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Boundary-Based Shape Design Sensitivity Analysis of Elastostatics Problems
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Abstract

A boundary-based design sensitivity analysis(DSA) technique is proposed for addressing shape
optimization issues in the elastostatics problems. Sensitivity formula is derived based on the continuum
formulation in a boundary integral form, which consists of the boundary solutions and shape variation vectors.
Though the boundary element method(BEM) has been mainly used to obtain the boundary solution, the FEM
is used in this paper because this is much more popular, and has greatly improved meshing and computing

power recently. The advantage of the boundary DSA is that the shape variation vectors, which are also known

as design velocity fields, are needed only on the boundary. Then, the step for determining the design velocity

field over the whole domain, which was necessary in the domain-based DSA, is eliminated, making the
process easy to implement and efficient. Problem of fillet design is chosen to illustrate the efficiency of the
proposed method. Accuracy of the sensitivity is good with this method even by employing the free mesh for

the FE analysis.
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Fig. 4 Finite element model of a fillet problem

Table 1 Sensitivity comparison of domain stress in the

fillet problem
Stress at DSA
ID domain FDM DSA ratio (domain | ratio
elements velocity)
1 1.46E+02{ 6.78E+00 | 1.I5E+01 | 169.83 | 6.43E+00 | 94.84
2 1.18E+02 | -1.40E+01{ -1.62E+01| 115.95 | -1.64E+01] 117.14
3 9.73E+01 | -2.74E+01 | -2.72E+01 | 99.11 |-2.71E3+01] 98.61
4 8.54E+01 | -3.18E+01| -3.22E+01| 101.46 | -3.19E+01 | 100.55
5 7.65E+01 | -3.35E+01 | -3.41E+01 | 101.55 | -3.37E+01| 100.6
6 6.95E+01 | -3.35E+01 | -3.39E+01 | 101.2 |-3.36E+01} 100.21
7 6.37E+01 ] -3.25E4+01 | -3.29E+01] 101.18 | -3.26E+01] 100.18
8 5.87E+01 | -3.08E+01 | -3.11E+01 | 101.09 | -3.08E+01] 100.05
9 5.42E+01 | -2.85E+01 | -2.88E+01| 101.09 | -2.85E+01[ 99.99
10 | 5.00E+01 | -2.58E+01 | -2.61E+01} 101.1 |-2.58E+01| 99.91
11 4.61E+01 | -2.28E+01 | -2.30E+01| 101.13 | -2.27E+01} 99.81
12 | 4.24E+01{-1.95E+01{ -1.97E+01| 101.26 | -1.94E+01] 99.75
13 | 3.88E+01 ]| -1.60E+01{ -1.62E+01| 101.35 | -1.59E+01] 99.53
14 |3.53E+01|-1.23E+01| -1.25E+01{ 101.75 | -1.22E+01| 99.39
15 |3.17E+01| -8.49E+00 | -8.71E+00| 102.5 | -8.42E+00| 99.08
16 |2.81E+01|-4.67E+00 | -4.88E+00 | 104.58 | -4.59E+00} 98.3
17 | 2.43E+01 | -9.13E-01 | -1.15E+00| 125.55 | -8.46E-01 | 92.65
18 | 2.04E+01] 2.63E+00 | 2.34E+00 | 89.12 | 2.65E+00 | 100.76
19 1.63E+01 | 5.67E+00 | 5.21E+00 | 91.77 | 5.55E+00 | 97.89
20 1.21E+01 | 8.16E+00 | 7.20E+00 | 88.18 | 7.41E+00 | 90.82
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Fig. 5 Comparison of DSA sensitivity by mapped
and free mesh model in the fillet problem
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(b) Model with variable mesh

Fig. 6 Quadrant finite element model of
3-D fillet problem: mapped mesh
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Table 2 Sensitivity comparison of domain stress in the
3-D fillet problem

stress at
1D domain FDM DSA Ratio
elements
1 7.40E+00 | -5.33E-02 | 3.62E-02 -67.92
2 6.26E+00 | -1.02E+00 | -9.40E-01 92.48
3 5.56E+00 | -1.53E+00 | -1.48E+00 96.66
4 5.05SE+00 { -1.79E+00 | -1.71E+00 95.4
5 4.65E+00 | -1.89E+00 | -1.83E+00 96.61
6 4.31E+00 | -1.90E+00 | -1.84E+00 96.44
7 4.02E+00 | -1.85E+00 | -1.79E+00 96.4
] 3.75E+00 [ -1.76E+00 | -1.70E+00 96.29
9 3.51E+00 | -1.64E+00 | -1.58E+00 96.15
10 3.28E+00 { -1.50E+00 | -1.44E+00 96.03
11 3.07E+00 [ -1.34E+00 | -1.28E+00 95.83
12 2.87E+00 | -1.16E+00 | -1.11E+00 95.66
13 2.68E+00 | -9.80E-01 | -9.35E-01 95.43
14 2.49E+00 | -7.89E-01 | -7.51E-01 95.23
15 2.30E+00 | -5.93E-01 | -5.62E-01 94.84
16 2.12E+00 | -3.96E-01 { -3.73E-01 94.25
17 1.93E+00 | -2.02E-01 | -1.89E-0! 93.33
18 1.73E+00 | -2.20E-02 | -1.83E-02 83.49
19 1.53E+00 | 1.31E-01 1.23E-01 93.89
20 5.86E+00 | -6.63E-01 | -4.96E-01 74.85

Table 3  Sensitivity comparison of domain stress in the
3-D fillet problem :

stress at
1D variable FDM DSA ratio
elements
1 1.09E+01 2.09E+00 2.18E+00 104.06
2 9.02E+00 5.67E-01 5.60E-01 98.86
3 7.90E+00 -4.26E-01 ~4.33E-01 101.49
4 7.14E+00 | -1.04E+00 | -9.81E-01 94.6
5 6.58E+00 -1.44E+00 | -1.42E+00 99.02
6 6.14E+00 | -1.71E+00 | -1.69E+00 98.76
7 5.77E+00 | -1.92E+00 | -1.89E+00 98.94
8 5.43E+00 | -2.06E+00 | -2.03E+00 98.83
9 5.13E+00 | -2.14E+00 | -2.12E+00 98.77
10 4.83E+00 -2.18E+00 | -2.16E+00 98.7
11 4.55E+00 | -2.18E+00 | -2.15E+00 98.57
12 4.26E+00 | -2.13E+00 | -2.09E+00 98.41
13 3.97E+00 | -2.02E+00 | -1.99E+00 98.3
14 3.68E+00 | -1.87E+00 | -1.83E+00 98.12
15 3.37E+00 -1.66E+00 | -1.62E+00 97.91
16 3.06E+00 | -1.39E+00 | -1.36E+00 97.68
17 2.73E+00 -1.07E+00 | ~1.04E+00 97.13
18 2.36E+00 -6.70E-01 -6.46E-01 96.29
19 1.94E+00 -2.12E-01 -2.27E-01 107.02
20 9.31E+00 6.64E-01 9.55E-01 143.83
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(b) Domain elements for stress under consideration

Fig. 7Quadrant finite element model of 3-D fillet
problem: free mesh
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(a) Stress comparison along fillet boundary
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Fig. 8 Comparison of results from the mapped and
free mesh model in the 3-D fillet problem
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Fig. 9Quadrant finite element model of 3-D fillet
problem: free mesh with better quality
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better quality free mesh model in the 3-D
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