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ON PRIME LEFT(RIGHT) IDEALS OF
GROUPOIDS-ORDERED GROUPOIDS

S. K. Lee

Abstract. Recently, Kehayopulu and Tsingelis studied for prime

ideals of groupoids-ordered groupoids. In this paper, we give some

results on prime left(right) ideals of groupoid-ordered groupoid.
These results are generalizations of their results.

If (G, ·,≤) is an ordered groupoid, a non-empty subset A of G is
called a left (resp. right) ideal of G if 1) GA ⊆ A (resp. AG ⊆ A) and
2) a ∈ A, b ≤ a for b ∈ G implies b ∈ A ([2-4]). If G is a groupoid, a left
(resp. right) ideal of G is a non-empty subset A of G such that GA ⊆ A
(resp. AG ⊆ A). A subset P of a groupoid is said to be prime if ab ∈ P
implies a ∈ P or b ∈ P (see [5]). A prime left (resp. right) ideal of
a groupoid (ordered groupoid) is prime as left (resp. right) ideals ([2,
3]). If (G, ·,≤) is an ordered groupoid, a zero of G is an element 0 of
G such that 0x = x0 = 0 and 0 ≤ x for every x ∈ G ([1]). If G is a
groupoid, a zero of G is an element 0 of G such that 0x = x0 = 0 for
every x ∈ G.

Recently, Kehayopulu and Tsingelis gave some results for prime
ideals of groupoids.

In this paper, we give analogous results for prime left(right) ideals
of groupoids. These results are generalizations of the results of Kehay-
opulu and Tsingelis.

Proposition 1. Let G be a groupoid (resp. ordered groupoid) and
C a chain (under set inclusion) of prime left ideals of G. If

⋂
L∈C L is

non-empty, then it is a prime left ideal of G.
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Proof. Since
⋂

L∈C L is non-empty and

G

(⋂
L∈C

L

)
=
⋂
L∈C

(GL) ⊆
⋂
L∈C

L,

the set
⋂

L∈C L is a left ideal of G.
Let ab ∈

⋂
L∈C L for a, b ∈ G. Suppose that a /∈

⋂
L∈C L and b /∈⋂

L∈C L. Then there exist L1 ∈ C and L2 ∈ C such that a /∈ L1 and
b /∈ L2. Since ab ∈ L1, a /∈ L1 and L1 is prime, we get b ∈ L1. Since
C is a chain and b ∈ L1 \ L2, we get L2 ⊆ L1. Since ab ∈ L2 and
b /∈ L2, we get a ∈ L2 ⊆ L1. Thus a ∈ L1, which is impossible. Hence
if ab ∈

⋂
L∈C L for a, b ∈ G, then a ∈

⋂
L∈C L or b ∈

⋂
L∈C L. Therefore⋂

L∈C L is a prime left ideal of G. �

By the similar method we have the following proposition.

Proposition 2. Let G be a groupoid (resp. ordered groupoid) and
C a chain (under set inclusion) of prime right ideals of G. If

⋂
R∈C R is

non-empty, then it is a prime right ideal of G.

From proposition 1 and 2, we have the following corollary.

Corollary 1. [3] Let G be a groupoid (resp. ordered groupoid)
and B a chain of prime ideals of G. If

⋂
B∈B B is non-empty, then it is

a prime ideal of G.

Proposition 3. Let G be a groupoid (resp. ordered groupoid) and
K a non-empty subset of G. If L is a prime left ideal containing K,
then there exists a prime left ideal L∗ of G having the properties:
1) L∗ ⊆ L.
2) For each prime left ideal T of G such that K ⊆ T ⊆ L∗, we have
T = L∗.

