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p-STACKS ON SUPRATOPOLOGICAL SPACES

Won KEUN MIN

ABSTRACT. In (1], we introduced the notion of p-stacks. In this pa-
per, by using p-stacks we characterize S*-continuous functions, sep-
aration axioms, supracompactness and some properties on supra-
topological spaces. We also introduce the notion of p-supracomp-
actness and study some properties.

1. Introduction

In [1], D. C. Kent and the author introduced neighborhood structures
and neighborhood spaces which are generalized topological spaces. In
order to describe a convergence theory in neighborhood spaces, we in-
troduced “p-stack” [1] which is defined as the following: Given a set X,
a collection C of subsets of X is called a p-stack if (1) A € C whenever
BeCand BC A and (2) A,B € C implies AN B # (. And we char-
acterized some properties of neighborhood spaces by using the notion of
“p-stack”. In 1983, A. S. Mashhour et. al. [2] defined a supratopology
on a set X to be a collection of subsets of X which contains X and
is closed under arbitrary union. In this paper, by using the notion of
p-stacks we will characterize the closure operator, the interior operator,
continuity, separation axioms and some properties on supratopological
spaces. We also introduce the notion of p-supracompactness by using
convergence of ultrapstaks and investigate sorme properties
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2. Preliminaries

Let X be a nonempty set. A subcollection 7 C 2% is called a
supratopology (2] on X if X € 7 and 7 is closed under arbitrary union.
(X,7) is called a supratopological space. The members of 7 are called
supraopen sets and a set is called supraclosed if the complement is a
member of 7. Let (X, 7) be a supratopological space, z € X. A set V is
called a supra-neighborhood of z if there is a supraopen set U such that
z € U C V. The set of all supratopologies on X is denoted by ST(X).

Let (X, 7) and (Y, 1) be supratopological spaces. A function f: X —
Y is §*-continuous [2] if the inverse image of each supraopen set in ¥ is
a supraopen set in X.

DEFINITION 2.1 [2]. Let (X, 7) be a supratopological space and A C
X.

(1) The suprainterior of A, denoted by Sint(A), is defined by Sint
(A)=u{Uer:UCA}

(2) The supraclosure of A, denoted by Scl(A), is defined by Scl(A) =
MNMFCX:ACFand X -F e}

(3) X is § — T if for every two distinct points z and y in X, there
exist two supraopen sets U and V such that x € U,y € U and
yeViagV;

(4) X is § — Ty if for every two distinct points z and y in X, there
exist two disjoint supraopen sets U and V such that z € U and
yevV;

(5) X is supra-regular if for each supraclosed set H and z ¢ H , there
exist two disjoint supraopen sets U and V such that H C U and
zeV;

(6) X is supracompact if each cover of X by supraopen sets has a
finite subcover.

THEOREM 2.2 [2]. Let (X, u) be a supratopological space and A C
X.

(1) Sint(X) = X;

(2) Sint(A) C A forall AC X;

(3) AC B = Sint(A) C Sint(B) for all A,B C X;

(4) Sint(Sint(A)) = Sint(A) for all A C X;

(5) Sint(A) =X — Scl(X — A) and Scl(A) = X — Sint(X — A) for
ACX.

Given a set X, a collection C of subsets of X is called a stackif A € C
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whenever B € C and B C A. A stack H on a set X is called a p-stack
[1] if it satisfies the following condition:

(p) A, B € H implies AN B # 0.

Condition (p) is called the pairwise intersection property (PIP). A
collection B of subsets of X with the PIP is called a p-stack base. For
a p-stack base B, we denote by < B > = {4 C X : there exists F' € B
such that F C A} the p-stack generated by B. If B = { B}, then < B >
will be denoted by simply < B >. In case z € X and B = {{z}},
< {z} > is usually . Let pS(X) denote the collection of all p-stacks on
X, partially ordered by inclusion. The maximal elements in pS(X) are
called ultrapstacks. It is obvious that every ultrafilter is an ultrapstack,
and that every p-stack is contained in an ultrapstack. For function
f:X — Y and H € pS(X), the image p-stack f(H) in pS(Y) has
p-stack base {f(H) : H € H}. Likewise, if G € pS(Y), f~1(G) denotes
the p-stack on X generated by {f~}(G): G € G}.

LEMMA 2.3 [1]. For H € pS(X), the following are equivalent;

(1) H is an ultrapstack;
(2) IfFANH # () for all H € H, then A € H;
(3) B¢ H implies X —BeH

3. Main results

First we introduce the notion of convergence of p-stacks on supratopo-
logical spaces in order to give characterizations of the supraclosure op-
erator and the suprainterior operator.

