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ON THE r-TH HYPER-KLOOSTERMAN
SUMS AND ITS HYBRID MEAN VALUE

TIANPING ZHANG AND WENPENG ZHANG

ABSTRACT. The main purpose of this paper is using the properties
of Gauss sums, primitive characters and the mean value theorems
of Dirichlet L-functions to study the hybrid mean value of the r-th
hyper-Kloosterman sums Kl(h,k+1,7;q) and the hyper Cochrane
sums C(h, q; m, k), and give an interesting mean value formula.

1. Introduction

For any positive integer g and n and an arbitrary integer A, the general
Dedekind sums S(h,n, q) is defined by

q
— (a\= [ah
S(h,n, Q) = ZBn (_) B, (—) )
oy q q
where
— B, (z — [z]), if z is not an integer;
0, if x is an integer.

B, (z) is the Bernoulli polynomial, and B, (x) is the n-th Bernoulli pe-
riodic function, defined on the interval 0 < z < 1. In [8] and [6], the
second author has given some mean value properties of S(h,n,q). In
October 2000, during his visit to Xi’an, Professor Todd Cochrane intro-
duced the follewing sums analogous to the Dedekind sums,

q

cwo =3 () ((5))

a=1
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/
where Z denotes the summation over all @ such that (a,q) =1,aa =1
mod ¢, and

1
xz —[x] — 7 if 2 is not an integer;
((z)) = { 2
0 if  is an integer.
He advised us to study the arithmetical properties and mean value dis-
tribution properties of C'(h,q). Yet we still know very little about this

problem. In [3], the second author found that there exists some inter-
esting connections between C(h, ¢) and Kloosterman sums

q

K(m,n;q) =Z/€(ﬂq:—nb>,

b=1

where e(y) = e2™%¥. For example, if ¢ is a square-full number (i.e., p | g
if and only if p? | ¢), then we have the following asymptotic formula

(1) Zq/K(h, 1,9)C(h,q) = %qqﬁ(Q) + O (qexp < 3lng )) :

— Inlng

For general integer ¢ > 3, the second author [4] proved the asymptotic
formula

@ Y KL C(ha) = 2@ ] (1- 5055 ) o (a#),

h=1 rllq

/

where € be any fixed positive number. Moreover, the second author
[5] studied the hybrid mean value of the Cochrane sums and the r-th
Kloosterman sums

[ mb +nb

K(m,n,r;q):Ze —,
b=1 q

and obtained the following asymptotic formula

(3) 3

h=1

/

—1 3
K(h7 17T7p)0(h" Q) il Fp2 + 0] (Tp2 ln2 p) .
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For any general positive integers ¢ > 3 and r with [, = (r,¢(q)) > 1, he
(6] proved that

Z,K(h,l,r;q)o(h,q)
h=1
-1 1 5.,
(4) = ﬁqsb(Q)H (1 - p—(p—_T)> +0 (qu2+ ) :

rllq

In (7], Professor Mordell introduced the hyper-Kloosterman sums as
following:

Kl(h,k+1;q)

q q
Z Z <a1+a2+ -+ ax + h-ai10s - ak>
— q

About the hyper-Kloosterman sums, many scholars had studied about
it before. Applications of the hyper-kloosterman sums were found in
the estimation of Fourier coefficients of Maass forms [8] and the work
on Selberg’s eigenvalue conjecture [9]. On the other hand, Smith [10]
had built some interesting connections between the hyper-Klooster-man
sums and the Heibronn sums.

