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MODIFIED ISHIKAWA ITERATIVE SEQUENCES
WITH ERRORS FOR ASYMPTOTICALLY
SET-VALUED PSEUDOCONTRACTIVE
MAPPINGS IN BANACH SPACES

Jong Kyu KiMm AND YOUNG MAN NaM

ABSTRACT. In this paper, some new convergence theorems of the
modified Ishikawa and Mann iterative sequences with errors for
asymptotically set-valued pseudocontractive mappings in uniformly
smooth Banach spaces are given.

1. Introduction and preliminaries

Let E be a real Banach space, E* be the topological dual space of E
and (-,-) be the dual pair between E and E*. Let F(T') be the set of all
fixed points of T and J : E — 2F" be the normalized duality mapping
defined by

J(z)={f € E":(x, f) = llall - [[{II, [Ifl| = llz]l}, = € E.

It is well known that J(z) # 0 for all z € E and D(J) (the domain of
J)= E. If E is uniformly smooth, then J is single-valued and uniformly
continuous on any bounded subset of E.

DEFINITION 1.1. Let D be a nonempty subset of F and 7 : D — D

be a mapping.
(1) The mapping T is said to be asymptotically nonexpansive if there
exists a sequence {k,} in [1,00) with lim,_, ., k, = 1 such that

[|[T"2 — Ty < kullz — yl|
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forall z,ye Dand n=1,2,....
(2) The mapping T is said to be pseudocontractiveif for any x,y € D,
there exists j(z — y) € J(z — y) such that

(Tz =Ty, j(z ~y)) < lle —yll*.

(3) The mapping T is said to be asymptotically pseudocontractive if
there exists a sequence {ky} in [1,00) with lim, . k, = 1 and
for any z,y € D, there exists j(z — y) € J(z — y) such that

(T — Ty, j(z —y)) < kallz — y]|?
foralln=1,2,....

DEFINITION 1.2. Let D be a nonempty subset of E and T : D — 2P
be a set-valued mapping. T is said to be asymptotically set-valued pseu-
docontractive if there exists a sequence {k,} in [1, 0c0) with lim, e ky, =
1 and, for any z,y € D, there exists j(z — y) € J(x — y) such that

(€ =nd(z-y) < kallz —ylI?
forallé € Trx, ne Ty and n=1,2,....
The following proposition follows from Definition 1.1 immediately.

PropPOSITION 1.1. Let D be a nonempty subset of E.

(1) IfT : D — D is asymptotically nonexpansive, then T is an asymp-
totically pseudocontractive mapping.

(2) If T : D — D is pseudocontractive, then T is an asymptotically
pseudocontractive mapping.

Note that the converses of Proposition 1.1 (1) and (2) are not true as
in the following examples:

ExaMPLE 1.1. [19] Let £ = R, D = [0,1] and define a mapping
T:D— Dby
Tz =(1—z%)%
for all x € D. It is easily to see that T is not Lipschitzian, and so it is not
asymptotically nonexpansive. But, since T" is monotonically decreasing

and T oT = I, we have
|z — y|2, if n is even,

Trz-T" —y)=

(T"= y)(z—y) { (Tz - Ty)(z —y) <0< |z —y|?, ifnisodd,

and so T is an asymptotically pseudocontractive mapping with a con-
stant sequence {1}.
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EXAMPLE 1.2. Let E = [?. Then E is a Hilbert space and J is
an identity mapping. For any z = (x1,Z2,... ,%n,...) € [2, define a
mapping T : I* — [2 as follows:

Tz = (0,421,0,0,...,0,...).
It is easy to see that T is an asymptotically pseudocontractive mapping.
In fact, for any x = (21, %2,... ,Zn,...) €2 andy = (y1,42,- -+ ,Yny---)
€ 12, we have
Tz =(0,421,0,0,...,0,...), Ty=(0,491,0,0,...,0,...),
T"z = (0,0,0,...,0,...), T"y=(0,0,0,...,0,...)

for all n = 2,3,.... It follows that

(Tz — Ty,z —y) = 4(z1 — 11)(T2 — ¥2)
<2[(z1 — y1)? + (w2 — ¥2)?]

