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DISCUSSION ON THE ANALYTIC
SOLUTIONS OF THE SECOND-ORDER
ITERATED DIFFERENTIAL EQUATION

HaN ZE Liu AND WEN RonNG L1

ABSTRACT. This paper is concerned with a second-order iterated
differential equation of the form coz”(2) +c12'(2) +cox(2) = z(az+
bz(2)) + h(z) with the distinctive feature that the argument of the
unknown function depends on the state. By constructing a conver-
gent power series solution of an auxiliary equation, analytic solu-
tions of the original equation are obtained.

1. Introduction

Eder [1] studies the equation z'(z) = z(z(z)) and analytic solutions
are shown to exist by means of the Banach fixed point theorem. Further
discussion is made in [3, 6] for existence of analytic solutions of equations
t'(z) = z(zl™(2)) and 2"(2) = ;”zopj:cm(z), where 2U!(z) denote jth
iterate of a com.plex function (z), i.e., 2U1(2) = z(2U~1(2)), zl%(2) = 2,
p;(5 =0,1,...,m) are all complex constant numbers.

A class of iterative differential equations above have quite a differ-
ent form ordinary differential equations and iteration of the unknown
function affects properties of solutions very much. The known theorems
of existence and uniqueness for ordinary differential equations are not
applicable.

In this paper, we will be concerned with a general class equation of
the form

(1.1)  coz”"(2) + c12'(2) + coz(2) = xz(az + bz(2)) + h(z), z€ C
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with the initial condition z(0) = 0,2'(0) = « # 0, where z(z) denotes
the unknown complex function, h is a given complex function, a,b and
¢i(i =0,1,2) are all complex constant numbers.

Equation (1.1) includes a lot of important subjects as its special cases.
In case g = c2 = 0,¢1 = 1 and h(z) =0, (1.1) changes into the equation
2'(2) = z(az+bx(z)) (see [7]). In case ¢ = ca = 0,¢9 = 1 and h(z) =0,
(1.1) into the equation z”(z) = z(az + bz(z)) (see [8]), when a = 0 and
b = 1, such equation reduces to the second-order iterative differential
equation z”(z) = z(z(z)) (see [5]). In case ¢¢g = ¢ = ¢c2 = 0, (1.1)
changes into the iterative functional equation z(az + bz(z)) + h(z) = 0,
in [4], a more general equation of the form x(p(z) + bz(z)) = h(z) has
been considered and existence of analytic solution is established.

In view of the general form of (1.1), it is expected that additional
conditions are needed to guarantee the existence of nontrivial analytic
solutions. The basic conditions that h is analytic in a neighborhood
of the origin, h(0) = 0, A'(0) = r # 0, and abcy # 0 will be assumed
throughout the rest of our discussions.

As in [4], we still reduce (1.1) with

(12) 2(2) = 7ly(By () - 2],

called the generalized Schrider transformation sometimes, to the auxil-
iary equation

ol () ~ B (2 (52
(1.3) +e By (82) — ay (2)] (4 (2))? + 2 [y(B2) — ay(2)] (¥'(2))?
= [y(6°2) — ay(B2)] (¢ (2))° + bh(y(2)) (¥ (2))°,
with the initial condition y(0) = 0,%'(0) = 7, where y is the unknown

complex function, 8 # 0 and 8 = a + ba.
In view of (1.3), we have

. [ 8y (82)y'(z) — ' (2)y (6z)}
°l (¥'(2))
; —5 [ﬂy'wz) - ay'<z>] -2 [ywz> - ay(z>] v (2)
-2 5%2) - ay(ﬂz>] (@) + Ghu(:)y ()




Discussion on the analytic solutions 793

e (y,(ﬂZ)) B % [y(ﬁ2z)y'(z) — (a+c2)y(B2)y'(2) + acay(2)y'(2)

T aery/(2) — Bery(B2) + bh(y(z))y'(a} |

When y/(0) = n # 0, (1.3) is reduced equivalently to the integro-
differential equation
(1.4)

coy' (Bz) = coyf/(2) + %y’(z) /0 z [y(ﬁ28)y'(8) —(a+c2)y(Bs)y (s)

+ acay(s)y/(s) + acry () — Bery (Bs) + bh(y(s))y'(s>] ds.