Following the spirit of [3], we found that there exists some interest-
ing connections between the hyper-Kloosterman sums and the hyper
Cochrane sums

C(h,q;m, k)

y iy a a h-a a
— 1\ — e\ — cap - ag
S B (2) B () B (),
a1=1 ap=1 q q q

and proved that the following mean value theorem

q .
ST Ki(h, k +1;9)C(h, ¢;m, k)
h=1
(5) _ (=D)FH126my - myy19(g)F H P —1
(2mg)ymate Mt —1)2

rllg

+ O <qk+e)
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holds for any odd numbers mq,ma, ... ,mgi1(see [12]).
Similarly, we can define the r-th hyper-Kloosterman sums as follow-
ing:

Ki(h,k+1,r;q)

=

L - ! ai +ay+---+ap+h-ajay---a
Z::Z; Z: ( q )

It is obvious that Kl(h,k + 1,7;q9) = Kl(h,k + 1;q) if (r,¢(q)) = 1,
so we suppose (r,¢(¢)) > 1. In this paper, we shall use the proper-
ties of Gauss sums, primitive characters and the mean value theorems
of Dirichlet L-functions to study the hybrid mean value of the r-th
hyper-Kloosterman sums Kl(h,k+1,7;¢) and the hyper Cochrane sums
C(h,q;m, k), and give an interesting mean value formula. That is, we
shall prove the following:

THEOREM. Let any positive integersr and q > 3 withl, = (r,$(q)) >
1. Then for any odd numbers my,ma, ... ,mky1, we have the asymptotic
formula

q
S Kih,r,k + 1:g)C(h, gy m, k)
h=1

_ (ED)FI2Pmy L me g !9(g)g” H P -1
- (271-1')777»1-1- +me41 )2

pllq

+0 (qu’”%‘“) .

Taking ¢ = p, an odd prime in our Theorem, we may immediately
deduce the following

COROLLARY. For any odd prime p and odd numbers my, ma, ...,
my41, we have

V4
S~ Ki(h,r, k + 1;p)C(h, psm, k)
h=1

(= D)FR2Emy L 1R O (1. prk+t3+e
- (2mg)mate g + i .
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2. Some lemmas
To prove the theorem, we need the following several lemmas. For
convenience, first we may define the r-th Gauss sums as
q
Glnxiria) = Y x(Ble( ).

b=1

It is clear that G(n,x,1;q9) = G(n,x) is the classical Gauss sums and
we have the following

LEMMA 1. For any positive integer q, let x be a non-primitive char-
acter modulo q and xq & X« If (n,q) > 1, we have

badl R R q 4
X ((n,q))x (q*(mq))“(a*(m@)

G(nx) =4 xo(q)d ((‘r?qu) T(x"), ¢ = ma
0, q* ?é (n’él)’

where q1 is the greatest divisor of q that has the same prime factors as
q*, 7(x) = G(1, x), and pu(n) is the Mobius function.
If (n,q) = 1, then we have

G(n,x) =X"(n)x" (1> j (i) T(X").

q* q*
Proof. See [11]. O

LEMMA 2. Let x be a character modulo q, generated by the primitive
character x,, modulo m. Then we have the identity

700 = xm (=) 1 () 700m)-

Proof. See [11]. ‘ O
LeEMMA 3. Let any positive integers h and g > 3 with (h,q) = 1.
Then for any odd numbers my,mg,... ,Mgy1, we have
C(h,q;m, k)

(—2)k+1m1! C Mg !
= @iyt ()

X Z Y(h){ig(%’lﬁ} i g(_ryz%_,lﬁ ,

x mod ¢ ri=1 Tep1=1 Tk-f—l
x(-1)=-1
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where x denotes a Dirichlet character modulo q with x(—1) = —1.

Proof. From the orthogonality relation for character sums modulo ¢
we have

q _ q ~
Clh.gim, k) = Z/ B—ml (al) o Z/ Emk (%Ii) Emml (w)

a1=1 ap=1 q

2 Xq: x(a1)B (al)}

= ai mi -
¢(Q) x mod g \a1=1
d . ak+1h
X X Z X(ak+1)Bmk+l
ak+1:1 q
Note that
B _ nl X e(zr)
n(T) "(27”)n Z rn
e

and for any integer h with (h,q) = 1, G(hn,x) = X(h)G(n,x) . Then
we have

C(h,q;m, k)
1 d < my! ) i"’ e(%)
=57 2 2= @ x(a1) =
¢(q)xm0dq = (2m)™ Wit rit
7‘1750

g +oo Th4+10kt1h

- ) FENSTSLY

x4 Y (ot ) Y o) St

ag41=1 (27T2)mk+1 Tk41=—00 ’rk-}-l
Te+170

(—1)k+1m1!"'mk+1! Z Ji):o 1 Zq: (a1) ("”1@1)
= . x\ai)e
(2m3)™ me+1¢h(g) « mod g 7‘1=;(<)>o r = q
(1

