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ON THE HEREDITARILY HYPERCYCLIC OPERATORS

BAHMAN YOUSEFI AND ALl FARROKHINIA

ABSTRACT. Let X be a separable Banach space. We give sufficient
conditions under which T : X — X is hereditarily hypercyclic.
Also, we prove that hereditarily hypercyclicity with respect to a
special sequence implies the hereditarily hypercyclicity with respect
to the enrire sequence.

1. Introduction

Suppose that X is a topological vector space and {7}, : n € N} is a
sequence of continuous linear mappings on X. We say a vector € X is
hypercyclic for {T,, : n € N} if the collection of the images {T,z : n € N}
is dense in X. If such a vector exists, we call the original sequence of
operators hypercyclic. In the special case, we say that a continuous
linear mapping 7 on X is hypercyclic if the sequence of powers {T™ :
n € N} is hypercyclic. By Theorem 1.2 in [16] hypercyclicity implies
transitivity, i.e., for each pair U and V of nonempty open subsets of X,
there exists a positive integer n such that T,,(U) NV # ¢.

1t is interesting to know that what type of continuous linear mappings
can actually be hypercyclic. The first example of a hypercyclic operator
on a Hilbert space was constructed by Rolewicz in 1969 [26]. He showed
that if B is the backward shift on ¢?(N), then AB is hypercyclic if and
only if |A| > 1.

A nice criterion, namely the Hypercyclicity Criterion, was developed
independently by Kitai [22], Gethner and Shapiro [15]. This criterion
has been used to show that hypercyclic operators arise within the special
classes of composition operators {10], weighted shifts [27], adjoints of
multiplication operators [11], and adjoints of subnormal and hyponormal
operators [9]. '
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Hypercyclicity is closely related to the well-known concept of transi-
tivity from topological dynamics. By Theorem 1.2 in [16] every hyper-
cyclic operator is transitive, but the converse need not be true, see [7]
or [3, Example] for simple examples. In many spaces, the two concepts
coincide, of [28, 1.10] or [19, Theorem 3.

The formulation of the Hypercyclicity Criterion in the following the-
orem was given by J. Bes in his PhD thesis [5].

THEOREM 1.1. (The Hypercyclicity Criterion). Suppose X is a sepa-
rable Banach space and T is a continuous linear mapping on X . If there
exist two dense subsets Y and Z in X and a sequence {ny} such that:

1. Ty — 0 for every y € Y, and

2. There exist functions Sy, : Z — X such that for every z € Z,

Snpz — 0, and T Sy, z — 2,
then T is hypercyclic.

In the above criterion it is said often that T satisfies the Hypercyclic-
ity Criterion for the sequence {n;} ([12]).

In recent years, several variants of the criterion have been considered,
see [19, Remark 3|, [24, Theorem 1.1] and [14, Theorem 3.2]. All of them,
however, were shown to be equivalent to the Hypercyclicity Criterion
as stated above, see Peris [24, Theorem 2.3], Feldman [14, comment
after Theorem 3.2] and Bermudez, Bonilla and Peris [1, Section 2]. For
additional interesting discussions we refer to Grivaux [17].

The question about the necessity conditions for Hypercyclicity Cri-
terion was raised by Herrero in [21] and by Bes and Peris in [6]. The
question has so far evaded all attempts at being resolved. This has
motivated the search for equivalent but less technical forms of the Hy-
percyclicity Criterion. The following result was obtained independently
by Bernal-Gonzalez and Grosse-Erdmann, Leon-Saavedra, and by the
authors (see [4, Remark 3.5, [23] and [39]).

THEOREM 1.2. For any operator T € B(X), the following are equiv-
alent:

(7) T satisfies the hypothesis of the Hypercyclicity Criterion.

(2) For each pair U,V of non-void open subsets of X, and each neigh-
borhood W of zero, T*(U)NW # ¢ and T™(W)NV # ¢ for some integer
n.

Also Bonet, Martinez-Gimenez and Peris, and the authors indepen-
dently have shown that the Hypercyclicity Criterion for any operator T'
on a Hilbert space H, is equivalent to the hypercyclicity of some cor-
responding linear mapping on the operator algebra of Hilbert-Schmidt
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operators (see [8] and [38]). In [25], Peris and Saldivia have given equiv-
alent conditions for a continuous linear operator on a separable F-space
satisfy the Hypercyclicity Criterion. Also, they proved that for any hy-
percyclic operator there exists a sequence {nj} such that T and {T"*}
do not share tae same hypercyclic vectors.