Firstly, we construct analytic solutions of (1.3) in the cases:

(C1) B is not on the unit circle in C;

(C2) 3 lies on the unit circle in C but not a root of unity;

(C3) f is a unit root.

Finally, results on the auxiliary equation (1.3), we will prove (1.1)
has analytic solutions in a neighborhood of the origin, and give its con-
struction.

2. Analytic solution of the auxiliary equation in case (C1)

In this section, we discuss (1.3) in the case |§] < 1.

THEOREM 2.1. Assume that 0 < || < 1. Then for any n € C, the
auxiliary equation (1.3) has an analytic solution y(z) in a neighborhood
of the origin such that y(0) = 0,y'(0) = 7.

Proof. Clearly, (1.3) has a trivial solution y(z) = c € C, if n = 0.
Assume 7 # 0. Under our assumption on A, let

oo
(2.1) hz) =Y hn2", hi=r.
n=1
We seek a solution of (1.3) in a power series of the form
oo
(2.2) y(2) =Y yn?", n=n#0.
n=1

Introducing new functions (see [4])

H(z) = ph(p™'2),Y (2) = py(p~'2),
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we obtain from h(0) = 0,y(0) = 0 and 9/(0) = n # 0 that H(0) =
0,Y(0) = 0 and Y'(0) = ¥/(0) = n # O respectively, and from (1.3) that

ColB*Y"(B2)Y(2) — BY"(2)Y"(82)]

+ C1BY'(B2) — aY'(2)](Y'(2))?

+ 2[Y (B2) — aY (2)(Y'(2))?

= [Y(8%2) — aY (B2)][Y"(2)]* + bBH(Y (2))(Y'(2))?,

where Cp = cgp?, C1 = c1p, which is again an equation of the form (1.3).
Here H is of the form

00

n

= Had",
n=1

but |Hy| = [hep'™| < 1, for n = 2,3,.... So without loss of generality,
we may assume that

(2.3) lhn| <1,n=2,3,....

Inserting (2.1) and (2.2) into (1.4), we get
(2.4)

o <]
co Y _(n+ Vyny1f 2"

n=0

= B3 (0 + D"

n=0

oo rm—1n—k .
+ Z [Z Z —ﬁkk++11— J ﬂ2iykyiyn—k+1—i] 2"

k=1 i=1

X k- k+1-4)
@ e [z T ST P

k=1 i=1

oo m—1n—k

+ acz 1122 LZ Z E( nn—_kk++1 1_ J ykyz'yn—kﬂ—i] 2"
+ac1y (Z kYkYn— k+1> - af Z (Z 8" * kyryn- k+1>
n= k=1 =1 \k=1

1




Discussion on the analytic solutions 795

00 nlnk -—k—l—l—')
+bZ ZZ nn—k+1 Z

n=2 L k=1 i=1

i Z Rty ** Yt | YeYn—kt1-i | 2"

L(m)=1
m=1,2,...,¢

where L(m) = ly+lo+- - -+lm, i( = 1,2, ..., m) are all positive integers.
For the sake of convenience, we will set L( ) =l +ls+- - +1p in latter
discussions.

Comparing coefficients, we obtain

(2.5) coyr = cpy1, for n=
and
(2.6) 2008(8 — 1)y2 = c1(a — Byi, for n=1.
Generally, we have
(2.7)
(n+1)Bco (8" — Dyn+1
n-1ln— k I’L k41— Z)
ZZ n—k+1 ﬂ ykyzyn k+1—1i
k=1 1=1
m—1n— k .
(a+c2) Z Z n— k41 B YkYiYn—k+1-i
k=1 i=1
n—1n—~k
L h(n—k+1-1)
+acy Z > 1 JRYiln—k+1-
k=1 1i=1
n n
+acy Y kyknii-k — Ber D B Fkykyni
k=1 k=1
+b7§"2—kk(n—k+l—i) S |
£ L n—k +1 e mYly Yl | YeYn—k+1-i,

for n=2,3,....