+oo q

1 Th+10k+1h
X v X Z ;m Z X(ak+1)e(—q—_)

Tp41=—00 k+1 ll)c-l—l:l
Te+170
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(=D Imy oy 3 io:o G(r1, x)

= (27ri)m1+-..+mk+1¢(q) e il ,r.inl
r1#0
+o0
G(hrr41,X)
xox{ ¥ i)
Tk4+1=—00 k+1
Ti+17#0
_ (—2)k+1m1! Mgy ! Z X(h) i G(ry, x)
(27m')m1+---+mk+1¢(q) x mod ¢ r1=1 7-;"'1
x(=1)=—
G Tk+1, X
X oo X _(—mj;_,_l—)
Te41=1 k+1
This proves Lemma 3. O

LEMMA 4. For any positive integers ¢ and r > 1, let 1. = (r,$(q))
and x1 be a l.th-order character modulo q. Then for any character x
modulo q, we have the identities

q
> X(WKi(h,k +1,1;q) = (%)
h=1

and
k

q -1
Z (RKl(h,k+1,7;9) = 7(X) (r(%) + Z T(YXi))

h=1

Proof. From the properties of Gauss sums we have

hKi(h, k+1,75)

q q q
’ ’ / a{+a§+-~-+a2+h-6’{6§-~6}’c
2533 3 q

1=1 G,2=1 akzl

we(f) 2

1=1las=

MQ

=
Il
—

EjQ

-
Il

-
o

I
EjQ

=
1l
o
o
—
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q
xex Y

ar=1

k -

=@ (ZY e (5))
T(X)G* (L, X", 75 9)-

It is clear that G(1,%,1;¢9) = 7(X), so we have

!

r T e ™
o --ap)e (AL 0k

q

q
ZY(h)Kl(h, k + ]_, ]_;q) — ,7.16-{-]_(?)~
h=1

On the other hand, let x1 be a l.th-order character modulo q. Then
for any integer 1 < a < ¢ with (a,q) = 1, we have the identity

_ lr, ifaisal-th residue mod g;
1+xi(a)+--+x5"(e) = {

0, otherwise.

Therefore
k b
oL % ra) = S H(b e (—)
b=1 q
- -1 b
= Z <1 +xai(b)+- -+ x7 (b)) x(b)e (a)
b=1
11 .
=7(%) + Y_ T(xx})-
i=1
This proves Lemma 4. 0

LEMMA 5. Let g and r be integers with ¢ > 2 and (r,q) =1, x be a
Dirichlet character modulo q. Then we have the identities

S = Y w(d)e@

x mod g d|{g,r—1)

=> ud)e (%) :

dlg

and

*

where Z denotes the summation over all primitive characters mod-
x mod ¢

ulo g and J(q) denotes the number of primitive characters modulo q.
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Proof. This is Lemma 3 of [3]. O

LEMMA 6. For any positive integers r and q > 3 with [, = (r, ¢(q)) >
1, let ¢ = wv, where (u,v) = 1, u be a square-full number or u = 1, v be
a square-free rumber, x1 be a l.th-order character modulo q. For any
positive integers t1,ta, ... ,tx+1, if we let

. ukdku(dl)...ﬂ(dk)ﬂ(dd:_H)
P =
;2.3 Z|d dino ()0 (a%)

x Z* Y(dl“'dk)x<dd:+l>

x mod ud
x{(-1)=-1

X L(t1,%) - L(tes1, X Zx e(=)
l,—1q/ud—1 ud

< waumm)x(m)e(w),

=1 [=0 m=1 q

then we have the following estimate

® < l.qre.

