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A study on the Choquet distance measures and their applications
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Abstract

Interval-valued fuzzy sets were suggested for the first time by Gorzalczang(1983). Based on this, Wang and Li
extended their operations on interval-valued fuzzy numbers. Recently, Hong(2002) generalized results of Wang and Li
and extended to interval-valued fuzzy numbers with Riemann integral. By using interval-valued Choquet integrals
with respect to a fuzzy measure instead of Riemann integrals with respect to a classical measure, we studied some
characterizations of interval-valued Choquet distance(2005). In this paper, we define Choquet distance measure for
fuzzy number-valued fuzzy numbers and investigate some properties of them.
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1. Introduction measures for interval-valued fuzzy numbers and inves-

tigate some properties of them(see[8]). In section 6, by

Interval-valued fuzzy sets were suggested for the first using the definition of Choquet distance measures for in-

time by Gorzalczang([4]). Based on this, Wang and Li terval-valued fuzzy numbers, we define a Choquet dis—

extended their operations on interval-valued fuzzy tence measures for interval fuzzy number-valued fuzzy

numbers. Recently, Hong([3]) generalized results of numbers and investigate some properties of them.

Wang and Li({13]) and extended to interval-valued fuzzy
sets with Riemann integral. Using interval-valued

Choquet integrals with respect to a fuzzy measure in- 2. Interval-valued fuzzy numbers

stead of Riemann integrals with respect to a classical

measure, we studied some characterizations of inter- Throughout this paper, / will denote the interval [0,1],
val-valued Choquet distance([1,2,5,6,7,8]). In this paper, [1={la,b] |a,b € I anda < b},

we define Choquet distance measure for fuzzy num-

ber-valued fuzzy numbers and investigate some alge-

braic properties of them. Definition 2.1. Let [a,, b, ), [as, by] €[l We define
In section 2, we introduce interval-valued fuzzy num- bl — bl )

bers and basic properties which are used in the next [ay, b,] = lay, b,] if and only if

Then an element in [{] is called an interval number.

sections. In section 3, we define fuzzy number-valued ay = ag, by = by
fuzzy numbers which are a generalized concept of inter- [a, 5] < [ay by] if and only if
val-valued fuzzy numbers and discuss some basic prop- a; < a, and b; < by,
erties of them. In section 4, we introduce Choquet in- lay, b;] < lay, by] if and only if
hei Tt hich d in th t
tegral and their properties which are used in the nex lay,b,) < [ay, by]but [ayb,] = lag, by].

sections. In section 5, we define a Choquet distance

Definition 22. If a«,€1,t€7T, then we define

HedX - 2006 88 5¢
; Ve ra,=sup{alt € T} andN,c ra,=inf{alt € T},
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Definition 2.3. Let X be an ordinary nonempty set.
Then the mapping A: X—I[1is called an interval-valued
fuzzy set on X. All interval-valued fuzzy sets on X are
denoted by IF(X).

Definition 24. Let AelF(X) and

A(x)=[A (», A*(»)], for all xX. Then two ordi-
nary fuzzy sets A :X—I and A T:X—Iare called
lower fuzzy set and upper fuzzy set about A,
respectively.

Definition 25. Let A<IF(X) and [MA,,A,)€[I]. Then
we call
Apag={xeXIA (=N, AT () =A,} and
A= {xeXIA TGN |, A T()>N 5}
the [A ), A,]-level set of A and the (A, Ay -level set
of A, respectively. And let
A7={x=X|A () 2A} and
AT ={xeX|A "(x) 27}

Definition 26. Let A=IF(X) and [A,, A ,Je[l]l. We
define
([ 1 A gl =M 1, A IALA ~ (0,4 T (D).

Definition 2.7. Let AeIF(R%),i.e.,A:RT—[1].
Assume the following conditions are satisfied:
(1) A is normal, i.e., there exists x,=R* such that
A(xg)=1.
(2) For arbitrary [\, A,Je[1-{0}, A, is closed
bounded interval.

Then we call A an interval-valued fuzzy number on
R™.

Let IF*(R™) denote the set of all interval-valued
fuzzy numbers on R ™, and we write [1] T=[7-{0}.

Definition 28. Let Ae<IF(R'). Then an inter-
val-valued fuzzy set A is said to be conwex if for any

x,yeR" and Ae<[0,1],
AQx+ (1 =M= A()NA(Y).

Definition 29. Let A<IF(R™") and - €{+,x,+}. We
define their operations to
(A - B)(2)=V ,=.. (ADAB().
For each [A,,A,]le[ll ¥, we write
Ay Buoag={x-sxsA 5 v€B )

Based on above definitions, we have the following
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theorems.

Theorem  2.10.([3))  Let
+={+,x,+}. Then we have
(A-BX(2)=[(A~ B X2),(A" - B*)2).

Since all interval-valued fuzzy numbers on R ' are
positive(seel3]), by Corollary 3.3([3]), we have the fol-
lowing three theorems.

A,BeIF(R™) and

Theorem 2.11. Let A,BeIF'(R*) and - e{+,x,+}.
Then A:BeIF(R™).

