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Abstract

Many authors have studied several concepts of fuzzy systems. Balasubramaniam and Muralisankar (2004) proved the
existence and uniqueness of fuzzy solutions for the semilinear fuzzy integrodifferential equation with nonlocal initial
condition. Recently, Park, Park and Kwun (2006) find the sufficient condition of nonlocal controllability for the semilinear
fuzzy integrodifferential equation with nonlocal initial condition. In this paper, we study the existence and uniqueness
of solutions for the semilinear fuzzy integrodifferential equations with nonlocal condition and forcing term with memory
in En by using the concept of fuzzy number whose values are normal, convex, upper semicontinuous and compactly

supported interval in Ey .
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1. Introduction

Many authors have studied several concepts of fuzzy
systems. Kaleva [3] studied the existence and uniqueness
of solution for the fuzzy differential equation on E™ where
E™ is normal, convex, upper semicontinuous and com-
pactly supported fuzzy sets in R™. Seikkala [7] proved the
existence and uniqueness of fuzzy solution for the follow-
ing equation:

&(t) = f(t,z(t) , x(0) = o,

where f is a continuous mapping from R* x R into R and
x¢ is a fuzzy number in E'. Diamond and Kloeden [2]
proved the fuzzy optimal control for the following system:

2(t) = a(t)z(t) + u(t), z(0) = zo,

where z(-) and u(-) are nonempty compact interval-valued
functions on F'. Kwun and Park [4] proved the existence
of fuzzy optimal control for the nonlinear fuzzy differ-
ential system with nonlocal initial condition in E}; using
by Kuhn-Tucker theorems. Balasubramaniam and Mural-
isankar [1] proved the existence and uniqueness of fuzzy
solutions for the semilinear fuzzy integrodifferential equa-
tion with nonlocal initial condition. Recently, Park, Park
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and Kwun [6] find the sufficient condition of nonlocal
controllability for the semilinear fuzzy integrodifferential
equation with nonlocal initial condition.

In this paper, we study the existence and uniqueness of
solutions for the semilinear fuzzy integrodifferential equa-
tions with nonlocal initial conditions and forcing term with
memory.

dx(t)
dt

—|—f(t,x,/0 k(t, s,2(s))ds), t € I =[0,T],

z(0) + g(z) =z € En, @)

=A [x(t) + /Ot G(t — s)a:(s)d,s:l 1)

where A : I — Ey is a fuzzy coefficient, Ey is the set
of all upper semicontinuous convex normal fuzzy numbers
with bounded a-level intervals, f : I x Eny x Exy — En
and k : I x I x Ex — Ejp are nonlinear continuous func-
tions, G(¢) is n X n continuous matrix such that dG(gtt)T’ is
continuous for x € Ex and ¢t € [ with |G(¢)]] <k, k& > 0,

and g : Ky — FEn is a nonlinear continuous function.
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2. Preliminaries

A fuzzy subset of R™ is defined in terms of member-
ship function which assigns to each point x € R™ a grade
of membership in the fuzzy set. Such a membership func-
tion m : R™ — [0, 1] is used synonymously to denote the
corresponding fuzzy set. We shall restrict attention here to
the normal fuzzy sets which satisfy

Assumption 1. m maps R™ onto [0, 1].

Assumption 2. [m] is a bounded subset of R™.

Assumption 3. m is upper semicontinuous.

Assumption 4. m is fuzzy convex.

We denote by E™ the space of all fuzzy subsets m of
R™ which satisfy assumptions 1-4; that is, normal, fuzzy
convex and upper semicontinuous fuzzy sets with bounded
supports. In particular, we denoted by E* the space of all
fuzzy subsets m of R which satisfy assumptions 1-4 [2].

A fuzzy number a in real line R is a fuzzy set charac-
terized by a membership function m, as m, : R — [0,1].
A fuzzy number a is expressed as a = [ _,ma(x)/z,
with the understanding that m.{(x) € [0, 1] represents the
grade of membership of « in a and | denotes the union of
me(x)/x’s [S].

Let E'yy be the set of all upper semicontinuous convex
normal fuzzy number with bounded a-level intervals. This
means that if ¢ € E then the a-level set

@ ={zxeR:my(z) >, 0<a<1}
is a closed bounded interval which we denote by
[a]® = [af, o]

and there exists a ¢y € R such that a(lo) = 1 [4].
The support ', of a fuzzy number « is defined, as a
special case of level set, as the following

Ty ={z € R:my(z) >0}

Two fuzzy numbers a and b are called equal, denoted by
a = b, if mg(x) = my(z) for all z € R. It follows that

a="b<s [a]* = [b* forall ac (0,1].