DErFINITION 1.3. Let T € B(X) and {n4} be an increasing sequence
of non-negative integers. We say that T is hereditarily hypercyclic with
respect to {ny} provided for all subsequences {7y, } of {ny}, the sequence
{T™i};>1 is hypercyclic. Also, an operator T will be called hereditarily
hypercyclic if it is hereditarily hypercyclic with respect to some sequence

{n}.

It follows that the condition of being hereditarily hypercyclic charac-
terizes the operators satisfying the criterion ([6]).

In this present paper for an operator acting on a separable Banach
space we will investigate the hereditarily hypercyclicity with respect to
a sequence.

2. Main results

In what follows, X will denote a separable Banach space. Also,
{ne}r>1 © N will always refer to an increasing sequence of positive
integers such that ng — oco. By the entire sequence we will refer to the
sequence {n}, = N.

LEMMA 2.1. Suppose that T € B(X),F is a countable dense subset
of X and {ni;k>2 C N, and n; = 0. Assume that if ¢ > 0 and vectors
g,h are in F, then for any N € N there would exist an integer k > N
arbitrarily large and a vector f in F such that

(@) lIf)] <e,

(1) [T f - gl| <&,

(137) ||T™h|| < e.

Then {T™* }, is hypercyclic. Moreover, T is hereditarily hypercyclic with
respect to {ng}r>1.

Proof. Assume that F = {g, : n € N}. Let ng, =n; =0and ¢; = ¢g1.
By the induction, assume that for 2 < j < m, the numbers Mke; 2> T4
and the vectors g; in F have been chosen. Now choose & > k,, and
f by applying the hypothesis to ¢ = ||T||"™=2"™"1 and the vectors

m

9 = gm+1, h =Y ¢;. Let the k and f so obtained be denoted by kp1
i=1
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and g,41 respectively. Then
llgme1|l < ||| 727,
I T™m41 gy = gmapt || < || T 7om 27",
and
m
I+ (3 gl < ||T|[7msm 272,

=1

o]
Put ¢ = ) g;. We are now ready to verify that ¢ is a hypercyclic vector

j=1
for {T™}. It follows that
m—1 [e’s]
1777 g =gml| < NIT™ (D a)IIHIT™m gm—gml I+ D 1T llgs]l
j=1 ' Fj=m+1
Note that by the hypothesis (i) and (i7) of the theorem, |[T|| > 1. Thus
[e o]
Yo T gl < ([T (T || em e
j=m+1
HIT| 22 )
S 2—m—1 Z 2—1'
i>0
= o™m
and so
IT740g = gmll < TSt 27 4[| oo 27 o 97
< 27mtZ

Thus {T™*} is hypercyclic. Now let {nk;};>1 be an arbitrary subse-
quence of {ng}. By the assumptions if ¢ > 0, and g, h € F, then there
exist j large enough and f € F such that

@ Il <e,

@) [IT™if —gll <&,

(i53) ||T™ih|| < e.

By using conditions (i)', (i) and (iii)’, with a similar method used
by conditions (z), (43) and (i4%), we can see that {1 };> is hypercyclic.
So T is indeed hereditarily hypercyclic with respect to {ny}. O

THEOREM 2.2. An operator T € B(X) is hereditarily hypercyclic
with respect to {ny}r>1 if and only if given any two open sets U,V
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there is some positive integer N such that
™ U)NV #¢
for any k > N.

Proof. Let T be hereditarily hypercyclic with respect to {ng}. Sup-
pose that there exist some open sets U, V such that

T (U)YNV = ¢

for some subsequence {ng,}i>1 of {ng}r>1. Since T is hereditarily hy-
percyclic with respect to {ng}, thus {T™:};>; is hypercyclic and so
we get a contradiction. Conversely suppose that {ny, }; is an arbitrary
subsequence o {ny}, and U,V are open sets in X satisfying

T (U)YNV # ¢
for any £ > N. So there exists ¢ large enough such that ng, > N and
T (U)NV # ¢.