=2z — y|”
and
(T"z — T"y,x —y) =0 < |z — y|?
for all n = 2,3,.... Letting ky = 2 and k, = 1 for all n = 2,3,...,

then lim, ., k, = 1 and so T is an asymptotically pseudocontractive
mapping. Hcwever, T is not a pseudocontractive mapping. In fact,
taking

29 =12,2,0,0,...,0,...), %°=(1,1,0,0,...,0,...),

then
(Tx® — Ty%, 2% — %) = 4 =2]2° — °|%.

This implies that T is not a pseudocontractive mapping.

The concept of asymptotically nonexpansive mappings was intro-
duced by Goebel and Kirk [10], which was closely related to the theory
of fixed points of mappings in Banach spaces. An early fundamental
result due to Goebel and Kirk [10] showed that, if F is a uniformly
convex Banach space, D is a nonempty bounded closed convex subset
of Eand T : D — D is an asymptotically nonexpansive mapping, then
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T has a fixed point in D. This result is a generalization of the corre-
sponding results in Browder (3] and Kirk [16]. On the other hand, the
concept of asymptotically pseudocontractive mappings was introduced
by Schu [20].

The iterative approximation problems for nonexpansive mapping, as-
ymptotically nonexpansive mappings and asymptotically pseudocontrac-
tive mapping were studied extensively by Browder [3], Goebel and Kirk
(10], Kirk [16], Liu [17], Schu [20] and Xu [21, 22] in the setting of Hilbert
spaces or uniformly convex Banach spaces.

Recently, Huang and Bai [11] introduced some new iterative methods
for set-valued mappings and studied the convergence of Ishikawa and
Mann iterative sequences with errors for set-valued strongly pseudo-
contractive mappings and set-valued strongly accretive mappings in Ba-
nach spaces. For some related works, we refer to [1), [4-7, 9], [8, 12-15],
[23] and the references therein.

In this paper, we use a new approximation technique to study the
convergence problems of modified Ishikawa and modified Mann iterative
processes with errors for asymptotically set-valued pseudocontractive
mappings in uniformly smooth Banach spaces.

Now, we introduce the modified iterative sequences with errors for
set-valued mappings as follows:

DEFINITION 1.3. Let D be a nonempty convex subset of E, T : D —
2P be a set-valued mapping and {ax}, {Bn}, {7} and {5, } be sequences
in [0, 1] satisfying some conditions.

(1) The sequence {z,} defined by

zo €D,
(1.1) Tnt1 = (1 — n = Yn)Tn + Qnlin + Ynln, I NMp € T"Yn,
yn = (1 - /B’n - 611)‘1;71, + 6?’1671 + 5nvn, EI é-n e Tnl'n

for n = 0,1,2,... is called the modified Ishikawa iterative se-
quence with errors for T, where {u,} and {v,} are two bounded
sequences in D.

(2) In(1),if 8, =0and 6, = 0forn =0,1,2,..., then the sequence
{zn} defined by

(1.2) {xo €D,

Tp41 = (1 — Qp — f)’n)cc'n. + apén + Ynln, 3 én € Tz,
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forn =0,1,2,... is called the modified Mann iterative sequence
with errors for T.

(3) In (1), ify, =0and 6, =0forn=0,1,2,..., then the sequence
{z,} defined by

xg € D,
(1.3) { ZTnt1 = (1 — @n)Tn + @My, 3 m € Ty,
l Yn = (1= LBn)zn + Bnén, & €T s
for n = 0,1,2,... is called the modified Ishikawa iterative se-

quence for T
(4) In (3, if B, = 0 for n = 0,1,2,..., then the sequence {z,}

defined by
x9 € D,
(1.4) 0
Tn41 = (1 - an)xn + an&na 3 gn eIz,
forn =0,1,2,... is called the modified Mann iterative sequence
for T.

The following lemma plays an important role for our main results.
It is actually Lemma 1 of Petryshyn [18], and even earlier, Asplund
[2] proved a general result for single-valued duality mappings that can
be used to derive this lemma. We include its proof for the sake of
completeness.

