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FUGLEDE-PUTNAM THEOREM FOR
p-HYPONORMAL OR CLASS Y OPERATORS

SALAH MECHERI!, KOTARO TANAHASHIZ, AND ATSUSHI UCHIYAMA

ABSTRACT. We say operators A, B on Hilbert space satisfy Fuglede-
Putnam theorem if AX = XB for some X implies A*X = XB~.
We show that if either (1) A is p-hyponormal and B™ is a class )
operator or (2) A is a class ) operator and B* is p-hyponormal,
then A, B satisfy Fuglede-Putnam theorem.

1. Introduction

Our aim is -0 extend the Fuglede-Putnam theorem ([4], [7]). Let H, K
be complex Hilbert spaces and B(H), B(K) the algebras of all bounded
linear operators on H,K. The familiar Fuglede-Putnam theorem is as
follows:

THEOREM 1 (Fuglede-Putnam [4], [7]). If A € B(H),B € B(K) be
normal and AX = X B for some X € B(K,H), then A*X = XB*.

Many authors have extented this theorem for several classes of opera-
tors, for examples [3], [5], [6], [10], [13], [15], [17]. We say operators A, B
satisfy Fuglede-Putnam theorem if AX = XB implies A*X = XB*.
The aim of this paper is to show that if either (1) A is p-hyponormal
and B* is a class ) operator or (2) A is a class Y operator and B* is
p-hyponormal, then A, B satisfy Fuglede-Putnam theorem. We remark
that B. P. Duggal [3] proved if A, B* are p-hyponormal operators, then
A, B satisfy Fugled-Putnam theorem, and A. Uchiyama and T. Yoshino
[15] proved if A, B* are class Y operators, then A, B satisfy Fugled-
Putnam theorem.
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An operator A € B(H) is said to be p-hyponormal if (A*A)P >
(AA*)P, where p > 0. This definition is due to Aluthge {1] and many
authors studied interesting properties of p-hyponormal operators by us-
ing Aluthge transform (see [1], [6]). A is said to be a class ), operator
for a > 1 (or A € ),) if there exists a positive number %, such that

|AA* — A*A|* <K2(A- N (A-)) forall MeC.

It is known that Vo C Vg if 1 < a < . Let YV = Ui<aVa. We remark
that a class V; operator A is M-hyponormal, i.e., there exists a positive
number M such that

(A=XN(A-N*"<M*(A-N"(A-)) forall \eC,

and M-hyponormal operators are class Vs, operators (see [15]). A is said
to be dominant if for any A € C there exists a positive number M) such
that

(A— XN (A—=N)* < MHA-XN*(A-)N).

It is obvious that M-hyponormal operators are dominant, but the con-
verse does not hold. Let {f,}32 _ ., be an orthonormal basis for H. De-
fine Tf, = 2~Inl fn+1- It is known that 7" is a dominant operator which is
not a class Y operator. (Hence T is not M-hyponormal.) We remark T
is not p-hyponormal, as ((T*T)Pf1, f1) =47P <1 = ((TT*)?f1, f1) (see
[11], [15]). Let {fn}5>; be an orthonormal basis for a Hilbert space H.
Define Sfi = f2,Sf2 = 2f3,Sfn = fat1 for n = 3,4,.... Wadhwa [16]
proved S is M-hyponormal, hence S is a class ) operator. But S is not p-
hyponormal for any 0 < p, as ((S*S)Pfs, f3) =1 < 2P = ((SS*)Pfs, f3).
However it is not known that there exists a p-hyponormal operator which
is not a class ) operator. Also, it is not known that there exists a class
Y operator which is not dominant.

2. Results

We will recall some known results which will be used in the sequel.

LEMMA 2. (Uchiyama and Yoshino [15]) Let A € B(H) be a class
Y operator and M C 'H invariant under A. If A|s, is normal, then M
reduces A.

LeMMA 3 (Uchiyama [14]). Let A € B(H) be p-hyponormal and
M C H be invariant under A. If A|pq is normal, then M reduces A.
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LEMMA 4 (Stampfli and Wadhwa [11]). Let A € B(H) be dominant.
Let 6 C C be closed. If there exists a bounded function f: C\d — H
such that (A — A\)f(A) = x # 0 for some x € H, then there exists an
analytic function g : C\ 6 — H such that (A — X)g()\) = z.

REMARK. In [11], the authors assert f is analytic. But they use
Putnam’s resalt [9], ie., if A= [ AdE()) is normal, then

(WA= NH|)eC\ 6} = E@G)H
= {z € H|3 analytic g : C\ é — H such that (A — \)g()\) = z}.

Hence we must substitute a bounded function f by an analytic function
g. If A is pure, i.e., A has no-nonzero reducing subspace M such that
A|pm is normal, then ker A = {0} as ker A C ker A*. Hence f = g. This
is pointed by Professor F. Hiai.

The following result is due to Takahashi [12]. We denote by [ran A]
the closure of the range of A.

LEMMA 5 'Takahashi [12]). Let A € B(H) and B € B(K). Then the
following assertions are equivalent.