A fuzzy number ¢ may be decomposed into its level
sets through the resolution identity

a= /01 alal®,

where afa]® is the product of a scalar o with the set [a]*
and | is the union of [a]*’s with « ranging from 0 to 1.

We denote the suprimum metric do, on E™ and the
suprimum metric H; on C(I : E™).

Definition 2.1. Leta,b € E™.
doo(a,b) = sup{du([a]®, [b]¥) : @ € (0, 1]},
where d g is the Hausdorff distance.

Definition 2.2. Letxz,y € C( : E™)
Hy(z,y) = sup{doo (z(),y(t)) : t € I}.

Let I be a real interval. A mapping z : [ — Ey is

called a fuzzy process. We denote
()] = [z7(@t),z2(@t)], te I, 0 <a<1.
The derivative z'(t) of a fuzzy process z is defined by
@/ (0)]* = [(2f)'(8), @2) (1)), 0<a<1

provided that is equation defines a fuzzy 2'(¢) € Ey.
The fuzzy integral

b
/m(t)dt, a,bel

is defined by

[/ab w(t)dt} ) = [/ab x(t)dt, /ab m‘ﬁ‘(t)dt}

provided that the Lebesgue integrals on the right exist.

Definition 2.3. [1] The fuzzy process x : I — E is a so-
lution of equations (1) and (2) without the inhomogeneous
term if and only if

(#)(8) = min { A7 (8)[25 )
+/O Gt — s)x?‘(s)ds], 1,7 = Z,r},
(@2)(t) = max { 42(1)[23(0)

+/Ot G(t — s)z(s)ds], 1,5 = l,r},

and
(l‘?)(O) = xgl - g?(tlatQa cr 7tpax('))7
(xﬁ‘)(O) = xgr - g?(tlat% e ,tp,fli('))-

Now we assume the following:

(H1) If the nonlinear function f : [0,7] x Exy x Exy —
En satisfies a global Lipschitz condition, then there exists
a finite constants k1, ko > 0 such that

di ([£(5,€5(),m(s))]7, [£(5,&(5),m2(s))]*)
< kadu ([€(9)]7, [€2(9)]) + k2 di (I (5)]%, n2(s)]%)

for all £1(s), &2(s),mi(s),m2(s) € En.
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(H2) If the nonlinear function k : [0,7"] x [0,T] x
Exn — Ey satisfies a global Lipschitz condition, then there
exists a finite constant M > 0 such that

du ([k(t, s,91(5)]%, [E(t, 5,42(5))]%)
< Mdu([11(s)], [¥2(5)]%)
for all 91 (s),12(s) € En.

(H3) The nonlinear function g : Eny — Ep satisfics
following inequality

du ([9(6)1% [9(62)]") < Ldm ((62()]%,

where constant L > 0.
(H4) S(t) is a fuzzy number satisfying, for y € Ey
and S'(t)y € CY(I : Ex)NC(I : Ey), the equation

[2()]%)s

%S(t)y =4 [S(t)y + /0 Gt — 5)S(s)yds

t
= S5(t)Ay + / St — $)AG(s)yds, t e,
0

such that
(S = [S7(2), S7(B)],

and S¥(t) (¢ = I,r) is continuous. That is, there exists a
constant ¢ > 0 such that |S{(¢)| < cforallt € I.
HS) c(L + k1T + kaMT?) < 1.

3. Existence and Uniqueness

In this section, we consider the existence and unique-
ness of fuzzy solution for the equations (1) and (2).

The equations (1) and (2) is related to the following
fuzzy integral equation:

z(t) = S(t)(zo — (=) 3)
+/0 S(t—s)f(s,:v(s),/o k(s, 7, z(7))dr)ds,

where S(t) satisfies (H4).

Theorem 3.1. Let 7" > 0, and hypotheses (H1)-(H5) hold.
Then, for every zyp € FEj, the equation (3) has a unique
fuzzy solution z € C([0, T : En).