Proof. Without loss of generality we can assume t = min(t;, to, .
tk+1). We now let

cey

_ t—t1 gt—1to t—trq1
rhe1(n) = Z dy dy e dy 7T

dldg---dk+1=’n

Then for any parameter N > ud and non-principal character x modulo
ud, applying Abel’s identity we have

- X(n)rie(
L(t1,X) -+ L(tk+1, %) = Z +

X n)Tk+1(n) < Ay, X)
Z BT E— +t/N dy,

t+1
1<n<N y
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where A, = S X(mresa(n).
N<n<y
Note that by using induction, we can prove the following estimate

S Ay X) <y @2 e (ud)

x mod ud
x(=1)=-1

(see [12}).
Hence we have

Z Z Z ukdk (dl)u(dk)“(dd:+l)

t1 tk+1 q
dI’U dll% dk+1|§ d]_ IC+1¢( ) ) ¢ dk+1
I,—-1q/ud=1 ud

XZ Z le lud + m)

i=1 [=0 m=l1

<o (MER) S (22)

a=1
*¢ . oo A ’—
Y X(dl"'dkm)X(dk+lam)t/ (Z_i()dy
q ud N Y
x mod u
x(=1)=-1

(o ¢]
t _
<t [T | S 1Al | dy

x mod ¢
x(—1)=-1
oo , 1—Jd-+e 3/2
1+ y 2 9% 2%(q)
<< qu E\/];, yt+1 dy
lq3+e

<

(\/N)2t+21—k-2'

Combining the above we have

k k v
(I) Z Z Z d dl) (dk)u(ddk+1)

ty | tk+1 q
dlv dil§  det1l§ dy k+1¢(d1) ¢(dk+1)
lr,—1q/ud—1 ud

ST ng(zudm)e(l“d*m)

i=1 [=0 m=1 q
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. am Tk+1(M)
xye(H) 3 Mt

t
n
a=1 1<n<N

» Z* X(dy - - - denm)x{dx+1am)

x mod ud
x{(-1)=-1
lgite
o ol

Note that for any integer a with (a,q) = 1, from Lemma 5 we have

S oxe=5 ¥ -l

Xx mod g x mod g
x(-1)=-1
. > ' ><(a)—l > " X(-a)
2 2
x mod ¢ X modq
LS (@l T k(e
u{{g,a—1) UI(q a+1)

Therefore by formula (6) and Z f(d) = Z f < g) we have
din din

-2 ¥

dlv di)2
. u*d*u(dy) - - - pp(di11)
* XdHZ”% i '“d?ck(ddk . tk+1¢(dﬁ_> +<1 ) (qddju)

lr—1g/ud~1 yud

xS S Y i (tud + m)e (l“d+m)zd (4

U
i=1 =0 m=l1 a=1 d

" Z Tk+1(n Z* Y(dl...dknm)x(dk_‘_lam)

1<n<N x mod ud
x(~1)=-1

l q%-i—e
+0 ((W)2t+21“"—2)
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l\DIr—l

d|v di|
w*du(d) - p(dis1)
X ooen X oon
d,c%% di ...dzk(ﬁzj)tﬂw ((.%) g (%) ¢ (qddvk+1>

l,—1q/ud—1 ud ud

S e e () S e

=1 =0 m=1 a=1

Qe

TE+1(n) ud

X Z nt Z 2 <?> ¢(s)

1<n<N slud

(n,ud):l d;k dgn l(s)

+1a

1

—52.0
dI'u d1|%

. wFdFp(dy) - - p(diyr)
X dHle% dit - dl (e k+1)tk+1¢( ) ) (%) é (qddk_H)

l,—1q/ud—1 ud lud + m d, n
x5 S X (ud+m)e ( q )Ze(@)
a=1

i=1 [=0 m=1

« ¥y (M) e

1<n<N s|ud
(n,ud)=1 dy-odgn _
dk+1a 1(3)

lrg?te
+0 ((\/N)2t+21‘k—2>
1
=322

dlv di|%
uFdp(ds) - - pu(dp41)
doal3 i - dik(m)twlq{;(%)...¢<£;)¢(gd_d_;¢l)
l,—1q/ud-1 ud lud + m ud, am
x; lz; ;1X1 (lud+m)e < . ) azz:l G(W)
di-di|diyia