DEFINITION 3.1. Let (X, i) be a supratopological space.

For each z € X, let V,(z) = {V : V is a supra-neighborhood of z},
and V() is called the supra-neighborhood stack at x.

A p-stack F on X p-converges to x if V,(z) C F.

REMARK. From the above definition, we can get a filter generated by
each supra-neighborhood stack on a supratopological space and in [3, 4]
we called the filter a supra-neighborhood filter.

We get the following theorem from Definition 3.1.

THEOREM 3.2. Let (X, u) be a supratopological space.

(1) & p-converges to x for all x € X;
(2) For F, G € pS(X), if F p-converges to « and F C G, then G
p-converges to x;
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(3) For F, G € pS(X), if both F and G pu-converge to x, then
FNG={FUG:FeF, Ge G} p-converges to x;

DEFINITION 3.3. Let (X, 1) be a supratopological space, A C X and
let V,(z) be the supra-neighborhood stack at z.

(1) I.(A)={zc A: AcV,(2)};

(2) Cly(Ay={ze X : ANU # B for all U € V,(z)}.

LEMMA 3.4. Let (X, u) be a supratopological space, A C X. Then
the following are equivalent:

(1) Sel(4) = CL,(4);

(2) Sint(A) =1,(A).

THEOREM 3.5. Let (X, u) be a supratopological space, A C X.

(1) =z € I,(A) iff A € H, for every p-stack H p-converging to x;
(2) = € Cl,(A) iff there exists H € pS(X) such that H p-converges
tox and A € H.

PRroOF. (1) Since the supra-neighborhood stack V,(z) always p-
converges to z, we get A € V,(x) by hypothesis. Thus = € I,(A).

The converse is obvious by Definition 3.1.

(2) If z € Cly(A), let H = Vy(z)U < A >=< {FNG : F €
V,.(z), G €< A>} >. Then a p-stack H p-converges to z and A € H.

Conversely let z ¢ Cl,,(A). Then there is some V € V,(z) such that
it has the empty intersection with A, and so no a p-stack containing A
can p-converge to x. O

From Lemma 3.4 and Theorem 3.5 we get the following theorem:

THEOREM 3.6. Let (X, u) be a supratopological space, A C X. Then
the following are equivalent:
(1) A is supraclosed iff Cl,(A) = A;
(2) A is supraopen iff I,,(A) = A;
(3) z € Scl(A) iff there exists H € pS(X) such that H p-converges
tox and A € H;
(4) z € Sint(A) iff A € H, for every p-stack H u-converging to x.

Now we characterize the S*-continuity of a map by using p-stacks as
the continuity of a map is expressed by filters.
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THEOREM 3.7. Let (X, u) and (Y,v) be supratopological spaces. If
f: (X,p) — (Y,v) is a function, then the following statements are
equivalent:

(1) fis S*-continuous;

2V (())cf( ())fora]lweX;

(3) f ( v(A)) C I (f L(A)) forall ACY;

(4) f(Cl.(B ))CCl(( )) for all B C X;

(56) If a p-stack F p-converges to x, then the image p-stack f(F)

v-converges to f(x).

PROOF. (1) = (2) Let V be a member of V,,(f(z)) in Y. Then there
is a supraopen W such that f(x) € W C V. Since f is S*-continuous,
there exists a supraopen U of z such that f(U) C W C V and since
UeV,(z)weget Ve f(V,(2))

(1) & (3) & (4) It is obvious from Lemma 3.5.

(2)= (5) Let F be a p-stack p-converging to . Then V,(z) C F,
and so V,(f(z)) C f(F) from (2).

(5) = (1) If f is not S*-continuous, then for some z € X, there is a
supraopen V € V,(f(z)) such that for all supraopen U € V,(z), f(U)
does not inclode in V. For all U € V,(z), since f(U)N(Y —V) # 0, we
get ap-stack F = f(V,(z))U < Y-V >. Andsince Unf~}(Y-V) # 0,
we also get a p-stack G = V,(z)U < f~Y(Y — V) > which u-converges
to . But since f(G) is a finer p-stack than F and Y — V € F, f(G)
can not v-converge to f(x), contradicting to (5). O

THEOREM 3.8. Let (X, 1) be a supratopological space and A C X.
(1) Iu(X) = X;

(2) I,(A) C Aforall AC X;

(3) ACB:>I uw(A) C I,(B) forall A,B C X;

(4) I,(I.(A ))-I(A)fora]]ACX.

