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CERTAIN REPRESENTATION
OF A REAL POLYNOMIAL

YouNG JooN AHN AND SEoN-Hong KiMm

ABSTRACT. We show that every real polynomial of degree n can
be represented by the sum of two real polynomials of degree n, each
having only real zeros. As an example of this, we consider a real
polynomial with even degree whose all zeros lie on the imaginary
axes except the origin.

1. Introduction and statement of result

To what extent can a sum and its factorization both be known? More
precisely, if A and B belong to a ring, to what extent can we simulta-
neously know the factorizations of A, B and C where A + B = C?
There is an inverse problem: Given C, find A and B with factoriza-
tions of a specific type such that A + B = C. Much of the original
motivation comes from results and questions about integers and power
series such as Goldbach’s conjecture, Fermat’s last theorem and Jacobi’s
theta-function identity (see p. 35 of [1]).

It easily follows from the result of Fell [3] about a line that if all zeros
of monic polynomials A and B with the same degree are distinct, real and
form good pairs (see Definition 4.2 of [4]) then A+ B has all its zeros real.
An inverse problem of this, given polynomial C having only real zeros,
whether polynomials A and B having only real zeros such that A+B = C
exist, is easily solved by just taking both A and B as C/2. The result
of this short paper is an extension of this. More precisely, we answer
the question: Can every real polynomial with degree n be represented
as the sum of two real polynomials with degree n, each having only real
zeros and having the same sign of leading coefficients? Without the
restriction “the same sign of leading coefficients” the question can be
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easily answered by just taking p = T+ (p — T'), where T is some large
multiple of a first kind of Chebyshev polynomial of same degree with p.
However it does not seem to be obvious to find an example about the
question above.

It is of interest whether a polynomial can be represented by the sum
of several polynomials having specific properties. For representing a
nonnegative valued real polynomial by sums of squares of polynomials
(see pp. 85-86 of [2]). For representing a positive valued real polynomial
on a closed interval by sums of polynomials with real zeros (see pp. 346-
348 of [2]). Also Videnskii [7] showed that a real polynomial g(z) with
degree n and ¢(z) > 0 on [a,b] could be represented by ¢(z) = ¢1(z) +
g2(z), where each g; is a real polynomial with deg ¢;(x) = deg g2(z) = n,
is nonnegative on [a, b], and has only real zeros (in [a,b]). Answering to
the question above in this direction, we show that, in Section 2,

THEOREM 1. Every real polynomial p(x) with degree n has the form

p(z) = p1(z) + p2(z),

where p1(z) and p2(x) are different real polynomials with deg pi(x) =
deg p2(x) = n and have only real zeros, and p(z), p1(x), p2(z) have the
same sign of leading coeflicients.

Given a complex polynomial f(z), Stong [6] has shown in replying
to a question of Rubinstein that there always exist three polynomials
fi(z) € Clz], 1 < i < 3, each having all zeros on the unit circle, such
that f(z) = fi(z) + fa(x) + f3(z). Others have shown that the three
is best possible. We will use a modification of Stong’s method to show
~ Theorem 1 above.

As an example of Theorem 1, for a real polynomial p with even degree
whose all zeros lie on the imaginary axes except the origin, we will find
polynomials p; and ps satisfying the conclusion of Theorem 1.

2. Proof and example
PROOF OF THEOREM 1. We may assume that p(z) is monic. Let

p(z) = 2" + an_12™ 7+ - + ao.

Choose a constant C such that |[p(z)| < C for z € [-1,n — 1]. Let

pl(:c):%a:"+K:c(:c—1)---(a:—n—+—2)
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for some large K. Take K large enough so that
p(2)] > C

for x = ——%, %, 1+ %, coo,n—1~- % and p;(z) at these points alternate
in sign. So p1(z) has a zero in each [k — 3,k + 3], 0 <k <n—2. This
guarantees that p;(z) is a real polynomial of degree n with n — 1 real
zeros. Hence p1(z) in fact has n real zeros. Since |p(z)| < C at these n

real zeros,

p1(z) # p2(),

where pa(z) = p(z) — pi(z). By the largeness of K and using same
method above we can easily show that the polynomial of degree n

1
pg(x):Ex”—f—an_lx”—l+~~-+a0——Ka:(ac—l)---(w—n+2)

has all its zeros real. |

Next, we give an example of Theorem 1 for a real polynomial with
even degree whose all zeros lie on the imaginary axes except the origin.
For this, we need the following lemma (see p. 182 of [5] for the proof).

LEMMA 2. The condition that all zeros of the polynomial R(x)+iS(x)
are contained in Imz > 0 (or Imz < 0) is equivalent to the condition
that all zeros of the equations R(z) = 0 and S(z) = 0 are real and
separating each other.

EXAMPLE 3. Let ar > 0for k=0,1,2,.... Forn =0,1,2,..., we
define polynomials

A, =An(z) and B, = B,(x)
by Ao(z) = x — ag, Bo(z) =z + ag and
()=, ) (8. e
Bn+1 An+1 z B,
Then we can easily check that, by using induction on n,

(1) Bp(z) = (=1)" " An(-2z) (n>0)
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and, by (1) and using induction again,
(2) An(2)? + Bp(2)? =2(2® +ad)(@? + a?) - (2 + a2).

A real monic polynomial p(z) with even degree whose all zeros lie on
the imaginary axes except the origin is represented by the right of (2)
with deleting 2. Moreover, we have A, (z) 41 B, (z) = V2 (z +iao)(z +
iay) - (x + ia,). So all the zeros of Ap(x) + i Bp(x) are contained
in Imz < 0. By Lemma 2, the zeros of A,(x), and of B,(z) are all
real, and the zeros of A,(z) interlace the zeros of By,(z). Choosing
p1(z) = 2 An(2)? and pa(z) = 3 Bn(x)? gives conclusion of Theorem 1.
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