Theorem 2.12. Let
Then A-B=B-A.

A,BEIFY(R*) and : {+,x}.

Theorem 2.13. Let A,B,CeIF*(R*) and - {+,x}.
Then (A-B)-C=A-(B-0().

3. Fuzzy number—-valued fuzzy numbers

In this section, we introduce fuzzy number—valued
fuzzy numbers which are the generalized concept of fuz-
zy numbers.

Definition 3.1. A fuzzy set « on [ is called a fuzzy
number if it is satisfying the following conditions:

(i) (normality) u(z) =0 for some = € I,

(i1) (convexity) for arbitrary A € (0,1],

[P ={zre R |u(z)=)2}e I(R"), and

(i) wl={z e Rt [u(z) >0} € I(RT).

Let #{I) denote the set of all fuzzy numbers. we de-
fine for each pair u,v € F(I),
w=v if and only if [u]*= [v]}
for all A € [0,11,
u < v if and only if [u]* < [v]*
for all A € [0,1],
u < v if and only if © < v and u # v.

Definition 3.2. Let X be an ordinary nonempty set.
Then the mapping A:X— F(D) is called a fuzzy num-
ber-valued fuzzy set on X. All fuzzy number-valued
fuzzy sets on X are denoted by FF(X).

Then, clearly we have the following theorem.

Theorem 33. Let AeFF(X). If we define
A (=[A(x)], for each as[0,1], then
A eIF(X).

Definition 3.4. Let AeFF(R*), ie. A:X—FD.

Then A is called a fuzzy number-valued fuzzy number
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on R™ if it is satisfying the following condition:
for each a<[0,1], A.=IF*(R™).
All fuzzy number—valued fuzzy numbers on R* are
denoted by FF*(R™).

Definition 35. Let A<IF(R"). Then a fuzzy num-
ber-valued fuzzy set A is said to be convex if for each
ae[0,1], A, is convex.
Definition 3.6. Let A, BeFF(R") and * {+, x, +}.
Then the operation A < B is defined by

[A- Bl,=[A],.'[ Bl,, for a=[0,1].

Theorem 3.7. Let A, BeFF*(R"') and
Then for each a=[0,1],

[A- Bl (d=[( A% -

el x5,

B 2), (A% B 2)]
Proof. Let a=[0,1]. By Theorem 2.10, we have
[A-Bl(z) =( A, B)X2)
=[(A, BO)(2)AT- BI(2)].
By Definition 3.6 and Theorem 2.11, clearly, we have
the following three theorems.

Theorem 38. Let A, BeFF'(R™) and - E{+,X,+}.
Then A- BeFF(RY).

Theorem 39. Let A, BeFF'(R™) and - {+, x}.
Then A- B="B- A

Theorem  3.10. Let A, B, CeFF(R™) and
« ={+4, x}. Then

(A-B)-T=A-(B- 7).

4. Choquet integrals

In this section, we introduce Choquet integrals and
their basic properties which are used in the remainder
sections(see [9,10,11,12]).

Definition 4.1. (1) A fuzzy measure on a measurable
space (X, ) is an extended real-valued function
w: 2—10,1] satisfying

(1) p(d)=0,pu(X)=1

(ii) whenever A,B€ 2, AC B,
then p(4) < p(B).
(2) p is said to be continuous from below it for every
increasing sequence {A4,} C 2 of measurable sets, we
have

M(U An]= lim 41 (A,).

n=1 =00
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(3) 1 is said to be continuous from above it for every
decreasing sequence {A4,} € 2 of measurable sets, we

have
u[ﬂ AHJI lim g2 (A,).
n=1 o0
(4) if p is said to be continuous from above and con-
tinuous from below, it is said to be continuous.

Recall that a function f: X — [0, ] is said to be
measurable if {xAx)>neQ for all re(—oo,0),

Definition 4.2. (1) The Choquet integral of a measure
is defined by

© [ fau= ["uar

0

where p; (r)= p({z | f(z)> r}) and the integral on the
right-hand side is an ordinary one.
(2) A measurable function f is called integrable if the
choquet integral of f can be defined and its value is
finite.

Definition 4.3. Let f,g be measurable nonnegative
functions. We say that fand g are comonotonic, in
symbol f~g if and only if

AAx) = glx)<g(x’) for all x,x=X.

Theorem 44. Let f,g k be measurable nonnegative
functions. Then we have

L f~f,

@ f~g = ag~Ff,

(3) f~ a for all asR™ |

4 f~gand f~h = Ff~ (g+h.

Theorem 4.5. Let
functions.

(1) If f<g, then (O) ffduS(C) fga’u.
) If f~ g and a,beR”*, then
(O [(af+ boydn=a(C) [ fda+ 6(C) [ gah.

(3) If we define (AVg Nx)=AxVg(x) for all z € X,
then

f,g be nonnegative measurable

(O [Vg dn=(C) [ 7\ (C) [ eab,

and if we define (fAg Xx)=Ax)Ng(x) for all z € X,
then

(O [ ine an=(O) [ faaN(O) [ gab.