Proof. Let A := {A | A is a prime left ideal of G such that K ⊆
A ⊆ L}. Since L ∈ A, we have A 6= ∅. Now we define the relation on
A as follows:

4 := {(A,B) ∈ A×A | B ⊆ A}
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Then the family A is an ordered set with the relation “4 .” Let (B,⊆)
be a chain in A. Since K is non-empty and K ⊆ B for any B ∈ B,
we have

⋂
B∈B B is non-empty. By Proposition 1, the set

⋂
B∈B B is

a prime left ideal of G. Moreover, K ⊆
⋂

B∈B B ⊆ L. Thus
⋂

B∈B B
is an upper bound of B. By Zorn’s Lemma, the set A has a maximal
element, say L∗. Since L∗ ∈ A, we have L∗ ⊆ L.

Let T be a prime left ideal of G such that K ⊆ T ⊆ L∗. Then
K ⊆ T ⊆ L, and so T ∈ A. Since L∗ ∈ A and T ⊆ L∗, we have L∗ 4 T.
And since L∗ 4 T and L∗ is a maximal in A, we have L∗ = T. �

By the similar method we have the following proposition.

Proposition 4. Let G be a groupoid (resp. ordered groupoid) and
K non-empty subset of G. If R is a prime right ideal containing K, then
there exists a prime right ideal R∗ of G having the properties:
1) R∗ ⊆ R.
2) For each prime right ideal T of G such that K ⊆ T ⊆ R∗, we have
T = R∗.

From proposition 3 and 4, we have the following corollary.

Corollary 2. [3] Let G be a groupoid (resp. ordered groupoid)
and K non-empty subset of G. If P is a prime ideal containing K, then
there exists a prime ideal I∗ of G having the properties:
1) P ∗ ⊆ P.
2) For each prime ideal T of G such that K ⊆ T ⊆ P ∗, we have T = P ∗.

Proposition 5. Let G be a groupoid (resp. ordered groupoid)
with a zero and L a prime left ideals of G. Then there exists a minimal
prime left ideal L∗ of G such that L∗ ⊆ L.

Proof. Since 0 = 0l ∈ GL ⊆ L for a zero 0 of G and l ∈ L, we
get {0} ⊆ L. By Proposition 3, there exists a prime left ideal L∗ of G
having the properties:

1) L∗ ⊆ L.
2) For each prime left ideal T of G such that {0} ⊆ T ⊆ L∗, T = L∗.
Thus the set L∗ is a minimal prime left ideal of G. �
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By the similar method we have the following proposition.

Proposition 6. Let G be a groupoid (resp. ordered groupoid) with
a zero and R a prime right ideals of G. Then there exists a minimal
prime right ideal R∗ of G such that R∗ ⊆ R.

From proposition 5 and 6, we have the following corollary.

Corollary 3. [3] Let G be a groupoid (resp. ordered groupoid)
with a zero and P a prime ideals of G. Then there exists a minimal
prime ideal P ∗ of G such that P ∗ ⊆ P.

Proposition 7. Let G be a groupoid (resp. ordered groupoid) and
{Li | i ∈ Λ} a non-empty family of prime left ideals of G. Then the set⋃

i∈Λ Li is a prime left ideal of G.

Proof. Since every Li is non-empty,
⋃

i∈Λ Li is non-empty. And

G

(⋃
i∈Λ

Li

)
=
⋃
i∈Λ

(GLi) ⊆
⋃
i∈Λ

Li.

Thus
⋃

i∈Λ Li is a left ideal of G.
Let ab ∈

⋃
i∈Λ Li for a, b ∈ G. Then ab ∈ Lj for some j ∈ Λ. Since

Lj is prime, a ∈ Lj or b ∈ Lj . Thus a ∈
⋃

i∈Λ Li or b ∈
⋃

i∈Λ Li.
Therefore

⋃
i∈Λ Li is a prime left ideal of G. �

By the similar method we have the following proposition.

Proposition 8. Let G be a groupoid (resp. ordered groupoid) and
{Ri | i ∈ Λ} a non-empty family of prime right ideals of G. Then the
set
⋃

i∈Λ Ri is a prime right ideal of G.

From proposition 7 and 8, we have the following corollary.