In view of (2.5), then for arbitrary chosen y; = n # 0, from (2.6) we can
get y2, so the sequence {yn}22 5 is successively determined by (2.7) in a
unique manner. This implies that for (1.3), there exists a formal power
series solution (2.2).
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We need only to show that the resulting series (2.2) is converges in a
neighborhood of the origin. First of all, note that

1 1
T}ggom = " Ba’ (0 <8l <1).
Thus, there is some positive number M, such that
1
Beo(B™ — 1)
Let N = max{|a + co| + |acz| + 1, |ac1| + |c1], |b|}, and from (2.7), we
have

‘SM, Vn > 1.

n—1n—k

[Yn+1| < MN [Z > el vl lyn—k1il

k=1 i=1

n
+ > Ykl n—ra1l
k=1

n—1n—k

+ Z Z Z |yl1[ e |ylm| |yk||yn—k+1—i'

k=1 i=1 L{m)=i

m=1,2,...,1

forn=2,3,....
If we define a power series P(z) = o0 | pn2™ by
levlla — Blinl?
L P T
and
n—1n-k
Pot1=MN| "> " pepipn_rs1-i
k=1 i=1

n
+ Zpkpn—-k-i—l
k=1

n—1n—k

+ZZ Z Ply Pl | PkPn—k+1—i [, =2,3,.. .,

m=1,2,...,%
then it is easily seen that

|y’ﬂ|§pn>n=1,2,....
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In other words,the series P(z) = Y ° | pn2™ is a majorant series of (2.2).
Next, we show that P(z) has a positive radius of convergence. Indeed,
note that by formal calculation, we have

o0
P(z) = |nlz +p22® + 3 ppp12™!

" oo ,n—1n-k
— nlz ~ ps? + MN [Z (Z Zpkpipn_m_i)wl
n=2 k=1 i=1
+3 O prpnksr)2™H
n==% k=1
oo m—-1n—k
+ : pl"'pm DPkPr— i Zn+1
z(zz(z R e e
JNE:
= =92z + MN (PR + (P2)* = In2* + {2,
)3
P(Z) = |17|z +p2z2 + MN [(P(Z))3 + (P(Z))2 = |7,’|222 + 1(?(]3)()2:)} )

Consider now the implicit functional equation
F(z,P) = P(2) — nlz - ps2*

P(z))®

—MNI(P 3 2 _ 2.2 L___

(PO + (P2 - et + L
Since F is analytic on a disk with the origin as the center and F(0,0) =
0, F5(0,0) = 1 5 0, by the (analytic) implicit theorem [see 2, p.120], we
see that P = P(z) is analytic in a neighborhood of the origin and with
a positive radius. This complete the proof. 0O

3. Analytic solution of the auxiliary equation in case (C2)

In the above result,we assume that |3| < 1. Next, we deal with the
case (C2), i.e., B is on the unit circle, i.e., |3] = 1, but not a root of
unity. We will need a preparatory result in Siegel [9].

LEMMA 3.1. Assume that |a| = 1, « is not a root of unity, and
log|a™ —1|7! < Tlogn,n = 2,3, ... for some positive constant T'. Then
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there is a positive number § such that |o®—1|71 < (2n)® forn =1,2,....
Furthermore, the sequence {dn}52, defined by d; =1 and

1
=Ty e {deodn) m=28
o<ty £l ym>2

will satisfy
dp < (25T~ n =12 ...

THEOREM 3.1. Assume that (C2) holds. If there exists a constant
T > 0, such that log|a™ — 1|~ < Tlogn,(n = 2,3,...). Then for any
n # 0, the auxiliary (1.3) has an analytic solution y(z) in a neighborhood
of the origin, such that y(0) = 0 and y/(0) = 7.

Proof. As in the proof of Theorem 2.1, we seek a power series solution
of (1.3) of the form (2.2). For chosen 4 = 7, using the same arguments
as above we can determine a unique sequence {y, }22 5 by (2.6) and (2.7)
recursively. From (2.3), (2.6), and (2.7), we have-

(3.1)
lyal = 18— 1|74,
n—1n—k
lyn41| < BIG™ = 1|7 [Z > lywllvillYn—kr1-a] + Z ([
k=1 i=1
n—1n—k
1535 31 B SEARRR] [ ]
k=1 1=1 L(m)=i
m=1,2,...,%
n=23,...,
where
_ 2
A= M’ B = |COI_1N,
2|Co|
N is defined in the proof of Theorem 2.1.
To construct a power series U(z) = Y o, upz™, such that uy = |n),
ug = |B—1|71A, and
n—1n—k
Unt1 = BIB" 1|7 [Z > urtitin_gr1-i + Zukun k+1
k=1 i=1

n—1n—k
—l-ZZ Z uyy - U, Ukun—k+1—i]:n=273a----

k=1 i=1 L(m)=i

m=1,2,..., 2
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Clearly,we have |y,| < un, n = 1,2,.... In other words, U(z) is a
majorant series of (2.2). We now only need to show that U(z) has a
positive radius of convergence. To see this, we define a sequence {v, }52,
by v1 = |n|, v2 = A, and

n—1n—=k n
Unt1 = B [Z Z VgViVn—k+1—5 T Z VgkUn—k+1
=1 i=1 k=1
n-1ln—k

+ 3D vy, Ukvn—k+1—i:|,n:2,3,....

