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STABILITY OF A GENERALIZED QUADRATIC
FUNCTIONAL EQUATION WITH JENSEN TYPE

YouNG WHAN LEE

ABSTRACT. In this paper we solve a generalized quadratic Jensen
type functional equation

mf (ZELEE) 4 f@) 4 1) + 12

321 (5 o055

and prove the stability of this equation in the spirit of Hyers, Ulam,
Rassias, and Gavruta.

1. Introduction

S. M. Ulam (see [26]) proposed the stability problem : “When is it true
that by slightly changing the hypothesis of a theorem one can still assert
that the thesis of the theorem remains true or approximately true?” The
case of approximately additive mappings was solved by D. H. Hyers [3].
Th. M. Rassias [17] proved a substantial generalization of the result of
Hyers and also P. Gévruta [2] obtained a further generalization of the
Hyers-Ulam-Rassias theorem (see also [1-4]). Later, many Rassias and
Gévruta type theorem concerning the stability of different functional
equations were obtained by numerous authors (see, for instance, [5-24]).
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In this paper we deal with a generalized quadratic Jensen type func-
tional equation

m%(fiﬂi3>+fm»+ﬂw+f&)

M =n2p<z%£)+f<yzz)+f(zzz)}

where m and n are nonzero integers with m + 1 = 2n. The author [15]
solved the quadratic Jensen type functional equation

of () 4 10) + 1) + 72

o b)) )

and investigated the Hyers-Ulam-Rassias stability of this equation. T.
Trif ([25]) generalized the above result for n variables with a quadratic
equation deriving from an inequality of Popoviciu for convex functions.
But the equation (1) is an another generalized form of the equation (2)
for two vatiables.

In section 2, we solve the equation (1). In section 3, we prove the
stability of the equation (2) in the spirit of Hyers, Ulam, Rassias and
Gavruta.

2. Solution of the equation (1)

If f: R — R satisfies (1) for all z,y,2 € R then f(z) = az? + bz + ¢
is a solution of (1). In particular, if m? + 3 % 3n? then ¢ = 0.

THEOREM 2.1. Let X and Y be real linear spaces. A function f :
X — Y satisfies (1) for all z,y,2 € X if and only if there exist a
quadratic function Q : X — Y, an additive function A: X — Y, and
an element B € Y such that

f(z) =Q(z) + A(z) + B

for all z € X. In particular, if m? + 3 # 3n? then B = 0.
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Proof. (Necessity) Let Q(z) := %[f(z) + f(—z)] — f(0), A(z)
31f(z) — f(—z)], and B = £(0) for all z € X. Then Q(0) =0, Q(~xz)

Q(z), A(0) = 0, A(—2z) = —A(z),

m2Q<M>+Q<>+Q(>+Q(>

n? x+y zZ+z
(3) Q(ETY) + (L2 4 (2EYy),
and

m2A($+:l+z)+A( )+ Aly) + A2)
(4) = ATy 4 ACLEE) 4 42T

for all z,y,z € X.
First we claim that ¢ is quadratic. That is,

Qz +y) + Qz — y) = 2Q(z) + 2Q(y)

for all z,y € X. Putting 2 =0 and y = —z in (3) yields

)

for all z € X. Putting y = 2z = 0 in (3) yields

(5) Q(z) = n*Q(

38

(6) m?Q(=) = Q(x)
for all z € X. By (3), (5) and (6), we have

Qz+y+2)+Q(2) +Qy) + Q=)
(7) =Q(z+y)+Qy+2)+Qz+2)

for all z,y,2z € X. By replacing z = —z in (7) we get

Qlz+y)+Qz —y) =2Q(x) + 2Q(y)

forall z,y € X.

i

Secondly we claim that A is additive. Putting y = z = 0 in (4) yields

(8) mZA(%) + Az) = 2n2A(%)
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for all z € X. Putting y = z and z = —z in (4) yields
2z
—)

for all z € X. By (8) and (9) we have 2A(z) = A(2z) for all z € X.
Putting y = z = 0 and replacing x by 2z in (4) we get

(9) m?A(—) + A(z) = n® A(

3w

(10) 2m2A(%) +2A(z) = 4n2A(§ )

for all z € X. Replacing y by 2z and z by —z in (4) we have

E’E T

)+ A(-)

(11) 2m2A(%) +24(z) = n?A(S E

for all x € X. By (10) and (11) we have 3A(z) = A(3z) for all z € X.
Suppose that A((k—1)z) = (k—1)A(z) and A(kz) = kA(z) for some
integer k. Putting y = 2 = 0 and replacing = by kz in (4) we get

