc VF = Zm,\(F,V) 'd)\,
reG

where dy denotes the degree of A € G. By substituting (2) into (7), we
get

. dim¢ V _
(8) dime Ve = —57— 3 3 dalXPlxale™):
AeG 9€G

Therefore according to (6) and (8), we obtain Formula (3).
Let f € C[G]. Then we obtain

tr Rp(f) = tr (Zf )Rr g)) Zf Ytr (Rr(g

geCG g€eG

= Z f(g)XRr (g)

geG

=dime V- 3 f(9)|XE. (by (1))
e

This proves Formula (4).
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Finally we shall prove Formula (5). If we take I' = {1}, then X} = G
and X = 0 if g # 1. Thus by Formula (4), we get

tr Rg1y(f) = dime V- |G| f(D).
Therefore

tr Ri1y(f)

) f) = |Gldimc V'

We recall the fact (see [6], Corollary 3.4.5) that for any f1, f2 € C[G],
the following Plancherel formula holds:

tr R(f1 * f2)

(10) (fixf2)(1) = - |G| detrw (FANFf2(N),

where try, (A) denotes the trace of an endomorphism A : V), — V)
with the representation space of A.

On the other hand, for any fi, f2 € C[G], we get

R *
) (= fa)0) = DRI gy g,
Hence according to (10) and (11), we obtain Formula (5). O

COROLLARY 2. (a) |G| =X, c¢ 43

() 1G] = X gec Zoreg D xalg™).
(c) Let A\g be the trivial representation of G. Then

dimc 1%
mko(rv V)= |G| ) Z |X1€|
geq

In particular, my,({1},C) = 1.
(d) For any f € C[G],
_ trRy(f)
f(l) - |G| . dimcv.

(e) For a subgroup T of G,

d1m V 1
Z m/\(ra V)2 Iél Z |X | |Xg

reG geG
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(f) For each A € G, mx({1},V) = drdimcV # 0. That is, each
A € G occurs in the regular representation (R1y, V[G]) of G with mul-
tiplicity dy - dim¢ V.

(g) For each A € G,

geG

PRrROOF. (a) If we take I' = {1}, we see easily that X{ll} = G and
Xfl} = if g # 1. Then we get

IGP=1- dx-[X{y|-xa(1)  (by (3))
reG
= |G| Z da. (because xx(1) = dy)
pYe

This proves Formula (a). We recall that another proof of (a) follows from
the fact that the group algebra C[G] is isomorphic to ) s End(V)) as
algebras, where V), is the representation space of A € G (ctf. [9]).

(b) We take ' = G. It is easy to see that X¢ = {1} is a point and
X% = Xg for all g € G. According to Formula (3), we obtain

IG? = |G| Z Z daxa(g7)-

AeG 9€C

This proves the statement, (b).

(c) It follows from Formula (2).

(d) We take I' = {1}. Then X} = G and X? = 0 for g # 1. From
Formula (4), we obtain

tr Ry (f) = dime V- |G £(1).

(e). By Schur orthogonality relation, < xrp, xrr >= X ycgma(l, V)2
On the other hand, according to the formula (1),

1 -
< XRr»> XBRr >= Gl ZXRF(g)XRF(g Y
geG
. (dim¢ V)2

-1
e I

geqG
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(f) We take I' = {1}. Then X{l} = G, X = () for g # 1, and
V{13 = VI[G]. Therefore we obtain the desired result from Formula (2).

(g) We take I' = G. We see easily that |[XZ| = 1 for all ¢ € G.
According to Formula (2), we get

dim¢c V _1y, _ dim¢V
mx(G,V) = s ZX/\(Q N = - ZXA
1G] G|
9€G 9€G

Hence this proves the statement (g). O
THEOREM 3. For each f € C[G], we have the following trace formula

di V
(12) tr Rp(f) = Tj; STIXE1Z,] £(C),
g€eG

where Z, is the centralizer of g in G, C|, is the conjugacy class of g and
f(Cg) = Zhecg f(h)
PROOF. For f € C[G] and A € G, we define
=>" f(9Xo)
geG
Investigating the spectral decomposmon of the regular representation

R of G x G on C[G] defined by

(R(g1,92)F) (9) = F(91"992), 9,91,92 € G, F € C[G].
M. -F. Vignéras (cf. [10], p. 284) obtained the following trace formula
(13) 1Z4|F(Cq) = xn(g™ ") trm(F)
reG
for any g € G and F € C[G].

Let Br = > ycama(l, V)X be the decomposition of Rr into irre-
ducibles. If f € C|G],

tr Rp(f) = Z ma(L, V) tr A(f)
pYte;

= S L T XAy @)

AeG 9€G

- d“,gc, Y5 xg) (Z (g™ trA(f))
9€eG pYTe]

= dme VS a7, £(G,).

Gl &
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The last equality follows from Formula (13). O

COROLLARY 4. Let I' be a subgroup of G. Then for any f € C[G],
we have the following identity

(13) G F@IXE =Y 1XRIIZ| £(Cy),

geG geG

where Z, is the centralizer of g in G, C, is the conjugacy class of g and
F(Cq) = Yonec, F(R).

Proor. The proof follows immediately from Formula (4) and the
trace formula (12). g

REMARK 5. The trace formula (12) is similar to the trace formula on
the adele group. For the trace formula on the adele group, we refer to
[1)-[5], [7], and [8].

REMARK 6. If I' # {1}, the multiplicity m (T, V) of some A € G
may be zero. It is natural to ask when my(I', V) is not zero. Namely,
which A € G does occur in the regular representation (Rr, Vr) of G?
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