k=1 i=1 L(m)=i

m=1,2,...,¢
Obviously, by induction we see that
(3.2) Up < Updp, n=1,2,...,

where d,, is defined in Lemma 3.1.
Similarly to the proof of Theorem 2.1, it is easy to see that V(z) =
Yoo 1 Un2™ satisfies the implicit functional equation

P(z,V)

(V(2))® ] =
1-V(z)
Clearly, P is analytic in a neighborhood of the origin, P(0,0) = 0,
P{,(0,0) = 1 # 0, by the analytic implicit theorem [2, p.120], we see
that V' = V() is analytic in a neighborhood of the origin and with

a positive radius. Hence, there exists R > 0, such that v, < R" for
n=1,2,.... From (3.2), by Lemma 3.1, we now have

‘un| < RnGn_l’l’L_25,

=V(2) = [z — A2* = B[(V(2))> + (V(2))* ~ n|*2* +

where G = 25¢+1 which show that U(z) is convergent in |z| < (RG)™L.
The proof is complete. ]

4. Analytic solution of the auxiliary equation in case (C3)

The following theorem is devoted to the case (C3). In the case, the
constant 3 is not only on the circle, but also a root of unity.

THEOREM 4.1. Assume that (C3) holds, more precisely, suppose that
P =1 forsomep>2and ¥ # 1 forall1 <k <p-—1. Let {y,}2, be
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determined recursively by

c1(a — By}
= ()7 g = ————
WENED a1
and
(n+1)Beo(B" — Dynt1 = E(n, B), n=2,3,...,
where
D k(n—k+1—9)
= _ — — 2 ) )
._.(7?,, ) - Z Z n—k + 1 ﬂ YeYin—k+1—1
k=1 =1
nointky kin—k+1—1)
(@a+ca Z Z n—k+1 B YkYiYn—k+1—i
k=1 i=1
e Ky n~k+1—i)
+acy z Z TRl UkYiln—ki1-i
k=1 i=1
+ acy Z kYkyn+1-k — Bar Z p" kkykyn+1 k
k=1 k=1
n—1ln— k
—k+1-1)
b
+ ]; ZE n—k+1

| D0 bt Y | YkYn—kri—i.

L{m)=1
m=1,2,..., i

If Z(vp,B) = 0 for all v = 1,2,..., then (1.3) has an analytic solution
y(z) in a neighborhood of the origin, such that y(0) = 0, ¥/ (0) = 7.

Proof. If Z(vp,B) = 0for allv = 1,2,. .., for each v the corresponding
Yup+1 I (2.7) has infinitely many choices in C, for the case of conve-
nience, we suppose that y,,(1 = 0,v =1,2,..., then (2.2) is the formal
solution of (1.3) also. Now we need to prove that the power series (2.2)
is convergent. Let

r { 1 1 1 }
= max , Yy T ,
|6 -11"18% -1 |6t - 1|
observe that |3" — 1|7 < T for n # vp. It follows from (3.1) that

n—1n—k

Yynt1| < FB{Z > luwl il lyn—k 1]

k=1 =1
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n
+ 3 |yellyn—ks1l
po

a—1n—k

+ Z Z Z \yhl Tt lylm| |yk||yn—k+1—i|J ,
=1 1=1 L(m)=1
m=1,2,...,i
for all n # vp,v = 1,2,.... In order to construct a majorant series, write

R(z) = > 72, Dpz", such that Dy = ||, Dy =T'A and

-n—1ln—k
Dny1=TB ) > DiDiDns1- Z+ZDan k41
~ k=1 i=1 k=1
n—-1ln—k '
+ZZ Z Dll"'Dlm Dan—k+1—i]7n:2a3>""
k=1 i=1 L(my=i

Furthermore, we have |y,| < Dp,n=1,2,....