ProoF. They are obvious by Lemma 3.4 and Theorem 2.2. O

Let X be a nonempty set. Consider a set function I : 2% — 2%
satisfying these axioms:

(ix) I(X) = X,

(iz) I(A) Cc A for all A C X;;

(i3) AC B = I(A) c I(B) for all A, B € 2%;

(ig) I(I(A)) =I(A) for all A C X.

Let I(X) be the set of all these interior operators on X.
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LemMma 3.9. If I € I(X), then the operator I uniquely determines a
supratopology on X whose interior operator is I.

Proor. Consider = {A C X : [(A) = A} on X. Then by (i1) and
(iz), both X and 0 are in p.

Let A; € i foralli € J. Then A4; = I(Az) - I(UiEJA»L‘), SO UieJA:i =
I(U;e;A;). Thus p is a supratopology on X. It is obvious u is the
unique supratopology determined by I whose interior operator is I. 0

From Lemma 3.9 and Theorem 3.8, we have the following result.

THEOREM 3.10. Ify : ST(X) — I(X) is defined by ¢(u) = 1,,, where
I,(A)={z e X : Ae V,(z)} for all AC X, then ¢ is a bijection.

Proor. If y € ST(X), then ¢(u) = I, € I(X) by Theorem 3.8. If
I € I(X), let ¥(I) = pr, where V,,(z) = {A C X : z € I(A)} for
each € X. Then the map ¢ : I(X) — ST(X) is well defined, and by
Theorem 3.6, we get 9 o © is the identity map on ST(X).

Now we show that ¢ o 1 is the identity map on I(X). For each
I ¢ I(X), let p(h(I)) = I’, where (I) = uy = {A: I(A) = A} and
I'A)y={zcA: AeV,i(z)}.

Let x € I(A) for all A C X. Then by (i4) and the notion of u;, we
can say that I(A) is a supraopen set containing  on a supratopological
space (X, uy). Then it follows from I(A) C A that A € V;(z). Thus
from the notion of I’, we get z € I'(A).

For the other inclusion, let € I’(A). Then A is an element of the
supraneighborhood stack V,;(z) at z, and so we can take a supraopen
set U satisfying x € U C A in the supratopology py. Then by defini-
tion of the supratopology u; and (iz), we get x € U = I(U) C I(A).
Consequently, I = I'. O

Now we give characterizations of S — T3, § — 15, supra-regularity and
supracompactness on a supratopological space by using p-stacks.

THEOREM 3.11. Let (X, u) be a supratopological space. Then the
following are equivalent:

(1) (X,p) is S ~T1;

(2) NV, (z) ={z} forz € X;

(3) If & p-converges toy, then x = y.
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PROOF. (1) = (2) Let y be an element in "V, (z). Then y € U for
each supraopen neighborhood U of z. Since X is § — T,y = .

(2) = (3) Let & p-converge to y. Since V,(y) C &, x is the element
in "V, (y). Thus z = y.

(3) = (1) Suppose that X is not S — T;. Then there are distinct
and y such that every supraopen neighborhood of z contains y. Thus
V,.(z) C ¢ and § p-converges to z, contrary to (3). O

THEOREM 3.12. Let (X, u) be a supratopological space. Then the
following are equivalent:
(1) (X,p) is S = To;
(2) Every u-convergent p-stack F on X p-converges to exactly one
point.
(3) Every u-convergent ultrapstack F on X p-converges to exactly
one point.

ProOOF. (1) = (2) Suppose that X is S — T, and a p-stack F pu-
converges to x. For any y # z, there are disjoint supraopen neighbor-
hoods U(x) and U(y). Since V,(z) C F and F is a p-stack, both U(z)
and X — U(y) are elements of F. Thus F is not finer than V,(y), so F
does not p-converge to y.

(2) = (3) It is obvious. ‘

(3) = (1) Suppose that X is not S — T». Then there must exist =,y
such that U(z) N U(y) # @ for every supraopen neighborhoods U(x)
and U(y) of z and y, respectively. Let F be the ultrapstak finer than a
p-stack V,(z) UV, (y). Then F is finer than V,(z) and V,(y), so the
ultrapstack F p-converges to both z and y, contrary (2). (|

Let (X, ) be a supratopological space and F € pS(X). Then B =
{SCcl(F) : F € F} is a p-stack base on X. The p-stack generated by B
is denoted Sci(F). We call Scl(F) the supraclosure p-stack of F.

THEOREM 3.13. Let (X, u) be a supratopological space. Then the
following are equivalent:

(1) (X, u) is supra-regular;

(2) For every z in X, V,(z) = Scl(V,(z)).

(3) If a p-stack F p-converges to x, then Scl(F) u-converges to x.