- X

di---dy N
ErverTs (Is+Dadgy

ud dit198 Tk41 < dydy ) 1
XY p (—) #(s) T3
2.1 % G i

s|ud
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’U,Ic dk (d1 )

1211

- p(dr41)

- X

3 dr

dryi
l~1q/uvd—1 ud

XZ ) le (lud+m)e

s ()5 () (%)
lud +m
()

(ls—l)adk+1
Tk+1 <————d1"'dk

a=1
d1-~~dk|dk+1a

i=1 l =0 m=1
,ud dpy1as
() o) Y
sjud N

+0 gt
(vﬁ)2t+21—k—2 ’

1=0 (ls—l)adk+1 ¢
- dy-dy

From the definition of ¢, we know that all the terms in the above have

the highest order only in the case that f=t;=--
w*d*p(dy) - -

- =tk4+1, SO We have

{dgy1)

(I)<<ZZ...

dlv dil|%

2

dot1]g
lr—>.q/ud—1 ud

()" ¢ (
XZ Z Zx (lud+m)e

)--o(2)o (%)

<lud+m)
q

i=1 =0 m=1
ud dk+1a
! lud+m Tk+1 (d1~--dk) ud
< X (M ) S S (25 60s)
a=1 slud
dl dkldk+1a
+ﬂzz S g e
\dlv dil§  drt1ly
dy---dgN
dk+1as
X
2 atk+1 s%i(b ; ls+1 e L 1\Ek+1
+0 ( 20 X et
\ dlv di|3 dk+1|d
s ——
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+0 ( Lgi e )
(\/N)2t+21—’°—2
wbdpu(dy) - - p(dr+1)
<<ZZ Z v tk+1¢(d1) . ¢(_q_)¢(qddk+l)

dl'U dll d dk+1| a E dg v

l,—1q/ud—1 ud
X Z Z Z x4 (lud +m)
i=1 [=0 m=1
(lud-l—m) id/ (;}dﬂ(lud-l—m))
X e e
q q

a=1
d1 dk |dk+1a

T'k+1(dk+1a/d1 - di) Z " (3’1@) #(s)

atk+1 s
s|lud

l,_q'g""e o
+0 | iy | FOUNY),

where we have used the estimate rx1(n) < nfl.

Now taking N = ¢®*2" " in the above, and note the identity J(u) =
#?(u)/u if u is a square-full number, we can immediately obtain the
following

2 2paltp> ’“d’:“)(‘??;;'(ﬁ?()%)

th41
dlv il dk+1|d( )" ¢ (&

dk v
I.—1 q Z ud/ %’b Tk+1(dk+1a/d1 ‘e 'dk)
X Z ZXI Z:l € q atr+1
=1 b=1 a=

d1~-dk|dk+1a

x> (Zd) )+ 0 (Irq°)

slud

DI A e

v thta
dlv di|3 dit1lg 3) ¢(d1) ‘ d)(a

v

ud l -1
! Ti+1(dk+1a/dy -
X E_l o 51 G(1+av/d,x}) + O (I-q%)

dl---dk|dk+1a
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= U+ 0 (l,q°).

Since x; is a I.th-order character modulo ¢ and i < ., ¥} can not be
principal character modulo ¢g. From the properties of Gauss sums we get

|G(1 + av/d, xﬁ)\ < (1+av/d,q) q%+6.