LEMMA 1.1. Let E be a real Banach space, J : E — 2E" be a
normalized duality mapping. Then for all z,y € E

llz +yl* < llz[1* + 2(y, (2 + v))
for all j(x +y) € J(z +y).
Proof. For any z,y € E and j(z +y) € J(x + y), we have
2+ yll? = (z +y,i(x +y))
=(z,j(z+y)) + (y,i(z +y))

< szl + 1li + 9)I*) + (v, (@ + y))

1
-2
1 )
= 5=l + lz + y1°) + (v i@ + ).
This implies that
2+l < llzli® + 2(y, j(z +y)), Vilz+y) € J(z+y).
This completes the proof. O
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2. Main results

Now, we give our main results of this paper.

THEOREM 2.1. Let E be a real uniformly smooth Banach space, D be

a nonempty bounded closed convex subset of E, and T : D — 2P be an
asymptotically set-valued pseudocontractive mapping with a sequence
{kn} C [1,00), limy o0 kb = 1 and F(T) # 0. Let {an}, {Bn}, {7} and
{6} be four real sequences in [0, 1] satisfying the following conditions:

(i) an+1m <1, Bn+dn <1,

(ii) an — 0, B, —0, d, =0 (n— ),

(iii) Zfbo:o Qn = 00, Z:}:O Tn < O0.
Let xo € D be any given point and {z,} be the modified Ishikawa
iterative sequence with errors defined by (1.1). Then the sequence {x,}
converges strongly to a fixed point q of T in D if and only if there exists
a nondecreasing function ¢ : [0,00) — [0,00) with ¢(0) = 0 such that

(2.1) (s — 0, T (tn — @) < knlltm — qli® = (1w — all)

forallse Ty, andn=1,2,....

Proof. Since E is uniformly smooth, we know that the normalized
duality mapping J : £ — E* is single-valued and uniformly continuous
on any bounded subset of F.

Let , — g € F(T). Since D is a bounded subset of E and {u,},
{v,} are both bounded sequences in D, we know that {£,}, {7.}, {un}
and {v,} are all bounded. And, since 3, — 0 and 6, — 0, we have

In = (1 = Bn — 6n)$n + Bnén + 0nvn — g, (TL — 00).

Letting
K = sup{|ly» — qlI},
n>1

then K < co.

If K=0,theny, =q foralln=1,2,.... Hence (2.1) is true for all
n=12....

If K > 0, define

Gy ={neN:|ly, —q|| >}, t € (0, K),
Gk ={n€N: |y, — || = K},
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where N is the set of all positive integers. Since y, — ¢, for any £ €
(0, K1, there exists ng € N such that, for any n > ny,

|lyn —all <.

This implies that, for each ¢t € (0, K),

(a) Gy is a nonempty finite subset of N,

(b) th C C:tg if t1 >ty for t1,t5 € (O,K),

(c) Gk = mte(O,K) G
Since T : D — 2P is asymptotically set-valued pseudocontractive, for
any q € F(T) and for any y, in D, we have

(2.2) (5= ,J(yn = @) < Knllym — ql?

for all s € T™y, and n = 1,2,.... By virtue of (2.2), we define a function

o) = int {Rallin ~al’ = sup (s~ 0T -0}, te ©.F)
nEGt X SeTnyn
From (2.2) and the property (b), it follows

(d) g(t) >0 forallte (0,K),
(e) g(t) is rondecreasing in t € (0, K).

Now, we define a function

0, ift =0,
p(t) =<4 9(t), ift € (0,K),
liI}I{l_ g(s), ifte[K,o0).

Then ¢ : [0,00) — [0, 00) is nondecreasing and ¢(0) = 0. For any n > 1,
let t, = |lyn — 4l
(1) If £, = 0, then y, = ¢ and hence ¢(||y, — ¢||) = 0. Thus we have

(5=, J(yn—1)) = 0= knllyn—all>~ ¢(llyn—all); Vs € T"yn, Yn 2 1.
(2) If t,, € (0, K), then n € G, and so we have
¢([lyn — all) = g(tn)
= it {hallon —dl = s (s aIum -0}

meGy, s€T™Ypm
< knllyn — gl — (s — ¢, I (yn — @)
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for all s € T™y,,.
(3) If t, = K, then n € Gk = Nse(0,k)Gs and so we have

~ (llyn —all)
= ¢(tn) = SEIII{]_ 9(s)

= lim inf {km||ym—q||2— sup {<s—q,J(ym—q)>}}

s—K— meGg SET™ym,

2 —(s—q,J(yn — q))

A

< knllyn — 4

for all s € T™y,,. Therefore, we proved the necessity.
Next, we have to prove the sufficiency. From Lemma 1.1, we have
(2.3)
||Tnt1 — (1”2 = (1 = an = Yo )(Zn — @) + an (1 — @) + Yn(un — @)
< (1= an =) llzn — al* + 200 (0 — ¢, I (Tnt1 — )
+ 290 (tn = ¢, J(Tny1 ~ @)
=1-ap— '7n)2||$n - QHQ
+ 2an (M — ¢ J (@ns1 — q) — J(yn — @)
+ 200 (1 — 4, J (Yn — @) + 2 (un — ¢ J (Tni1 — q)).

