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In studying phase behavior of confined fluids, a lattice gas
model' is widely used. [t has been suceesslully applicd to the
phase behavior of waler trapped in 4 carbon nanotube.” We
have used a similar model 1o study the capillary foree duc to
a water meniscus that forms between an AFM Lip and 4
surface.™ Tn the Monte Carlo simulation of a confined NMuid,
1t 15 often reasonable (o 11X the chemical potential p(e.g. in
phase cquilibria) instead of the number of molecules V. Tt is
then sensible to work with a grand-canonical (#V7) ¢cnsem-
ble.* Figure | illustratcs a grand-canonical Monte Carlo
simulation of a liquid confined between two surfaces. The
liquid sites, drawn as circles in the figure, minic water
molecules™ at a relative humidity of 29%. The circular
upper surlace 1s modeled aller g nanoscale AFM (ip, and the
Mat lower surface corresponds to the surface probed by the
lip. As the inter~surface disiance i increases by one lattice
spacing 1 |from A 10 B i Figure 1], the hquid profile
changes (usually, the meniscus narrows in ils waist), The
force between two surfaces, F, is given by

Fin = (22 - o(2) )

@’
, where Q and ¥ are the grand potential and volume of the
svslem, respectively, and p is the pressure of the bulk system
with a chemical potential g The key quantity in the Monte
Carlo calculation of cquation (1) 1s the denivative of £ with
respect to A {the bulk pressure p can be casily calculated by
using an analytic theory such as the density lunctional
theory?). Within a lattice model in general, the derivative is
given by the change in Q as 4 increases by /. Therefore, in
order to calculate the force, one needs [ +7) — Q(4)],
where QA+ /) and Q(4) are the grand potentials at inter-
surface distances of &+ / and 72, respectively.

Unlortunately, £ is not a dircet observable in a standard
Monte Carle stimulation. Previously, we used a thermo-
dynamic integration method that utilizes the [ollowing
relation,’
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where £ and N are the energy and number of molecules,
respectively, Inorder Lo caleulate €, we numerically
inlcgrated cquation {2) as [ollows, Starting from =0
(infinite 7 where Q s known exactly), we ran simulations

=E-uN (f' =k, (2)

for at least 10 intermediate £ values. At cach £ value, we
cvaluated the right-hand side of equation (2) by using a
standard Monte Carto mcthod, Obviously, running simu-
lations al milermediale temperatures 1s the computational
boltleneck in the loree caleulation, There is another thermo-
dynamic integration mcthod that involves an integration
with respeet 10 g™ but its computational load is nearly
identical 10 that required for the above integration with
respect o

Iere we proposce a thermodynamic perturbation method Lo
calculate the change in the grand potential, Let us write the
diflerence in the grand potential as

Qih+ 1 — QU= —kpT InfLhH)Zh+1)] (3}

, where Z(k) und Z(h + 1) are the partition funclions of the
systems  with inter-surface distances of 4 and A1/,
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Figure 1. Profile of a liquid confined between two solid surtaces.
The upper- and lower- surtace sites are drawn as open and filled
squares, respectively. The liquid sites (defined as the lattice siles
with an average occupancy above 1/2) are represented as filled
circles. These ligures represent 2-dimensional cross sections of
waler menisci condensed between an AFM tip and a {lat surtace
under an ambient condition. A lattice gas model™™ has been used in
this simulation. The liquid profile changes when the distance
between iwo surlaces, A, increases from 3 [A] 1o 4 [B] laltice
spacings, /s.
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respectively, The formal expression ol Z(7) is

| | 1
Zin=3% 3 .Y expl-pH(c .0

= C= =0

el {4)

, where B 15 the total number of laltice sites, and ¢, (1 = 1, 2,
. B)1s the occupation number (O or 1} of the ith site. The
effective energy H in equation (4) is deflined as

H{c,,05,...05) = E(¢|,¢5,...¢5) = N(C | ,C5,...C5)  (5)

, where we wrote the energy E(c,¢,,...c;) and number

N(ey,ea,...¢p) as functions of the occupation number of
cach site. E(eq,¢z,...¢p) is lypically given as a sum of

intermolecular and molecule-surface interactions both taken
lo be of a nearest-neighbor type. Now suppose the total
number of latlice sites at an inter-surlace distance of /71 /13
B{>= B). Note

Zy=2"1"%
ol [ l
X 3 oY L Y expl=fH(¢ e | (6)
C=0 =0 00 =0
Using the above equation, we can write the ratio of partition

functions in cquation (3) as
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x exp|-pH{c .¢a,0 . Cp )| =2
, where Afl = H((‘],(‘:2,“.(},‘,,...,cR,)—H((‘],cz,.“.(.'n) , and
(‘..)g_,,_,‘_-r means the gnsmnblc average for a fixed
chemical potential g, an inter-surface distance #+/, and
temperature 7, Using cquation (7), we can write cquation (3)
as

QA1 -0 =
koT1(B—B"}In2 + In({exp[ ATVAZTY ol (8)

The above cquation expresses the difference in the grand
potential as an ensemble average of exponentiated A7,

In principle, equation {8} can be cvaluated by running a
simulation at a single thermodynamic state. An accurate
cvaluation of equation (8) however will require sampling a
range of AH much broader than obtained in a standard
Monte Carlo method, There are advanced Monte Carlo
techniques designed to micet such a requirenient. Over-
lapping distribution method and umbrella sampling” would
be examples. Another numerical dilficulty arises when
typical A7/ valucs are large, causing a divergence in
(explAHKRT ], 4,1 - To make AH smaller in magnitude,
one could introduce an intermediate geometry as follows,
Let us consider the case where the inter-surface distance /

Communications fo the Editor

Figure 2. An intermediate geometry of Figure 1A (=3 and
Figure 1B (/=441 As in Figure 1. gray-tilled squares represent the
lower surtace sites. Open and black-{illed squares correspend to the
tip-surface sites at A=4/ and A=3/. respectively, The liquid profile
tor this geometry (not shown) is expected to be in the middle of the
two profiles shown in Figure 1.

varics from 3/ 1o 4/ (as in Figure 1). One can think of this
transition in the gcometry as a two-step process by inscrling
an intermediate geometry shown in Figure 2. In this choice
of an intermediate geometry (one can think of various other
geometrics different from Figure 2}, the hall of the upper
surface sites are identical (o the upper surface sites at /i = 37
{(Figurc 1A), and the rest of the upper surface sites
corresponds 1o the upper surface sites at 2 = 4/ (Figure [B),
The transition from Figure 1A to Figure 1B can be divided
into the transitions from Figure 1A to Figure 2 and from
Figure 2 10 Figure B, Equation {8) can by applicd 1o cach
step, and the net change in Q is given by the sum of
change in cach step. In this way, one can vary the system
geometry gradually, and A values in simulation will be
smaller, The decrcase in the magnitude of A77 will be helplul
in preventing the divergence ol exponential function in
cquation (&), This scheme, combined with the advanced
Monte Carlo technigues, is expected to be less time-consum-
ing than thermodynamic integration methods (which typical-
ly require 10 additional simulations for a given thermo-
dynamic state). In summary, cquation (8) will provide an
cfficient computational method compared to the previous
Monte Carlo methods using a thermodynamic integration.
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