Corollary 4. [3] Let G be a groupoid (resp. ordered groupoid)
and {Pi | i ∈ Λ} a non-empty family of prime ideals of G. Then the
set
⋃

i∈Λ Pi is a prime ideal of G.
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Proposition 9. Let G be a groupoid (resp. ordered groupoid), L
a left ideal of G and R a right ideal of G such that L

⋂
R be prime in

G. Then L ⊆ R or R ⊆ L.

Proof. Assume that L * R. Then there exists a ∈ L \R. Let b ∈ R.
Since L is a left ideal and R is a right ideal of G,

ba ∈ RL ⊆ GL ⊆ L and ba ∈ RL ⊆ RG ⊆ R.

Thus ba ∈ L
⋂

R. Since L
⋂

R is prime, b ∈ L
⋂

R or a ∈ L
⋂

R. Since
a /∈ R, b ∈ L

⋂
R. Hence R ⊆ L

⋂
R. Therefore R ⊆ L. �

Remark. In proposition 9, R
⋂

L need not be ideal, left(right)
ideal.

From proposition 9, we have the following corollary.

Corollary 5. [3] Let G be a groupoid (resp. ordered groupoid),
P1, P2 ideals of G such that P1

⋂
P2 be a prime ideal of G. Then P1 ⊆

P2 or P2 ⊆ P1.

Proposition 10. Let G be a groupoid (resp. ordered groupoid)
and L a prime left ideal of G and R a prime right ideal of G. Then the
following are equivalent:
1) L ⊆ R or R ⊆ L.
2) L

⋂
R is prime in G.

Proof. 1) ⇒ 2). If L ⊆ R, then L
⋂

R = L. Thus L
⋂

R is prime in
G. If R ⊆ L, L

⋂
R = R. Hence L

⋂
R is prime in G.

2) ⇒ 1). It is obvious by Proposition 9. �

From proposition 10, we have the following corollary.

Corollary 6. [3] Let G be a groupoid (resp. ordered groupoid)
and P1, P2 prime ideals of G. The following are equivalent:
1) P1 ⊆ P2 or P2 ⊆ P1.
2) P1

⋂
P2 is a prime ideal of G.
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Proposition 11. Let S be a groupoid (resp. ordered groupoid),
I an ideal of S and P a prime left ideal of I. Then P is a left (resp.
right) ideal of S.

Proof. We note that ∅ 6= P ⊆ I. Let a ∈ S, and b ∈ P. Then b ∈ I
and ab ∈ SI ⊆ I. Since aba ∈ SIS ⊆ I, we have (ab)2 = (aba)b ∈ IP ⊆
P. Since P is a prime left ideal of I, we get ab ∈ P. Thus SP ⊆ P, and
so P is a left ideal of S. �

By the similar method we have the following proposition.

Proposition 12. Let S be a groupoid (resp. ordered groupoid), I
an ideal of S and P a prime right ideal of I. Then P a left (resp. right)
ideal of S.

From proposition 11 and 12, we have the following corollary.

Corollary 7. [3] Let S be a groupoid (resp. ordered groupoid),
I an ideal of S and P a prime of I. Then P is a ideal of S.

References

1. G. Birkhoff, Lattice Theory, Amer. Math. Soc. Coll. Publ. Vol. XXV, Provi-
dence, Rh. Island, (1967).

2. N. Kehayopulu, On weakly prime ideals of ordered semigroups, Mathematica

Japonica 35(6) (1990), 1051-1056.
3. N. Kehayopulu, On prime ideals of groupoids - ordered groupoids, Scientiae

Mathematicae Japonicae. online 5 (2001), 83-86.

4. S. K. Lee, Right(left) semi-regularity on po-semigroups, Scientiae Mathemati-
cae Japonnicae 55(2) (2002), 271-274.

5. S. K. Lee and Y. I. Kwon, A Generalization of the Theorem of Giri and Wazal-

war, Kyungpook Math. J. 37 (1997), 109-111.

Department of Mathematics Education
Gyeongsang National University
Chinju, 660-701, Korea
E-mail : sklee@gsnu.ac.kr