17

Now we consider the second term on the right side of (2.3). Since
{9 — Yn}s {Zn — &}, {Tn — vn} and {u, —y,} are all bounded and

Tnp1—q— (Yn — Q)
= (1 —an = 1) (@n — Yn) + (0 — Yn) + Yu(un — Yn)
= (1 — Oy — ’Yn){ﬁn(xn - gn) + 6n(wn - Un)}

+ on (T — Yn) + Mn(Un = yn),

we have n11 — ¢ — (yn — ¢) — 6 as n — oco. By the uniform continuity
of J and the boundedness of {n, — ¢}, we know that

(2.4) Pn = (Mn — ¢, J(@nt1 — @) — J(yn — q@)) — 0 (as n — 00).
Substituting (2.4) and (2.1) into (2.3), we have

lent1 = al” < (1= an —m)*|lzn — ql* + 20mpn

(2.5) .
+ 2an{knllyn — qlI* — ¢(l|lyn — all)} + 27 M,
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where
M= S‘;%{llun —ql| - [|zny1 —all} < oo.

Next we make an estimation for ||y, — ¢||>. It follows from (1.1) and
Lemma 1.1 that
(2.6)

Hyn — all* = 11 = B — 62)(@n — @) + Br(én — @) + 6n(vn — @)|I?
< (1= B = n)?||zn — ql|* + 26nlén — ¢, (Yn — )
+ 205 (v — ¢, I (Yn — 9))
< (1= Bn — 8n)?||zn — ql[* + 26, M; + 26, My,

where
My =sup{||&n — 4|l - |lyn — qll} < o0,
n>0

and
My = sup {||vn — || - |lyn — q||} < c0.
n>0

Since 1 — ap — ¥n < 1 — ay, substituting (2.6) into (2.5) and using
M; = sup,>¢ ||zn — || to simplify, we have
(2.7)
|zn+1 — glf?
<[(1- O‘n)2 + 20k (1 — B — 5n)2mmn - qHz
+ 20‘n(pn + 28nkn My + Zénan2) - 2O‘n¢(Hyn - qH) + 2mM
= [[zn — ql1* = and(llyn — all) — an {8(|lyn—all) — (—2+cn +2kn) M5
_2(pn+2/3nan1 +25nan2)} + 27nM'

\

Let
- -}
o = inf | [lyn =l
Then, we know that ¢ = 0. Suppose the contrary. If ¢ > 0, then

[lyn — q|] = o > 0 for all n > 0. Hence ¢(||yn — q||) = ¢(c) > 0. From
(2.7), it follows that

|Znt1 = gll?
< ||z — QH2 — and(o)
—an {¢(0) — (=24 on + 2kn) M3
—~2(pn + 2Bnkn My + 26,k M2)} + 27 M.

(2.8)
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Since o, — 0, B, — 0, 6, — 0, p, — 0 and k,, — 1 as n — oo, there
exists ny such that, for all n > n4,

¢(0) ~ (=2 + an + 2kn) M3 — 2(py, + 2Bnkn My + 26,k M2) > 0.
Hence, from (2.8), we have
znt1 = ql]* < llzn — gl|? = and(a) + 29 M (n > ny),
that is,
an(0) < ||z = ql° = [[@nt1 — gll? + 29 M (n > ).