(12) km2A(—7‘:—i—) + kA(z) = 2kn2A(%)

for all z € X. Replacing y by kz and z by —z in (4) we have

(13) km2A(£) +kA(z) = n2A((k—+1)m) + (k — 1)n2A(£)

m n n
for all z € X. By (12) and (13), we have n2A(EENZ) = (k + 1)A(2)
and so (k+1)A(z) = A((k+1)z) for all z € X. An induction argument

implies that
(14) A(kz) = kA(z)
for all integer k and all z € X. By (4) and (14) we get

mA(z +y+ z) + A(z) + A(y) + A(2)
(15) =nlA(z +y) + A(y + 2z) + A(z + z)]

for all z,y,2 € X and m + 1 = 2n.

In the case n = m = 1, if we replace z = —x — y in (15), we have
Az +y) = A(z) + A(y) for all z,y € X. Let n # 1. Putting z = 0 and
m=2n—1yields (n—1)A(z+1) = (n—1)[A(z) + A(y)] for all z € X.
Therefore A is additive.

(Sufficiency) This is obvious. O
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3. Hyers-Ulam-Rassias stability of the equation (1)

Throughout this section X and Y will be a normal linear space and a
real Banach space, respectively. Let m,n # 0,41 be fixed integers with
m+1=2nand let p: X x X x X — [0,00) be a mapping satisfying
one of the condition (a), (b) and one of the condition (c), (d) :

o0
1

(a) q)l(ma Y, Z) = Z ;l—chp(nkx, nkya nkz) < o0,
k=1
1

(b) @2(1‘, Y, Z) = Z Wgo(mkx, mkya mkz) < 0%,
k=1
=1

(C) @3(3:71/72) = Z?(’D(zkm,zky’?kz) < 00,
k=0
oo ~ z y =z

() Pa(z,y.2) = Y 2 0(55 55 55) <0
k=1

for all z,y,z € X. One of the conditions (a), (b) will be needed to derive
a quadratic function and one of the conditions (c), (d) will be needed to
derive an additive function in the following theorem.

THEOREM 3.1. If the function f: X — Y satisfies

T+y+z
Im? f(EE 2
m

)+ @)+ fly) + f(2)

() 4 (2
(16) Sap(w,y,Z)

)+ F D)

for all z,y,z € X, then there exist a unique quadratic function @ : X —
Y, a unique additive function A: X — Y and a unique element B€ Y
such that

If(z) - Q(z) — A(z) - Bl < e(z)+&i(),

I o) - Bl < at)
and
1@ =IED ) < sia)

2
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forallz € X, i=1 or 2, where

1(0) = 7193, ~2,0)+ #1 (=0,2,0] + T rs
e2(x) = —21—[@2(36, 0,0) + ®2(—2,0,0) + ®2(z, —x,0) + ®2(—7,,0)]

©(0,0,0)
2m2(m?2 — 1)’

1
01(z) = W[@g(nm, 0,0) + ®3(—nz,0,0) + ®3(nz, nz, —nx)

+ ‘I>3(—nx —nx,nx),

nr nr —Mx
—nr —Mr nI
+‘I’4(— —-2——’_2—)]

for all x € X. The function Q, A and the element B are given by
{ limg 00 IM%%’:—(—,Q_@ if ¢ satisfies (a),

Qz) =
limg_ 00 f(mkmgjné(k_mkx) if ¢ satisfies (b),

Alz) = { limg_, o0 f—@mt%(:—yc—m) if ¢ satisfies (c),

limg oo 2571 [f (&) — f(FR)] If o satisfies (d),
for all z € X and B = f(0).

Proof. Let fi1 : X — Y be the function defined by f(z) := wa
f(0) for all z € X. Then f1(0) =0, f1(z) = fi(—z), and

I (FEEEE) 4 @) + 1) + ()
e I R A GO PR ER)
(17) < 5[90(96,31,2:) + (=, —y, —Z)] + ¢(0,0,0)

for all z,y,z € X. Putting 2 =0 and y = —z in (17) and dividing by 2
yields

If1(@) -2 ()]

(18) < ~2—15[go(m, —2,0) + p(—z,z,0)] + %90(0, 0,0).
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Replacing = by nz in (18) and dividing by n? we have

Ifa(a) — 202y,
(19) < o sli(nz, ~n2,0) + p(-nz,nz,0)] + 7 5(0,0,0)

for all x € X. Assume that ¢ satisfies the condition (a). Replacing z
by n*~1lz and dividing by (n?)*~! in (19) we have

fl(nk_lx) _ fl(nkx) “
(n2)k71 (n2)k7
1

S Gn

for all k € N and x € X. An induction argument implies

nk.')?
1) - 2022

1
2i

I

(20) [p(n*z,nfz,0) + p(—nFz, nkz,0)] + 2;% ¢(0,0,0)