This implies that {T™* };>1 is hypercyclic and so T is indeed hereditarily
hypercyclic with respect to {n}. O

THEOREM 2.3. If an operator T' € B(X) is hereditarily hypercyclic
with respect to a sequence {ng}y>1 with sup(ng41 — ng) < oo, then T
k

is hereditarily hypercyclic with respect to the entire sequence.

Proof. Let T be hereditarily hypercyclic with respect to a sequence
{ni}r satisfying sup(ng+1 — ng) < oo. Also, let U and V be two
k

nonempty open sets in X. We will show that there exists an integer
N such that T*(U) NV # ¢ for all k > N, which by Theorem 2.2
implies that T is indeed hereditarily hypercyclic with respect to the en-
tire sequence. For this let M = sup{ng4+1 — nx : k € N}. For each
integer 0 < ¢ < M, put U; = U and V; = T7*V. Since T is heredi-
tarily hypercyclic with respect to {ng}, by Theorem 2.2, for all integer
0 < i < M there exists N; € N such that 7™ (U;) NV, # ¢ for all
k > N;. Let N = max{N; : ¢ = 0,1,..., M}, then N = ny,, for some
integer 0 < mg < M. Now we can show that 7"(U) NV # ¢ for all
n > N. In fact if n > N, then there exists k > mp and 0 < j < M such
that n = n, + j. Note that T™(U;) NV} # ¢ for k > my. Hence,

T™(U) N T (V) = T (U;) N V; # ¢

and so .
T™U)NnV = T"“’J(U) NV # ¢
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for all n > N. So T is hereditarily hypercyclic with respect to the entire
sequence and the proof is complete. O

Note that the converse of Theorem 2.3 is automatically true.

COROLLARY 2.4. Suppose that T € B(X) is hereditarily hypercyclic
with respect to a sequence {ny }r with sup(ng41 —ng) < co. Then given
k

two nonempty open sets U and V in X, there exists an integer N such
that T*(UYNV # ¢ for all k > N.

Remember that we say T satisfy the Hypercyclicity Criterion for a se-
quence {my} if in the Hypercyclicity Criterion (Theorem 1.1) {ng}x =
{mk} k-

COROLLARY 2.5. Let T satisfies the Hypercyclicity Criterion for a
sequence {ny} satisfying sup(ng+1 — ng) < oco. Then T is hereditarily
hypercyclic with respect to the entire sequence.

Proof. By Theorem 2.3 in [6], if T satisfies the Hypercyclicity Crite-
rion for a sequence {ng}, then T is hereditarily hypercyclic with respect
to {ng}. Now by Theorem 2.3, the proof is complete. O

REMARKS 2.6. (i) By Remark 3.3 in [2], if T satisfies the Hyper-
cyclicity Criterion for a sequence {ny} such that sup(ngi; — ng) < oo,
then T satisfies the Hypercyclicity Criterion for the entire sequence.

(#4) Theorem 1.1 in [12] follows immediately from Theorem 2.2 and
Corollary 2.5 since clearly if T € B(X) satisfies the Hypercyclicity Cri-
terion for a sequence {ny} satisfying sup(ng4+1 — nx) < oo, then given
two nonempty open sets U and V in X, there exists an integer N such
that T*(U) NV # ¢ for all k > N. Note that Grivaux gave examples
which shows that the converse of Theorem 1.1 in [12] is not true (see

[17]).
Recall that if {8(n)}32__ is a sequence of positive numbers with
B(0) = 1 and 1 < p < oo, then the space of formal Laurent series

consists of the sequences f = {f(n)}S_,, such that ||f||? = [|f|[% =
> o |F(n)[PB(n)?P < co. The notation f(z) = io: f(n)z™ shall be

n=—00
used whether or not the series converges for any value of z. These are
called formal Laurent series. Note that when n ranges on N U {0}, they
are called formal power series and are denoted by HP(3). Let LP(f)
denotes the space of such formal Laurent series. These are reflexive
Banach spaces with the norm ||.||g. Let fx(n) = dx(n). So fi(z) = 2
and the {fi}kez is a basis for LP(f) such that ||fx|| = B(k). Clearly
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M., the operator of multiplication by z on LP((), shifts the basis { fx }«.
The operator M, is bounded if and only if {5(k+1)/8(k)}x is bounded.
The operator 3 on LP(() is defined by Bf; = f;-1 for all j € Z. Clearly
B is bounded if and only if the sequence {3(k)/B(k + 1)}x is bounded.
Sources on formal series include [13, 29-37].