Proof. Foreach £(t) € Ey and t € [0, T, define
(Go&)(t) = S(t)(wo — g(t1,t2, -+ , 15, &()))
+ [ 8- 9)f860), [ horme(raras

Thus, Go : [0,7] — Ex is continuous and Gg :
C([0,T]: En) — C([0,T] : En). For &1,6 € C([0,T7] :
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Ex), we have

di (I(Gog)(1)", ((Gota)(1))°)
= du ([S(g(e1)”
+ [ s0-9)166.6006), [ ko, (anas],
[S)g(2)]”
+ 'St - (s, 82(5), | s atranas)?)
< du([S(1)9(&)]”, [St)9(e2)]")
b [ (st s, [ b atmpant
[S(t — s)f(s,&(s kSng ))dr)]*)ds
<chH<[sl<>] (&0

oy / i (61 ()] ,[§2<s>1“)ds

o

+Ck2M/ / dH fl )} ,[{2(5)]a)d'r)ds.
Hence we get

doo ((Go&1)(1), (Goé2) ()
= sup dp([(Go€1)(®)]* [(Go&2)(t)]*)

ae(0,1]
<cL sup dy([§&()]* [€2()]%)

ae(0,1]

t
ek / sup dir([€2(5)]°,
0 «€(0,1]

+Cl€2M / /
0

= cLdwo(&1(°),62(+)) + ck1

[€2(s)]%)ds

sup dg ([61(s)]”
@€(0,1]

, [€2(5)]%)dT)ds

ot

doo(§1 (5:)7 52(5))(15

0

t s
ko ) doo a @) dr)ds.
koM / ( / (62 ()1% [€a(s)]) dr)ds
Therefore, we obtain

H1(Goé1, Goéa)
= sup doo ((Goé1)(t), (Go&a)(1))

tel0,T
< c(L + kT + kzMTz) Hi(€1,8).

By hypothesis (HS), ¢(L + k1T + koMT?) < 1. Hence
G is a contraction mapping. Thus, by the Banach fixed
point theorem, (3) has a unique fixed point z € C([0,T] :
En). )
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Example 3.2. Consider the semilinear one dimen-
sional heat equation on a connected domain (0,1)
for a material with memory, boundary condition

x(t,0) = =(t,1) = 0 and with initial condition
2(0,2) = z0(2), > ey Crz(tr,z) = g(x), where
zo(z) € En. Let x(t,z) be the internal energy and

Ft,3(t,2), [y k(t,s,a(t,2))ds) = 2ta(t,2)? + [1(t —
s)z(s)ds be the external heat with memory .

Let A =2 ‘92 and G(t—s) = e~(*~*), then the balance
equation becomes

dz(tt) =2z(t) ~/0 e~ =)z (s)ds) “4)
+2tx(t)? + /t(t — s)x(s)ds, t € I,
0
0) =0~ Y cka(ts, 2). (5)
k=1

Since a-level set of fuzzy number 2 is [2]* =
[a + 1 3 — qa for all @ € [0,1], a-level set of
fo (t,s,z(s))ds) is

£t 2(0), / k(t, 5, 2(5))ds)]
— [t(a + 1)(a <>>2+/ (t - )22 (1),

/(tﬂ 2 (1)),

[F (¢, 2(0), / Bt 5, 0(5))ds)],

t(3 — a)(z(

Further, we have

16,000, [ blt5,0(60)a5)1"
= du (o + DGO + [ (¢~ i)
8- @) + [ (¢ s)e o)

ot PO+ [ ¢ i)

13- a)wr )+ [ =P )
= tmesilo - DGO ~ GO
(3~ )l () ~ ()71}
+ [ = 9o (6), 226 (9,92 (9)
0
< 3T} (6) + 51 (0)

x max{|z{*(t) — yi* (1), |27 (1) — y ()]}

T2
—}—7 max{|zf(t) — yi* (8)], |22 (¢) =y (D]}

= krdp ([2()]%, [y(@)]%) + kadu ([2(0)]%, [y()]%),

where ky and k> satisfy the inequality in hypotheses (H1)
and (H2), and also we have

da([g(@)]" [9(¥)]*)

< | Crlmaxdp ([x(te)]*, [y(tx)]®)

k=1

= Ldg ([z(ts)]*, [y(te)]*),

where L satisfies the inequality in hypothesis (H3). Then
all the conditions stated in Theorem 3.1 are satisfied, so the
problems (4) and (5) has a unique fuzzy solution.
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