So we have

(ud)k+? 1ie Y (1+ av/d, q)
Ty o Z P51 (ud) g 2—31 (av/d)tn

div di]§  denaly

<<Zlq2+62 Z av/dtHl

d|v s|q a=1
s|14av/d
+¢ lie
<<lq2 Z Z ls—ltk+1<<qu2 .
slg 1<i<atl
This completes the proof of Lemma 6. O

3. Proof of the theorem

In this section, we shall complete the proof of the theorem. For any
positive integers r and ¢ > 3 with I. = (r,¢(q)) > 1, let x1 be a I.th-
order character modulo ¢q. Then from Lemma 4 we have

(7)
> x(h)Kl(h, k+1,7;q)

4 g g q T r T =r=T =T
' ' al+ay+---+a, +h-ajay---a
— E : E: E:E:X(h)e( 1 2 ;: 1%2 k)

k

{p—1
= 7(X) (r(x) +3 r(%xi))
=1
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Hence from Lemma 3 and 4 we have

q
Z/Kl h,k+1,7r;9)C(h,q;m, k)

=1

h

( 2) gt - myyy! !

hMKI(h,k+1,7;q

- G ) . %dq 2 ) )
x(-1)=

> G(Tl,X) -~ G(Tk-i-laX)
{5 x| £ 2
K

[}

7'k:+1=1 k+1

(—2)k+1m1! s mk+1!
(@it A g(g)

h=1
lr—1
x Y ChTRR) ) R
x mod ¢ i=1
® (-h=-1

ri=1 rr+1=1 k+1
!

ErT T

1 Y
xz Yo oty )(Z T(YX?))
7=2 x mod ¢ =1
x(—1)=-1

= G(Th X) - G(’rk-f-la X)
x{z 0L gy G
T1=1 1 Tk+1=1 k+1

q
= Y Kli(h,k +1;9)C(h,q;m, k) + E1 + Es,
h=1

2 G(r1, N G(rps1,
{Z (ﬁmx)}x_,.x{ S (Tx+lx)}
( !

_2)k+1m1

X
-+

- __k
G

We now let ¢ = wv, where (u,v) = 1, u be a square-full number or
u = 1, v be a square-free number. Note that x* (%) I (—%) # 0 if and

where C =
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only if m = ud, where d | v. Then from Lemma 1 and Lemma 2 we have

k- (—2)k+1m1!~-mk+1! k f— e 4
B =2 Y R Y )
4ot m
(27”/)ml k+1¢(q) x mod ¢ =1
x(-1)=-1
o G(rux) =~ G(ress, x)
1, +1
7‘1:1 1 Tk+1=1 k+1

— k( 2)k+1 “Mgg1! Z Z
(2mi)mat- +mk+1¢(Q) dlo x mod ud
x(—1)=-1

o) (2 ) o () 700 L(m, %)
o 4o (%)

o {sr 5 #(9)x (ddfﬂ) [ <dd:+1> T(X)L(mk+1,y)}

i Mk41 q
Ldk—f—ll':i!' dk+1 d) (dk+1)

k- (=2)"*ma! - maga!9(g)
’Wi)ml"""""mk-f-l

g o)
dv iy denly 40 A (a%)"'(ﬁ(dk‘il)

< X e dox (g ) HOm) - Lt

x mod ud
x(~1)=-1
ud {r—1q/ud-1 ud
S x@e(H) X X X ) xmge ().
a=1 i=1 (=0 wm=1

where we have used the identities that
U\ v\ o vy

T(X)T(X") = —m,

(d%l?) p(d),

and
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where x* is a primitive character modulo m and x(—1) = —1. So from
Lemma 6 we have the estimate

9) By < Lg"tEte,

Using the similar method of proving Lemma 6, we may obtain the
following estimate

(10) Ey < Lghtate,

Therefore from (5), (8), (9) and (10), we may immediately obtain

[~

S Kb,k +1,79)C(h, g;m, k)
h=1
q

=S Ki(h, k+1;)C(h,g;m, k) + O (zqu+%+€)
h=1

_(—1)k+12km1! mk+1 q 1—[ -1
- (Qrm;)m1+ My - 1)2

pllq
+ 0 (quk+%+6) .

This completes the proof of the theorem.
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