PrOOF. (1) = (2) Let F be an element in V,,(z). There exists a
supraopen neighborhood U(z) such that U(z) C F. Since X is supra-
regular, there is a supraopen neighborhood W (xz) such that W(z) C
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Scl(W(z)) € U(z) C F. And since Scl(W(x)) € Scl(Vp(z)) and
Scl(V,(x)) is a p-stack, F € Scl(V,(z)).

(2) = (3) Let a p-stack F p-converge to z. Then Scl(V,(z)) C
Scl(F). Thus we get that Scl(F) u-converges to z by (2).

(3) = (1) Let U be a supraopen neighborhood of = for each z € X.
Since V,(z) p-converges to z, Scl(V,(x)) p-converges to = by (3), and so
U € Scl(V,(z)). Then by the definition of supraclosure of p-stack, there
is a supraopen neighborhood V' in V,(z) such that V C Scl(V) Cc U.O

For F € pS(X), if all finite intersection of the elements of F are
non-empty, we say that F has the finite intersection property (FIP).

THEOREM 3.14. Let (X, u) be a supratopological space and A C X.
Then X is supracompact iff for every p-stack ¥ with the FIP, there exist
a finer p-stack G than F and an x € A such that G u-converges to x.

PROOF. Assume X is supracompact and F is a p-stack with the FIP.
Suppose any finer p-stack than F does not p-convergent to any point in
X. Then we can assert that for each x € A, there exist a supraopen
neighborhood U, € V,(z) and F, € F such that U, N F; = §. Thus we
can find the collection U of the supraopen neighborhoods U, € V,(z)
for each 2 € X such that U, N F, = { for some F, € F. This collection
U is a supraopen cover of X and for each U, € U, X — U, is a member
of the p-stack F. Since X is supracompact, there is a finite subcover
{Uz1,... ,Uzn} of U. Now we get (X —Uy;) = 0 for X — U,; € F,
where ¢ = 1,... ,n. This is a contradiction, since F is a p-stack with the
FIP.

Conversely, assume X is not supracompact, and let U be a supraopen
cover of X with no finite subcover. If W is the set of all finite union of
members of U, then X ~ W # () for all W € W. Let B={X — W :
W € W}. Then clearly B is a p-stack base. Thus we get a p-stack Fp
generated by B such that F'p has the finite intersection property. Finally
for any finer p-stack G than Fg, we get that G does not pu-converge to
any element of X, contradicting (2). O

We introduce the notion of p-supracompactness by using convergence
of ultrapstaks and investigate some properties.

DEFINITION 3.15. A subset A of a supratopological space (X, ) is
p-supracompact if every ultrapstack containing A p-converges to a point
in A. The space (X, ) is p-supracompact if X is p-supracompact.
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ExampLE 3.16. Let X = {a,b,c}. Consider 7 = {@,{a,b}, {b,c},
X}. Then the supratopological space (X, 7) is p-supracompact.

However X is a nonempty finite set, a supratopological space on X
may not be p-supracompact as the following example:

EXAMPLE 3.17. Let X = {a,b,c} and let 7 = {0, {a},{a,b},{b,c},
X} be a supratopology on X. And let H be an ultrapstack containing
a p-stack F generated by {{a,b}, {b,c},{a,c}}. Then it does not 7-
converge to a point a in X. Thus the supratopological space (X, 7) is
not p-supracompact.

THEOREM 3.18. Let f : (X,u) — (Y,v) be an S*-continuous and
surjective function. If X is p-supracompact, then Y is also p-supra-
compact.

ProoF. Let X be p-supracompact, and let H be an ultrapstack in Y.
If G is an ultrapstack containing the p-stack base {f~1(H) : H € H},
then for some z € X, G p-converges to xz, and H = f(G) v-converges
to f(x), thus Y is p-supracompact. a

THEOREM 3.19. A supratopological space (X, i) is p-supracompact
if and only if each supraopen cover of X has a two-member subcover.

PrOOF. Suppose H is an ultrapstack in X such that it does not u-
converge to any point in X. Then for each z € X, there is U, € V()
such that U, ¢ H. By Lemma 2.3(3), X — U, € H for all z € X. Thus
the collection U = {U, : x € X} is a supraopen cover of X. But U has
no two-element subcover of X, for if U,V € U and X C U UV, then
(X-U)Nn(X-V)=X—-(UuV) =0, contradicting that H is a p-
stack. Conversely, let U be a supraopen cover of X with no two-element
subcover of X. Then B = {X — U : U € U} is a p-stack base, and any
ultrapstack containing B can not u-converge to any point in X. O

REMARK. From Theorem 3.19 and Example 3.17, we can say every
supracompact space is p-supracompact but the converse is not always
true.
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