In [27] H. Salas has extended Rolewicz’s result ([26]) by completely
characterizing the hypercyclic weighted shifts on /2. In [20] K. G. Grosse-
Erdmann has obtained a characterization of hypercyclic weighted shifts
on an arbitrary JF-sequence space in which the canonical unit vectors
form a Schauder basis and if the basis is unconditional it was given
a characterization of those hypercyclic weighted shifts that are even
chaotic. Here, we want to characterize the equivalent conditions for
hereditarily hypercyclicity of the operator B (with respect to the entire
sequence) acting on the Banach spaces LP(().

In the following we assume that B is bounded on LP(8).

THEOREM 2.7. The operator B is hereditarily hypercyclic with re-
spect to the entire sequence if and only if I llim B(n) =0.
n|—oo

Proof. Let Illim B(n) = 0 and m € N. Consider the nonzero
vectors g,h in the span {f; : |j| < m}. Then g = > §(j)f; and

l71<m
h= Y h(j)f;. Define Sf; = fj1 for all j € Z. If ag = min{g(k) :
lj1<m
k| Sjm}, then we have
IB*hIP = (I D () fi-nllP
ljl<m
— p ﬂ( = ’I'L) D
IJ§m| IFBE (Z575)
B —n)
hlIP U CARAVAY
< Al Uségn( 30) )
Similarly
157gllP = 11 Y 60) fenll?
lj1<m
BU+1n),

IN

|lg|P sup (W) ‘

l7]<m
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Since ' llim B(n) = 0, there exists a positive integer N large enough such
n-—o0

that B(k) < ape and B(—k) < ape for all k > N. Now for n > m+ N
we have n +j7 > N and n — 5 > N for all |j| < m, and so we get
[|B™h|| < ||h||e and ||S™g]| < ||g|le. By setting f = S™g we can see that
the conditions in the hypothesis of Lemma 2.1 are satisfied. Thus B is
hereditarily hypercyclic with respect to the entire sequence.

Conversely, suppose that B is hereditarily hypercyclic with respect
to the entire sequence. Let € > 0, then there exists o > 0 such that
%= < . We will show that the relation
(%) lim B(n)=0

| —o0

holds. For this let {ng} be an arbitrary subsequence in N such that
ng — 400. Since B is hereditarily hypercyclic with respect to the full
sequence, the sequence {B™ }; is hypercyclic. By a theorem proved by
Grosse-Erdmann [18, Theorem 1.2.2, p. 11], the set

{(z, B™z):z € LP(B), ke N}
is dense in LP(3) x LF(B). So there exist a vector z = > &(j)f; in LP(5)

j
and an integer & > 1 such that ||z — fo|| < a and ||B™z — fy|| < o
Note that

e~ foll? = 12(0) = 1P + 3 [2(DIPBG) < o

l3)=1

and

1B™z — fol P = |&(ng) — 1P + Y 127 + ) PBG)P < o

l71>1

Thus we get

(1) 2(0)| > 1—a,

(2) 12)IBG) <ea; il 21,

(3) |2(ng) — 1] < o,

(4) 127 +n)BU) <a; |l =1

By relations (1) and (4) we obtain
o'
(5) Bl=me) < 7——<e¢
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and by relations (2) and (3) we obtain

a
6 e .
©) Blme) < 72 <

Now to prove the relation (x), we will argue by contradiction. Therefore,
assume that lim sup 3(n) > 0 or limsup 8(—n) > 0. If limsup B(n) > 0,
n-—4o00 n—+o0o n-->4+00
then there exist a3 > 0 and a sequence of integers ny — oo such that
B(ng) > ay > 0 for all ¥ € N. By taking 0 < ¢ < o, we get a
contradiction by the relation (6). Also, if imsup #(—n) > 0, similarly we
n—-+o0
can get a contradiction by the relation (5). Thus indeed , 1lim B(n)=0
[ —00

and so the prcof is complete. O
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