[p(niz, —n'z,0) + p(—nz,n'z,0)]

IA
==

n
1

k
0,0,0 1
(21) E o

for all k € N and z € X. Hence
fl(nkx)_fl(nlx)

12 S e
<2 —mle(n'z, —n'z,0) + p(-n'z, n'z,0)]
i=l+1
k
¢(0,0,0) 1
(22) + = Z —
i=[+1

i

for all k,1 € N with k > [ and x € X. This shows that {fl(" 2} s a
Cauchy sequence for all z € X and thus converges. Therefore we can
define a function @ : X — Y by

f1(n z) for all z € X.

Q(z) = lim

k—o0
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Then Q(0) = 0,Q(—z) = Q(z), and Q(nz) = n?Q(z) for all z € X. By
(17) we have

Im?*Q(EE2) + Q) + Q) + QCe)
- RN+ E) Ty
< 5 Jim [ ik lp(n¥z, nFy, n*2) + o(—nkz, —nFy, —n*2)]
+;—;—k<p(0,0,0)]
=0
Thus we get
m? QL) 1 Q) + QM) + Q)
2[@(””“’ o)+ o2t

for all z,y,z € Y. By the same method as that of the proof of Theorem
2.1, we have

Qz+y)+ Qz — y) = 2Q(z) + 2Q(y)

for all z,y € X and so @ is quadratic. Taking the limit in (21) as
k — oo, we have

[ f1(z) — Q=)
(23) < (@ -2,0) + B (2, 7,0)] + 5o

2n2(n2 — 1)

for all z € X.

If @ is another quadratic function satisfying (23), then Q'(0) =
0,Q'(2z) = 4Q'(z), and Q'(—z) = Q'(z) for all £ € X. Replac-
ing y by 2z in Q' (z +y) + Q' (x —y) = 2Q'(z) + 2Q'(y) we have
Q'(3z) + Q'(—z) = 2Q'(z) + 2Q'(2x) and so Q'(3z) = 9Q’(x) for all
z € X. An induction argument implies Q’(kz) = k2Q’(z) for all k € N.
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Thus we have

1Q(z) — Q'(2)|l
fl(nkx) _ Q,(nkx) [l

< n2k  p2k i+ n2k n2k
1 ©(0,0,0)
< ook [®1(n*x, —nFz,0) + &) (-n*z, nFz,0)] + 2 (nZ = 1)k
I o 1. _ b N 1 i 90(07())0)
- 9 Z lek [SO(n z,—n'Zz, 0) + (P( nz,n (L’,O)] + nz(nz . 1)n2k

i=k+1

for all k € N and = € X. Therefore we can conclude that Q(z) = Q'(z)
for all z € X.
Assume that ¢ satisfies condition (b). Putting y = z = 0 in (17)

Im? (=) + fale) = 202 Fi ()]

(24) <1

5[@(‘% 0, O) + ‘P(_:C’ 0, 0)] + ‘P(Oa 0, 0)

for all z € X. Hence

Im?£1(2) - fu(@)]

< ”m2f1(%) + fi(z) - 2n2f1(%)|| + 2| f1(z) — n fl(%)“
(25)
< %[w(r, 0,0) + ¢(~z,0,0) + (z, —x,0) + p(~z, z,0)]
+ 1<p(0,0, 0)

2
for all z € X. Replacing z by mz in (25) and dividing by m? we have

(26)
() - B2,

1
F[g&(mm, 0,0) + ¢(—mx,0,0) + p(mz, —mz,0) + p(—mzx, mz,0)]

1
+ 5—5¥(0,0,0)
2m
for all z € X. By the same proof as that of the case (a), we can define
a function Q : X — Y by

Q(z) = lim 1172

R -T2 forallz € X.
— 0
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and also we easily have that @ is a unique quadratic function such that
I f1(z) — Q=)
_[(PZ("L‘ 0 O) + ¢2( -z, Oa 0) + @2(.’E, -, 0) + @2(—'.’B, z, 0)]

(27) =2
¢(0,0,0)
om2(m? — 1)

—

-+

forall z € X.
Now let fo : X — Y be the function defined by f2(z) := %( f(z) -
f(=z)) for all z € X. Then f2(0) =0, fao(—z) = —fa(z) and

Im2 (5 4 fo(a) + faly) + fo(2)

