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ALTERNATIVE DERIVATIONS OF CERTAIN SUMMATION
FORMULAS CONTIGUOUS TO DIXON’S SUMMATION
THEOREM FOR A HYPERGEOMETRIC 3F, SERIES

JUNESANG CHoOrI*, ARJUN K. RATHIE**, SHALOO MALANI*** AND
RACHANA MATHUR™™*

ABSTRACT. In 1994, Lavoie et al. have obtained twenty tree interesting results
closely related to the classical Dixon’s theorem on the sum of a 3F; by making a
systematic use of some known relations among contiguous functions. We aim at
showing that these results can be derived by using the same technique developed
by Bailey with the help of Gauss’s summation theorem and generalized Kummer’s
theorem obtained by Lavoie et al..

Dixon gave the following classical summation formula for 3F3(1) (see [4, p. 92]):
b, c
. 3F2{1—1—a—b, 1+a—c’1}
e _T+§)T(1+a-bT(1+a-T(1+§-b-¢)
Fl+a)T(1+2-0)T(1+%-¢c)T(1+a-b-¢)’
where R(a — 2b — 2¢) > -2.
Lavoie et al. (3] presented a general, artificially constructed, form of the following

generalization of Dixon’s theorem (1):

a, b, c
fijla;b,c) = 5Py l+a-b+1, 1+a~c+i+jll}

(i=-3,-2,-1,0,1,2; j=0,1,2,3)

(2)
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by making a systematic use of the relations among contiguous functions given by
Rainville [4, p. 80]. Note that fpo(a,b,c) is just the Dixon’s theorem (1). For

example,

a, b, c
fo(a,b,c) :=3F, [l—l-a—b, 2+a—c‘1]

_ 272t (c—1)T(l14+a-b)T(2+a—c)
© T'()T(@—2c+2)T(a—b—c+2)
(3) _{r(g—b—c+g)r(g_c+1)
C(3)T(5-b+3)
I(¢g—b-c+2) F(%—c+g—)}
P(§+3) T(§-b+1) [

where R(a — 2b — 2¢) > -3.

Here we aim at showing that 23 formulas except for the Dixon’s theorem
foo(a,b,c) given in (2) can be derived by using the same technique developed by
Bailey [1] with the help of Gauss’s theorem (see, e.g., [5, p. 45, Eq. (7)]):

o |, = ey
R(c—a—-b)>0)
and generalized Kummer’s theorem obtained by Lavoie et al. [2]:
2k [1+a(;~l?+z't _l]
_T(3TA-bT(1+a—b—9)
- 2T (1-b+§+1Y)

(4)

©) B
{rem e

B;
P(§-bv+5+3)T(§+5+3-[3])
for i = 0, £1,+2, +3. Here [z] denotes the greatest integer less than or equal to
z and |z| its absolute value. The coefficients A; and B; are given in the following
table:
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TABLE 1. Table for A; and B;

Li] A | B |
313b—-2a—5{2a—b+1
2 1+a-—0 -2
1 -1 1
0 1 0
-1 1 1
-2l a-b-1 2
~3(2a—-3b—4|2a—-b~-2

We will prove (3) only. Then the other 23 summation formulas can be proved in
a similar way. Let us start with
I'(a) T'(d) I'(c) a, b, c
T(l+a-bL(2+a-0 > ?|{l+a-b, 2+a—c[1}
I'(a) T(b) T'(e)
(6) :F(1+a—b)F(2+a——c)
i Fla+n)T(b+n)T(c+n)TQ+a-bT(2+a—c))
M@ O TA+a-b+n)T(24+a—c+n)

n=0
For convenience, let R(a,b,c) be the right-hand side of (6). If we add some terms
to R(a,b,c) and use (4), we obtain
= IF'fa+n)T(b+n)T(c+n
R(ab,¢) = ;:% n!T (1(+ a —)b +(n) r ()2 —l—(a - c)+ n)
Ta+2n+)T(a-b—c+2)
F(a+2n+1)T{a-b—c+2)
=§: F'@a+n)T(b+n)I'(c+n) b+n, c~1+n11]

F
mT(a+2n+ Nl (a-b-c+2)> | a+2n+1

_ZZ FTla+n)T(b+n)T(c+n)
== nl(a+2n+1)T(a—b—-c+2)

. F(b+n+m)T(c—14+n+m)T(a+2n+1)
m!T(b+n)T(c—-1+n)T(a+2n+1+m)

Then we have

(c=1+n)T{a+n)T(b+n+m)T(c—1+n+m)
Zz nm!T(a—b-c+2)T(a+2n+1+m)

n=0 m=0
“ii (c—14+n)T(a+n)T(b+p)T(c—1+p) T(@pT(a+p+1)
- n(p-n)!T(a—b~c+2)T(a+p+1+n) T(a)p'T(a+p+1)
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Separate the last double series as follows:

N 2. Th+p IT(c—1+p)T(a)
R0 =D a5 et D) Flatpt T

' P (e=1)T(@a+n)p'T(a+p+1)
2 T@nl(p- (@t pt L)

+Z nl(a+n)p!'T(a+p+1)
= T'(a) nlp—n)T(a+p+1+n)

o0

_Z Fb+p)T'(c-1+p)T(a)
plT(a-b—c+2)T(a+p+1)

zp: (c=DT(a+n)p!'T(a+p+1)
F@)n!(p—n)!T(a+p+1+n)

p

I'(a+n)p!T(a+p+1)
+Z I'(a) (n—1 '(p—n)'l"(a+p+1+n)}

Using the Pochammer symbol

(2)n = 5%:7") (n€No) and (p—n)!= %1% (0<n<p),
we get
R(a,b,¢) = i p'll:gtp —Fc(i;)lg(i)fp + 1){ nzp% (zc)anr pzinl() :l)'n
+ a+p+ 1 Z = +(a)+(;;§))n( 1)“}
_ i . g ézirp)—l‘c i;)lljr(z)fp(i) 3 {(c —1)2F [1“+ . J_r’; 1]

ap a+1, p‘
— o F .
+a+p+12 1[ 2+a+p

Applying the cases i = 0 and ¢ = 1 of (5) to the 2 F1(—1)’s, after a simplification, we

obtain
T(@)T(®) T(c—1)T(3)
22T (a~b-c+2)

R(a7 b, C) =
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c—1-% [b c—1 }
. | ‘1
\resprgrrn [

+ F[b’ c—1‘1:|
T(2+1)T(E+1) 7" §+3 '

Now apply the Gauss’s theorem (4) to 2Fj(1)’s in the last result obtained. Finally

equating (6) and the last result proves (3).

We conclude this paper by remarking that {f;1(a,b,c)|i = -3, -2, -1, 1, 2}
can be proved in the exactly same method as in the above proof of fy1(a,b,c),
and the other classes {fio(a,b,c)|7 = -3,-2,-1,0,1, 2,3}, {fi2(a,b,c)|i =
-3, -2, -1,0,1, 2}, and {fis(a,b,c)|i = —3, -2, —1, 0} can also be proved in
the exactly same method among their respective families, yet in a similar way as in
the above illustration.
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