Kangweon-Kyungki Math. Jour. 13 (2005), No. 2, pp. 149-159

STABILITY OF POSITIVE
PERIODIC NUMERICAL SOLUTION
OF AN EPIDEMIC MODEL

Mi-Younag Kim

ABSTRACT. We study an age—dependent s-i-s epidemic model with
spatial diffusion. The model equations are described by a nonlinear
and nonlocal system of integro—differential equations. Finite dif-
ference methods along the characteristics in age-time domain com-
bined with finite elements in the spatial variable are applied to
approximate the solution of the model. Stability of the discrete
periodic solution is investigated.

1. Introduction.

In recent years there has been an interest in modelling the effects
of spatial diffusion on age-dependent population models. A general
account of the spatial dispersion of biological populations was given in
the classic work of Skellam [9]. Later spatial diffusion was introduced
into age—dependent population models by Gurtin [3] and Rotemberg
[8] and then has been investigated by several authors [1,4,5,6,7]. In this
paper we consider a numerical method to approximate the solution of
an s-i-s epidemic model within an age—structured population dynamics
with “random” diffusion. Namely, we consider a population density in
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steady state, which is governed by the following system of integro-
differential equations:

g——kAv—i—u() =0, z€Q, 0<a<ay, t>0,
v(z,
v(z,

(1.1) / Bla)v(z,a)da, x €,

a) = red, 0<a<a;.

Here the maximum age a4 is assumed to be finite. The function v(x, a)
denotes the population density of age a > 0 at location x. The non-
negative functions p and (8 are the age-specific death rate and the age-
specific birth rate, respectively. The death rate is assumed to satisfy

the following:
at
/ p(a) da = +oc.
0

In this population we consider the spread of a mild disease. Let i(x,t, a)
and s(z,t,a) denote the age specific density of infected and susceptible
individuals, respectively. We assume that the disease does not impart
immunity and that

(1.2) v(z,a) = s(x,t,a) +i(x,t,a).

In this model the disease does not significantly affect the death rate
and p is assumed to be the same for all subpopulations. We shall also
assume that infected and susceptible individuals interact freely and
randomly. Thus the dynamics are governed by the following system of
the equations:

% % ki + pla)i = r(a)ifo(w a) — i},

ot Oa
ref), 0<a<ay, t=>0,
(1.3) _q/ B(a)i(x,t,a)da, x€8, t>0,

i(x,0,a) =ip(x,a), €, 0<a<ay,
i(x,t,a) =0, €0, 0<a<as, t>0,
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where 7(a) is the force of infection and ¢ the vertical transmission
rate, that is, the ratio of infective newborns produced by infectives.
We assume that v is nonnegative and belong to L>(0,a+), 0 < ¢ <
1. For the model to make sense we also assume that 0 < ig(z,a) <
vo(z,a), 0 <a<ay.

2. A Numerical Method.

We first define some notations to be used in the paper. For 1 < ¢ <
oo and m any nonnegative integer, let

Wrma(Q) ={f € L1(Q) | D*f € L1(Q) if |a] <m}

denote the Sobolev space endowed with the norm

Hfl!m,q;n=< ) ||Daf||Lq(Q)) ,

la|<m

with the usual modification for ¢ = oco. Let H™(2) = W™2(Q) with
norm || - ||m = I - [lm,2:0- HF*(2) is the closure of D(2) in the norm
|- |lm;2, where D(€2) is the set of infinitely differentiable functions with
compact support in 2. To take into account the discretization of age
and/or time we shall also find useful the following notations:

1/p
I ey = (Z N Tm) |

j=1

N 1/q

Ixllgar (zrmy = ( > Hx"llﬁpmr)m) :
n=0

where if ¢ = 0o, the sum is replaced by the maximum. We shall use the
same notation to indicate the dualities between H{(2) and H " ().
We now make some assumptions on the data and solutions of the prob-
lem (1.3). Observe that the initial age—space distribution iy given in
(1.3) must be nonnegative for biological reasons. Now, let 7" > 0 be the
final time and let J = [0, a4) x [0,7T]. Let Q2 be a bounded domain with
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C?-boundary 0€2. We shall assume that the initial-boundary value
problem (1.3) has a unique solution i € C%(J; H*t¢(Q)) for some ¢,

0 < € << 1. Now using the divergence theorem we arrive at a weak
form of (1.3)1, (1.3)3: Seek a map i : J — Hga () satisfying

(2.1) (%+%,w> +k (w, Vw>+(u(a)i, w) = (y(a)i(v(z, a)—i), w),

where w € HZ(2). We shall discretize (2.1) using a finite difference
method of characteristics in the age—time direction and a finite element

method for the spatial variable. Let N be a fixed integer, and let
At = T/N, AT = [aT/At], and

t"=nAt, 0<n<N, a;=jAt 0<j <A

We define a directional derivative Dx of x along the characteristic
t = a and a finite difference operator D as follows:

. xla+ At t + At) — x(a,t
D)= fim X e

and, for j > 1, n > 1,

n n—1
X5 — Xj-1

Dxj = =x;

We partition 2 into triangles K and denote by 7} the resulting mesh
and h the mesh size. We also assume that {75} is a quasi-uniform
family and that the family {7},} is weakly acute in the sense that

/V(Z)i-ngjdng, 1<i#j<L,
Q

where ¢; is the canonical piecewise linear function with value 1 at the
node z; and 0 at the remaining nodes, and L is the total number of
nodes. Let Vj, C HE(R2) be the set of piecewise linear polynomials.
Namely,

(2.2) Vi, = {9 € C(2)| ¢|k is linear for each K € T, }.
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Let II; be the corresponding Lagrange interpolation operator. We
consider the following discrete inner product (-, -), which uses the vertex
quadrature rule [2]: For ¢, p € V)1,

3
(1, ) /Hh Yp)dr = Z meas Z (Ve)(bk.j),
71=1

KETh

and for a continuous,

3
(aVY, Vo) : Z meas Za bk i )VY Kk - Vo|k,
7j=1

KETh

where bg j, j = 1,2,3, are vertices of K. We note that i(x,¢,at) = 0.
Thus we may assume that ZZT, n =0, for n > 1. Then the approxima-
tion scheme we shall analyze is given by seeking 7, € V), for n > 1,

1 < j < Ay, such that
(2.3)
) = Phio(-,aj),o S] < AT?
(Dilf,,w) + k(Vily, Vw) + (117 5, w) 4 (05 ()i 5 w) =
(fyjizgl(Zvj() —iy),w), wE Vy, 1<j< A, n>1,
At

Znh = ZBJZZhAt,n Z 17

=0

where P}, is an interpolant such that z? n = 0.

3 Discrete maximum principle and comparison results.

If we express i, in terms of the canonical basis functions {¢; }1<j<r,
then we notice that the discrete problem yields to compute 7, using
’L h , 0 < j < Ay, for given time level n — 1. This in turn amounts
to solve (A; — 2) elliptic problems for each time level n. It essentially
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leads to solve the following linear system for 1 < j < Ay, n > 1:

{M + AthkA+ Atp; M + AW]'D{/M + Aty DY MY =
MIM 8= L oAty DL MY 0<j< Ay, n> 1,

(3.1) 1

Ay
0 DA, n>1,
=1

T 1 Atfy &

199 = Py, 0<j <A

where i7, = Sy [, 179 = (I 12T, Myy = (6, 03 ),
Ars - (v¢ra v¢s)h; (D?’])rs - I;L’JéTS) (D{/)rs - ’Uj(xv")érs-

We now have the following estimate:

THEOREM 3.1. 0 <47, <wj;p, for 0 <j <Ay, n=>0.

We consider the following linear problem:
(ﬁZZMUJ) + k(Vz}fh,Vw) + (ujz;h,w) =0,
weV,, 1<j<A, n>1,

Ay

3.2
(3:2) =Bzl uAt,n > 1,
=0

0 -0 .
Zip = Ujh — 2]-7,1,0 <j<A;

For problem (3.2), we have the following “discrete maximum principle”:

THEOREM 3.2.

min {0, ;25}1 {zg’;j, z?_n’h} } <z, <max{0, QICIé%Xh {Zgﬁj, Z?—n,h} }.

THEOREM 3.3. If Z0p 2 C, for some constant C' > 0, x € O C )y,
n > N, then there exists a positive constant C(A) for each A < Aj,
such that 2}, > C(A), for x € Qp, 0 < j < A n >N + A, and
C(A) — 0, as A — A

Following comparison results also hold:
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THEOREM 3.4. (1) Z?,h < g?yh implies that 27;, < 27.

Using the discrete maximum principle and comparison results, we
have the following maximum principle for the problem (2.3):

THEOREM 3.5. If iy, > C, for some constant C > 0, x € O C

n > N, then, there exists a positive constant C(A) for each A < Aj,
such that i, > C(A), forx € Q5,0 < j < A, n >N+ A, and
C(A) — 0, as A — A;.

We need the following Lemma for the main result (Theorem 4.7):

LEMMA 3.6. Let Oy, be a nonempty subset of Q. If (A}, w}) is the
smallest eigen-pair of the following:

{ (Vw;, Vx) + (Awi, x) =0, in Oy,
w} =0, on 00y,

then (A}, wi) > 0.
We are now ready to state the main result of this section.