Therefore, for any m > nq, we have

m m
Z and(0) < l|zn, — ql* = llzmi1 — gl +2M Z Tn
n=nj n=ni

m
< Hm’m - QH2 +2M Z Tn-
n=n

Letting m — oo, we have

o0 o0
00 = Z an(0) < [[zn, — ql|* +2M Z Tn < 00,
n=ni n=nj

which is a contradiction and so o = 0. Therefore, there exists a subse-
quence {¥yy,} of {yn} such that

Yn; = ¢, (nj — 00),
that is,
Yn; = (1 = Bn; = 6n;)Tn; + Bnyén; + 0nvn; —q, (ny; — 00).
Since B, — 0, 8, — 0 and {&,,}, {vn,} are both bounded, we have

(2.9) T,

i 4 (nj - OO)

Since a;, — 0, vp — 0 and {ny, }, {tn,} are both bounded, from (2.9),
we have

Tn;+1 = (1 — Cn; — ny )xnj + Qn;TIn; + Yn;Un; — G (nj - OO)



Modified Ishikawa iterative sequences with errors 857

and so

Ynj+1 = (1 = Brj41 = Ony41)Tns+1
+ Br;+18n;+1 + On 410,41 — g, (n; — 00).

By induction, we can prove that, for all i > 0, 7, 4+; — g and yn,4s — ¢
asn; — oo fori=0,1,2,..., which implies that z,, — g. This completes
the proof. Cl

From Theorem 2.1 and Proposition 1.1, we can obtain the following
theorems:

THEOREM 2.2. Let E be a real uniformly smooth Banach space, D be

a nonempty bounded closed convex subset of E, and T : D — 2P be an
asymptotically set-valued pseudocontractive mapping with a sequence
{kn} C [1,00). limp—oo kn, = 1 and F(T) # 0. Let {an} and {v,} be
two real sequences in [0, 1] satisfying the following conditions:

(1) Qn +7"‘L :£ 17

(i) an =0 (n— o0),
(iil) Dol gan =00, oo oYn < 0O
Let xo € D be any given point and {x,} be the modified Mann iterative
sequence with errors defined by (1.2). Then the sequence {x,} converges
strongly to a fixed point q of T' if and only if there exists a nondecreasing
function ¢ : [0,00) — [0, 00) with ¢(0) = 0 such that

(2.10) (s = ¢, J(zn — @) < Enlzn — qlI* — ¢(||zn — qll)

forallse€ T"xz, andn=1,2,....

Proof. Taking 8, = 6, = 0 for all n > 0 in Theorem 2.1, then we
have y, = x, for all n > 0. Therefore, the conclusion of Theorem 2.2
follows from Theorem 2.1 immediately. O

The following theorem is the case of single valued mapping [5].

THEOREM 2.3. Let E be a real uniformly smooth Banach space, D
be a nonempty bounded closed convex subset of E, and T : D — D be
an asymptotically pseudocontractive mapping with a sequence {k,} C
[1,00), lim, oo kn = 1 and F(T) # (. Let {an}, {Bn}, {n} and {6,} be
four real sequences in [0, 1] satisfying the conditions (i)~(iii) in Theorem
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2.1. Let zo € D be any given point and {z,} be the modified Ishikawa
iterative sequence with errors defined by

zg € D,
(211) x'n+1 = (1 - an - ’Yn)mn + O5’!7,1_’ny’n, + 'Ynun,
Yn = (1 - 571 - 5n)1‘n + ﬂnTn-Tn + 0pUn

forn =0,1,2,.... Then the sequence {x,} converges strongly to q €
F(T) if and only if there exists a nondecreasing function ¢ : [0,00) —
[0, 00) with ¢(0) = 0 such that

(2.12) (T — 6, J(yn — @) < knllyn — al1> — ¢(|lyn — gl])
forn=1,2,....

We can easily prove the following theorem from the Proposition 1.1
and Theorem 2.3.

THEOREM 2.4. Let E be a real uniformly smooth Banach space, D
be a nonempty bounded closed convex subset of E, andT : D — D be an
asymptotically nonexpansive mapping with a sequence {k,} C [1,00),
limy, oo kn = 1 and F(T) # 0. Let {ay}, {Bn}, {Vn} and {6,} be four
real sequences in [0, 1] satisfying the conditions (i)~(iii) in Theorem
2.1. Let o € D be any given point and {z,} be the modified Ishikawa
iterative sequence with errors defined by (2.11). Then the sequence {z,}
converges strongly to g € F(T') if and only if there exists a nondecreasing
function ¢ : [0,00) — [0,00) and ¢(0) = 0 such that (2.12) holds for
n=12....
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