(28) ~ w4 () 4 (S

:U-I-y

)+ fal

— Il

< _2‘[50('7:, Y, Z) + (P(—CE, —-Y, —Z)]
for all z,y,z € X. Putting y = z = 0 in (28) we get
Wﬁh()+h@)2ﬁh(w

< 5[50('7;’ 0’ O) -+ Lp(—m, 0’ 0)]

(20)

for all z € X. Putting y = z and z = —z in (28) we get

2 fa(Z) + falz) — 2 fo (22|

1
< 5[‘P($,$, ——IE) + 90(_:177 —-CE,.’L')]
for all z € X. By (29) and (30) we have

2n? f. Ty —n? 2z
(31) Hl 2(n) fa( - i
< i[cp(m, 0,0) + ¢(—,0,0) + p(z,z, —z) + p(—z, —, z)]

for all z € X. Assume that ¢ satisfies condition (c). Replacing z by nx
and dividing by 2n? in (31) we have

I72(a) - 222

(32) _42wmmom+¢(naam

+ ¢(nz,nz, —nz) + o(—nx, —nz, nc)|
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for all z € X. Replacing z by 271z and dividing by 2¥~! we obtain
f2(25'x)  fo(2k)

1 _ -
(33) < Jrgror 925w, 0,0) + (=212, 0,0)
+ p(2F1nz, 25 Inz, —25"Ing)

+ (=2 "1nx, =2 Ingz, 25 Ing)]

for all z € X. An induction argument implies

k
o) - 222

k—1
) < i3 Zl 5 (2'n2,0,0) + (~2'nz, 0,0)

+ ¢(2'nz, 2'nz, —2'nx) + o(—2'nx, —2inz, 2nz))
for all z € X and k € N. Hence
f2(2Fz)  fo(2')
H ok - 9l I[
=,
< — > = [¢(2'nx,0,0) + p(—2'nz,0,0)

4
+ ¢(2'nz, 2'nz, ~2'nz) + p(—2'nx, —2'nx, 2'nz)]

for all k,1 € N with k > I and & € X. This shows that {2& 2} is a
Cauchy sequence for all z € X and thus converges. Therefore we can
define a function A: X — Y by

A(z) = lim f2(2¢z)

n—oo k

for all z € X.

Note that A(0) =0, A(—z) = —A(z), and A(2z) = 2A(z) for all z € X.
By (28) we have

z+y+z
m

[lm*A( )+ Az) + Aly) + Al2)

r+y

+ z+x
T2y 4 A(
n n

— n?[A( )+ A(

M

1
< grlo(2e, 2%y, 2%2) + p(—2"e, ~2by, —2"2)]
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Thus we get

rT+y+=z

m2A( )+ A(z) + A(y) + A(z)

x+y y+z 2+

)+ AT

for all z,y,2z € X. By the same method as the that of the proof of
Theorem 2.1, we have A(z +y) = A(z)+ A(y) for all z,y € X and so A
is additive.

Taking the limit in (34) as £ — oo we obtain

[ f2(z) — A=)l
(35) < #[q);;(nm, 0,0) + ®3(—nz,0,0) + ®3(nz, nz, —nx)

)+ A(

n*[A(

+ ®3(—nz, —nz,nzx)]

for all x € X. If A’ is another additive mapping satisfying (35) then we
have

|A(z) — A'(z)|
A(2kz)  fo(2Fx) fa(2%z)  A'(2Fx)
= ” 9k - ok “ ” ok - ok “
1
2n2 . 2k
+ ®3(2%nz, 28nz, —2Fnx) + ®3(—2Fnx, —28nx, 26n))

[®3(2Fnz,0,0) + ®3(—2%nz,0,0)

1 &1 ; .
i=k
+ ¢(2'nz,2'nz, —2'nz) + @(—2'nz, —2'nz, 2'nz)]

for all k € N and z € X. Therefore we can conclude that A(z) = A'(x)
for all z € X.