THEOREM 3.7. Assume that the initial data is fertile. Then 7, >
0, for x € Q, 1 < j < Ay, n > N, for sufficiently large N. More
precisely, there exist a positive constant C(A, N) for each A < A;, such
that i, > C(A,N), for x € Qp, 1 < j < A, n > N, for sufficiently
large N, and C(A,N) — 0 as A — A;.

4. Steady state problem.

We now consider the following steady state problem:

% — kAL + p(a)i = y(a)i{v(z,a) — i}, z€Q, 0<a<ay,
A1) i, 0) = q/af B(a)i(x, a)da, zEQ
0

i(r,a) =0, x €09, 0<a<ai,
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and corresponding discrete problem of the following:
(4.2)

(Dijp, w) + k(Vign, Vw) + (g n, w) =(viign(v; () —ijn), w),
weVy, 1<j<A;,

At
iO,h: E ﬁj’ij’hAt.
1=0

We note that problem (4.2) is nonlinear and nonlocal, and an iteration
is required to solve them. Now let i;; <i;;, <1, be the lower and

upper solutions of (4.2). Consider the following iteration with an initial

-(?) ;o (N( ) _ zj h, respectively).

i =ign, 15 <Ay
- - (k
(D) w) + k(Y5 w) + (5185 w) + (0,1 ) w) =

(4.3) (%ﬁW%O i) w), weVi, 1<j<Ay
z%—Z@Wm

and

ZEO})L_”ZJ hs 1 Sj <AT,
k ~k 1
(Dilh), w) + k(Vilh), Vw) + (i), w) + (v50; ()%, w) =

(4.4) mﬁ%mo i w), weVy, 1<j<A,
~k ~k
zé}z = Zﬁjzg’}zAt.
=0

Noting that G (i) = v;4(2v; —4) is monotone increasing in 4, we see that
by comparison result,

0<T) <70 <7,
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Thus 25 ) (2( ,3, respectively) is decreasing (increasing, respectively) in
( ) - (k)

the iteration level k . Let Zj n o= limg_, o0 i and Lip = = limy_, o ’LJ e

Then z( ) h < ijh <z(k)

Based on the monotone property of GG, we have the following as-
ymptotic behavior of the solution of the time dependent problem:

THEOREM 4.1. Let i} and ;j,h be a pair of lower and upper solu-
tions of (4.2) withi 5, > i, > 0 and let i), and Az?h be the solutions
of (2.3) with ig,h = ijh and 72-7,1 = ;j,h, respectively. Then, we have
the following:

(1) ;;L’ n 05 respectively) is monotone decreasing (increasing, re-
spectively) in n and Z;Lh > 0%,

(2) ijn = limnqooﬁiv;h > iy = limy oo ’zjh and i;y and ijp are
the maximal and minimal solutions of (4.2).

(3) ijn <), <y implies that ;) <), <i;n.

(4) If i% ;, is the unique solution of (4.2) such thit iip <7y < b

.M 303 . 0 .
then i = i, asn — 00, whenever ijh < i p < Ujhe

5. Uniqueness and stability of a periodic solution.

In this section we use the results of §4 to show the unique existence
and stability of a non-trivial periodic solution. We assume in this sec-
tion, that the biological parameters u, 3, v are T*—periodic for some
T* > 0 and that v(x,t,a) is a non—trivial T*—periodic population den-
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sity. We then consider the following problem:

Ji 0 . : , :
a + % — kAT + ,u(t, a)Z = 7(t7 a)Z{U(.fE, t a) - Z}a

zef), 0<a<ay, t=>0,
(5.1) _q/ B(t,a)i(z,t,a)da, =€, t>0,

i(x,t,a) =0, €0, 0<a<as, t>0,
iz, t,a) =i(x,t+T",a), z€Q, 0<a<ay, t>0,

We are then interested in finding stable M-periodic endemic solutions.
Namely, we want to find periodic solutions for n > 1, 1 < j < A4, to

iS5, = Puio(-,a5),0 < j < Ay,

(Diff pyw) + k(Vij g, Vw) + (1545 4, w) 4+ (V707 ()i, w) =
(Vi (207 () — i) w), w e Vi, 1< 5 < Ay, n> 1,
Ag

'Z/nh = Zﬁ?ZﬁhAt,n Z 1,

z‘”h_zszwevh, 1<j< Ay, n>0.

(5.2)

Following theorem concerns the existence of a maximal M-periodic
solution in the desired range.

THEOREM 5.1. There is an M-periodic solution (} of (5.2) such
that 0 < (% < w;. If there is an M-periodic solution i of (5.2) such
that 0 < z;“” < wj, then 0 < @;” < E;L.

THEOREMb.2. Any non-trivial M-periodic solution is positive and
there is at most one non-trivial M-periodic solution. Furthermore, it
is asymptotically stable in that range when 0 < i? < v;), if it exists.
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