Theorem 4.6. (1) If {f,} is an increasing sequence of
nonnegative measurable functions, then we have

©] i fdu= i () [ fe

(2) If {f,) is a decreasing sequence of nonnegative
measurable functions and f, is Choquet integrable, then



we have

@] i fdu= (@ [t

5. Distance between interval-valued fuzzy
numbers

In this section, we introduce the Choquet distance
measure between interval-valued fuzzy numbers and
their basic properties(see [8)).

Definition 5.1. For arbitrary interval-valued fuzzy num-
bers A, BE IF' (R™), the quantity

D(4,8)=(C) [ dy(4(2), B))du (@)
[ nlaldpa), BG) > rhar

is the Choquet distance measure between A4 and B,
where dy is the Hausdorff metric between A(z) and
B(z) which is defined as

dg (A(z), B(z))

=dy(47(z),B (z))Vdy (4" (z), B (z))
since A" (z) and 4*(z) the lower and the upper end-
point of A(x),

Az)=[4"(z), A* (z)].

Theorem 5.2. ([8] Theorem 4.2) The Choguet distance
measure D is a pseudo-metric.

Theorem 5.3. ([8] Theorem 4.3) Let A,BeIF'(R ")
and A, B are continuous. Then D (A, B)=0 if and only
if A=B up—a.e., that is,

v({x=R T |A(0)*+=B(x)})=0.

Theorem 5.4. ([8] Theorem 4.4) Let {A,} be an in-

creasing sequence in IF*(R ™) and let

dy— limA AW=A(x) for all xR ™. Then we have
l,igloDC(A 2 A)=0.

Theorem 55. If A,B=IFY(R"') for n=1,2, and
0=1[0,0], then we have

D) DAVIA, 02V 5 DA, D), and

@) DANS-1A,, OSAZ_ D (A, D).

Proof. (1) Since V5_/A,2A, for all k=1,2,-, by
Theorem 4.5(3),
DC(\/ 0:=1A n _O)ZDC(A ks —O-)

&0l HelEzet 2ol

i3]

bk

for all £=1,2,---. Thus
Dc(v o;:lA ns _0)2\/ c;eolec(A ks _0)
(2) The proof of (2) is similar to the proof of (1).

6. Distance between fuzzy number-valued
fuzzy numbers

In this section, we define two Choquet distance meas-
ures A and A, between fuzzy number-valued fuzzy
numbers.

Definition 6.1. Let A, BeFF'(R™). We define two
Choquet distance measures 4 ; and 4 , as the follow-
ings:

1 o (4, ?)zfoch( A., B)du, and
@ 204, B =V A, B.

Immediately, Definition 6.1 and Theorems 5.3, 54 and
55 implies the following two theorems.

Theorem 6.2. The above two Choquet distance meas-
ures A and A, are pseudo metrics.

Theorem 6.3. Let A, BEFF'(R*) and A,, B,
are continuous for all ae[0,1]. Then, we have

1) 2 (A4 B =0ifandonly if A,= B, u—a.ec.
on R* and almost everywhere a=[0,1], and

(2 2,(A, B)=0ifand only if A,= B, n—a.ec.
on R and for all a=[0,1].

Finally we investigate some properties of two Choquet
distance measures A , and 4 » which are applied to the

fields of approximate inference, signal transmission and
controller, etc.

Theorem 6.4. Let{ A ,} is an increasing sequence of
fuzzy number-valued fuzzy numbers in FF*(R*) and
AeFFY(R™).
DI dyl A, A, ()0 as nooo for all xeR™*
and for all a=[0,1], then

_ oy — qun; A=A
@I Vacpnds( A0, A, ()0 as #—oo for all
xR *, then

A, — LLH; A,="4

Proof. (1) Let e>0 and ae[0,1].  Since
A A (), A, ()0 as oo for all xeR™, by
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Theorem 54, there exists KeR * such that
DC( Znav 2a><8, anK
Then, for all n=K, by
1
a( AL A=[D(A,. Al
1
sfo eda=c¢,
That is, & ,— lim A ,= "A.
(2) Let >0. Since V eppudn( A n(x), A,.(x))—0
as n—oo for al x€R*, by Theorem 54, there exists
KeR™ such that
D(A,., A<, Va=K and for all a=f0,1].
Then, for all »=K, by
AZ( ’Zn’A) :\/o;=1Dc( ’Hnu, Zu)

<V 5_e=ce,

That is, A ,— lim A ,="A.

Theorem 6.5. If
then for i=1,2,
D a2 Ve A, {0h=vi_ 2 (A, {0, and
@ 2 A5 A=A 2 (AL (0D,

A ,eFF*(RY) for all »=1,2,-,

Proof. (1) We will only prove (1) with i=1, because
the proof of (1) with ;=2 is similar to the proof of (1)
with i=1. Since [V 3., A,1.=V 5. 4.,
(V-1 A, 1=Via A= Ay
Then we have
D (V¥ Al., =D A, 0), for k=1,2,.
This implies
Ay (V5o AL 0D
= [ DAV, AL, Dde

> (DA A Wd=a,( A, (.

Therefore,
a (VS A {02V, 8, A, {OD.
(2) The proof of (2) is similar to the proof of (1).
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