Assume that ¢ satisfies that the condition (d). Dividing by n? and
replacing = by ZF in (31) we have

122(5) = fa(a)]

(36) < 5rlo(2,0,0) + 9(="2,0,0
n.’r nx nr nx nxr nx
+ <P(—2‘,—2—,—7)+90(“7,*—2_a—2—)]
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for all z € X. Replacing z by 5z=r and multiplying 2k=1 in (36) we have

12" fal ) = 2 ol )

2k~1

(37) 0,0) + o(—==,0,0)

<
- 2n2[ (2’“’
nr nr nr nr nr nx
W(éf,éz,—z—k)+¢(—2—k,—-2;,2—k)]

2’“

for all k € N and x € X. An induction argument implies

12* fal55) = fala)]

nx
(38) < —— 22‘ Yeo( 22, 0,0) + (= %7,0,0)
oy e e
21 i i) TPl T i

for all : € N and z € X. Hence

12 f2(55) — 2/f2(357)]

z
ok

[\’)|[~3

i— 1 nx
> TL2 Z 2 2i’ ’0)+SD(——2_Z’O’O)

i=l+1
nr nr nc nT  nr nc
+ W(?,?,—'z-i)““ﬂ(—?,—yy?)]

for all k,l € N with k > [ and z € X. This shows that {2 fo(%)} is
a Cauchy sequence for all z € X and thus converges. Therefore we can
define a function A : X — Y by

A(z) = lim zkfz(;—k) for all z € X.

Then A(0) = 0, A(—z) = —A(x), A(2z) = 2A(z) for all z € X. By the
same proof as that of case (c) we have

m*A( )+ A(z) + Aly) + A(2)

y+ z+x

rt+y+z
m

x+y

n?[A( ) + A

)]
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for all z,y,z € X, and so A is additive. Taking the limit in (38) we
obtain

I1£2( )~A(x)||
< 5 2[‘1’4( =,0,0) + B4(— 2:v 0,0)+¢4(n—;,%,_%@)
+ B~ ”; )

for all z € X. Also we easily have that A is unique. Let B = f(0). Since
f(z) = fi(z) + f2(z) + f(0) for all z € X, it follows that

[ f(z) — Q(z) — A(z) — Bl If1(z) — Q@) + [ f2(z) — A(=)||
&(z) + 6;(x)

forallz € X,i=1o0r 2, and j =1 or 2. We complete the proof. [

<
<

REMARK 3.2. If m?2 +3 = 3n? in Theorem 3.1, then m = 3 and
n = 2. In this case, the equation (1) equals the equation (2) and thus
the stability of this equation is proved by Theorem 3.1 in [16].

COROLLARY 3.3. Let p € (0,1)U (1,2) and 6 > 0. Suppose that the
function f : X — Y satisfies

||m f(m+y+z

)+ £(z) + () + £(2)
G e R

< 6(l=l” + llyl” + IIZII”)

)+ FEED

for all x,y,z € X. Then there exist a unique quadratic function Q :
X — Y, a unique additive function A : X — Y, and a unique element
B €Y such that

1f(z) — Q(z) — A(x) — B|

< Olal” - (min{ 3, T} )
- ||&‘2fﬂ - Q@ - Bl
< Ollal” - min{ — sy

~np’ m2 —mp
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e (@)~ fi-) : 1
z)— f(-z
JAW TINTE 4 < = P~
12 @ < 0lelP
forallz € X.
Proof. Let p(z,y, z) = 0(||z||P+||y||” +||2||?) for all z,y, 2 € X. Then
©(0,0,0) =0, (sz,sz,—sx) = @(—sz,—sz,sz) = 30sP|z|]P

for all x € X and for some s € N. If 0 < p < 2 then we have

1 oo
— stz sky, sk2) = 36||z||P kP2
52k
1 k=1

= 30|||[”

NE

=
Il

sp
52 — sp

for all z € X and for some integer s. If 0 < p < 1, then we have

1 oo
— (2, 2y, 2F2) = 30| z||P2kP—1)
2k ¥

NE

o
Il

0

2

- P
302l

for all x € X and for some integer s. If 1 < p < 2, then we have

[0, ] o
~ z z x 3 _
> 2 (o g 5%) Z§9||‘”||p2k(l &
k=1 k=
3 2
= 29||z|?
e
for all z € X. Thus
L :
e1(z) = 0||z|| - if 0<p<2,

mp

2p
if 0<p<l,

2
1(2) = —0llalP;

2 2 .
ba(w) = —0llallP 5 — i 0<p<1
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forallz € X. d

COROLLARY 3.4. Let § > 0 be a real number. If the function f :
X — Y satisfies

TEVLE) 4 f(@) + fly) + 1(2)

i (e R CReO Py ()
<46

Im? £(

for all z,y,z € X, then there exist a unique quadratic function @ : X —
Y, a unique additive function A: X — Y and a unique element B€ Y
such that

If(z) = Q(z) — A(z) — B

. 2+1 4m? +1 1
<0- (mln{z(’:2 L 2(mT— 1)m2} + E)
IO IED o) - )
) n?+1 am? +1
s ¥ m1n{2(n2 jl)n2’ 2(m? — 1)m2}

and
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