In fact, |y1 = |n| = D1, for inductive proof we assume that |y;| < D;,
for j < n. When n = vp, we have |yp41| = 0 < Dp41; when n # vp, we
have

n—-1n-—k

e rB[z S ol [

k=1 i=1
n
+ ) 1kl lyn—rks1l
k=1

n—1n—k

AR |yk||yn_k+1_,-|]

k=1 i=1 L(m)=i

n—1n— km_l o
<TB [Z > DpDiDpn_j1—i+ ZDan k1
k=1 i=1 k=1
n—1ln—*k
+> > > Dy--Dy, Dan—k+1—i:|
k=1 i=1 L(m)=i
m=1,2,...,i

= Dn—}—l,
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as required. Similarly to the proof of Theorem 3.1, it is easy to see that
R(z) satisfies the implicit equation

H(z,R) = R(z) — |n|z — T AZ®
(R,
1—R(z) '
Clearly, H is analytic in a neighborhood of the origin, H(0,0) = 0,
Hp(0,0) = 1 # 0, by the implicit theorem [2, p.120], we see that R =
R(z) is analytic in a neighborhood of the origin and with a positive

radius. By convergence of the series of R(z), we see that the series y(z)
is convergent in a neighborhood of the origin. The proof is complete. [

—TB|(R(2))* + (R(2))” = In|*2* +

5. Analytic solutions for (1.1)

Having knowledges about the auxiliary equation (1.3), we are ready
to give analytic solutions of (1.1).

THEOREM 5.1. Suppose one of the conditions of Theorem 2.1, 3.1,
and 4.1 is fulfilled. Then (1.1) has an analytic solution of the form

v(2) = (B (2)) — a2]

in a neighborhood of the origin such that z(0) = 0, z'(0) = «, where
y(z) is an analytic solution of the auxiliary equation (1.3).

Proof. By Theorem 2.1, 3.1, and 4.1, we can find an analytic solution
y(z) of the auxiliary equation (1.3) in the form of (2.2) such that y(0) =
0, 3'(0) = n # 0. Clearly, the inverse y~1(z) exists and is analytic in a
neighborhood of the origin. From (1.2), it is easy to see that

2(2) = By (By~(2)) — ay/ (y1(2))
by’ (y~1(2)) ’
2(2) = B2y By~ (2))y' (v (2)) — BY" (v~ (2))y' By~ (2))
b(y'(y1(2)))? ’
and from (1.3), so we have
cox”(2) + c12'(2) + cox(2)
e [ﬂ2y”(ﬂy‘1(Z)) vy (2) — By" (v~ ()Y By~ (2)
by (y~1(2)))?

+e [ﬂy,(ﬁy l(z()) (Z?;;(y (@) +Cz-ll;[y(ﬂy‘1(z))—a21
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- E,—[y—,(y_ll—w—g{cowzy"wy—l<z>>y'<y-1<z>>
— B (M) By (=)
T By (By4(2)) — ay ()W T )P
+ 2 y(ByH(2)) — a2][(¥' (v (2)))*}

- b—mm{[yw?y—l(z)) — ay(By ()Y ()P
+ Ry )Y ()Y

%{[@'(ﬁzy_l(Z)) — ay(By ™ (2))] + bh(y(y™(2)))}

= LBy (A1) — ay(By M) + h(2)

b
= z(az + bx(z)) + h(z).

Due to y(0) = 0, ¥/(0) = n # 0, and in view of the above assumption,
then

1 1
2(0) = 7 ly(By™(0)) - a0) = 3 [y(0) — 0] = 0,
e BY'(0) ~ay/(0) _ 8
rey . PY L) —ay _pPn—an pPp-—a
z'(0) = b (0) = a.
The proof is complete. O

We remark that under our assumption, the (1.1) has an analytic
solution of noatrivial in a neighborhood of the origin, and once existence
guaranteed, it may be possible to expand (1.1) in series form and seek
the desired solution instead of first finding a solution of (1.3). In fact,
let

/! "
2(2) = 2/ (0)z + ””2(,0) 24 Z 3(,0) S

we have 2/(0) = a = % # 0, and from (1.1), we also have 2”(0) =
—2g/(0) = 2829 £ 0 (if ¢; # 0), ete.
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