(1) A, B satisfy Fugled-Putnam theorem.

(2) If AC = CB for some operator C € B(K,H), then [ran C| reduces
A, (ker C)* reduces B, and Alpan ¢ Bl(ker )+ are normal.

REMARK. In (2), C; : (kerC)t 3 2 — Cz € [ran C] is a quasi-
affinity (i.e., C'1 is injective and has dense range) such that Al )C1 =
C1B|kercyr- Then Aljran ¢, Bl(kerc)+ are unitarily equivalent normal

operators by a corollary of the Fuglede-Putnam theorem (see Theorem
1.6.4 of (8] and its proof).

LEMMA 6. Let A € B(H) be an injective p-hyponormal operator and
B* € B(K) be a class ) operator. If AC = CB for some operator
C € B(K,H), then A*C = CB*. Moreover, [ran C] reduces A, (ker C)*
reduces B, and Aljray ¢), B I(ker )+ are unitarily equivalent normal oper-
ators.

Proof. (Case 1/2 < p < 1) Since B* is class ), there exist positive
numbers « and k, such that

|BB* — B*B|* < k2(B - )\)(B—\)* forall AeC.

Hence for € |BB* — B*B|*/2K there exists a bounded function f :
C — K such that

(B=XNf(M ==z forall xeC
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by [2]. Let A = U|A| be the polar decomposition of A and define its
Aluthge transform by A = |A|Y2U|A]'/2. Then A is hyponormal by
[1] (the author assumed U is unitary, however this assumption is not

necessary.) Then
(A=NIAMCFN) = |A*(A - NCF(N)
=|A[M2C(B~Nf(\) = |A]*Cx

for all A € C.

We assert |A|Y/2Cz = 0. Because if IAIf/ 2Cz # 0, there exists an
analytic function g : C — M such that (A — \)g(\) = |A|Y2Cz by
Lemma 4. Since

g(A\) = (A= N)"HAPM2Cz — 0 as X — oo,

we have g(A) = 0, and hence |A|/?Cx = 0. This is a contradiction.
Then
|A|Y2C|BB* — B*B|*?K = {0}.
Since ker A = ker |A| = {0}, we have
C(BB* — B*B) = 0.
Since [ran C] is invariant under A and (ker C)* is invariant under B*,

we can write

) on H = [ran C] @ [ran C]*,

=% 4
B= (T Bz> on K = (ker C)* @ (ker C),
C = ( ) (ker C)* @ (ker C) — [ran C] & [ran C]*.
Then
0=C(BB* - B*B)
_ (C\(B\B} — BiBy — T*T) Cy(B.T* — T*Bs)
- 0 0
and

Ci1(B1By — B{B; —T*T) = 0.
Since Cj is injective and has dense range,
BB -B{Bi -T*T =0

and
BB = B{B1+T*T > B} B;.
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This implies .B] is hyponormal. Since AC = CB, we have
A1Cy =C1B

where A; is p-hyponormal by [14]. Hence A;, By are normal and
AlCy = C1 B}

by [3]. Then S =0 by Lemma 3 and T = 0 by Lemma 2. Hence

e (AICy O\ [CiBF O\ ..
ro= (80 O (OF %) op

Hence Alyan ¢)s Blxerc)r are normal by Lemma 5 and unitarily equiv-
alent by its remark.

(Case 0 < p < 1/2) Let A = U|A| be the polar decomposition of
A and define its Aluthge transform by A = |A|Y/2U|A|Y/2. Then A is
(p + 1/2)-hyponormal by [1] and

A|AY2C = |A|Y2AC = |A]Y20B.
Let A = V|A| be the polar decomposition and A = |A|'/2V|A|'/2. Then
A is hyponormal and

A|A]M?|AM2C = |A|V? A]Y2CB.

Since op(A) = op(A) = 0, we have C(BB* — B*B) = 0 by an similar
arguments in the case 1/2 < p < 1. The rest is the same to the case
1/2<p<1. O

THEOREM 7. Let A € B(H) and B* € B(K). If either (1) A is p-
hyponormal snd B* is a class Y operator or (2) A is a class Y operator
and B* is p-hyponormal, then AC = C B for some operator C € B(K,H)
implies A*C = CB*. Moreover, [ran C|] reduces A, (ker C)* reduces B,
and Alpan ¢} Bl(kerc) are unitarily equivalent normal operators.

Proof. (1). Decompose A into normal part A; and pure part As as
A=A ® Ay onH="H; ®Hs,
and write

0:<gl> Ko H=H&Hs
2

Since ker Ap  ker A} and A, is pure, A is injective. AC' = C'B implies

A1C\ _ (CiB
A;Cy) T\ B
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Hence

o (A0 (CiBY o
AC = (A;CQ) = <CQB*> =CB

by [3] and Lemma 6. The rest follows from Lemma 5 and its remark.

(2). Since AC = CB, we have B*C* = C*A*. Hence BC* =
B*C* = C*A*™ = C*A by (1) and A*C = CB*. The rest follows
from Lemma 5 and its remark. ]
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