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ISOMORPHIC MODULAR GROUP ALGEBRAS OF
SEMI-COMPLETE PRIMARY ABELIAN GROUPS

PETER V. DANCHEV

ABSTRACT. Suppose G is a semi-complete abelian p-group and
FG = FH as commutative unitary F-algebras of characteristic
p for any fixed group H. Then, it is shown that, G = H. This
improves a result of the author proved in the Proceedings of the
American Math. Society (2002) and also completely solves by an
another method a long-standing problem of W. May posed in the
same Proceedings (1979).

1. Introduction

In [5], the May’s problem for isomorphism of commutative modular
group algebras of torsion-complete p-primary abelian groups stated in
[12], is completely exhausted, by making use of Direct Factor Theorem
showed in [3] (see also cf. [2, 4, 6, 7, 8, 9]). An analogous problem in the
sense of Beers-Richman-Walker [1] was also examined in {7] for the case
of group algebras of direct sums of torsion-complete abelian p-groups,
but over the finite modular p-element field. Our aim here is to study a
more restricted class of abelian p-torsion groups, called semi-complete
[11], but over an arbitrary field in characteristic p. A p-torsion abelian
group is said to be semi-complete if it is the direct product of a torsion-
complete group and a direct sum of cyclic groups. The technique that
we will use is different to this of [5]. It is based on strong group results
for semi-complete p-groups, established by Kolettis [11], and our Direct
Factor Theorem pertaining to the group V(FG) of all normalized units
in the group algebra F'G, obtained in [3]. For the sake of completeness
and for the convenience of the reader, we shall formulate them. We
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start with a restating of Theorem 4 in [11] in an equivalent form in the
following manner:

THEOREM. [11] Suppose G =T x C and H =T' x C’, where T, T’
are torsion-complete abelian p-groups, and C, C' are direct sums of p-
cyclics. Then G = H if and only if G and H have equal Ulm-Kaplansky
invariants and there is a natural number n such that T?" = T'"" and

ot =0

We continue with Direct Factor Theorem deduced in [3]. Let G be
an abelian p-group with countable length and F be a perfect field of
characteristic p. Then V(FGQG)/G, the group of all normed p-elements in
the group algebra F'G modulo G, is totally projective. From this fact
it follows directly that the following consequence holds (here F is the
algebraic closure of a field F' in characteristic p).

COROLLARY. The abelian p-group V(FQG) is semi-complete if and
only if the abelian p-group G is semi-complete.

Proof. If V(F'G) is semi-complete, then G is separable, and so by what
we have claimed in the previous Theorem, V (FG)/G is separable totally
projective, hence a direct sum of cyclic groups, whence so is its subgroup
V(FG)/G. Thus V(FG) 2 G x V(FG)/G and the semi-completeness
of G is guaranteed from [10].

Oppositely, as above, G separable implies V(FG) = G x V(FG)/G,
where V(FG)/G is a direct sum of cyclics, whence the definition for
semi-complete p-groups [11] yields the desired claim. The proof is over.O)

REMARK. The foregoing formulated Direct Factor Theorem with the
restriction on the power of G being < X; was proved by May in [13].

We begin with the statement and argumentation of the central affir-
mation selected in the following section.

2. Main assertion

Well, we are in position to proceed by proving the main attainment
motivating the writing of the present article, namely:

THEOREM. (ISOMORPHISM) Suppose G is a semi-complete abelian p-
group and RH = RG as R-algebras for any group H and over a com-
mutative unitary ring R with prime characteristic p. Then H = G.
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Proof. Tt is well-known that RH & RG forces FH = FG for some
perfect field F' in characteristic p, and thus the Ulm-Kaplansky invari-
ants of G and H can be recaptured from the group algebras, so they
are equal (see e.g. [12]). Moreover, with no harm of generality, we may
presume that FH = FG. Therefore, V(FH) = V(FG). On the other
hand, because length (G) < w and length (H) = length(G), it holds
that length (H) < w. Consequently, exploiting the Direct Factor Theo-
rem and its Corollary, we can write G x V(FG)/G = H x V(FH)/H,
where G = T x C and H = T’ x C' are both semi-complete with
standard direct decompositions (see for instance [11]). Furthermore,
TxCxV(FG)/G =T xC'"xV(FH)/H. Then T torsion-complete
implies its projection into the direct sum of cyclics C' x V(FH)/H
would be bounded. Thus there is a natural number m with the prop-
erty TP" C T, ie., TP C 7", By symmetry, we may assume
7" = T'*". Consequently, FG?" = FHP" with FT?" = FT'""
do imply FCP™ = F(GP™ JTP") = F(H?" JT'®" ) = FC'" , hence a re-
sult due to May ([12]) assures that CP" = C'* " . Now, the above listed
Kolettis Theorem leads us to G = H. The proof is fulfilled. O

The next immediate consequence completely settles an old problem
of W. May raised in [12] on 1979. It was argued by us in [5] but utilizing
another idea for proof.

COROLLARY. [5] Let RG = RH as R-algebras over a commutative
ring R with identity in prime characteristic p such that G is a torsion-
complete p-group and H is an arbitrary group. Then G = H.

Proof. Each torsion-complete group is semi-complete, hence the cen-
tral Theorem is applicable to finish the conclusions. [

REMARKS. There are two misprints in [3] which we point out and
eliminate. First of all, the sign = on p.9, line 5(—) of Theorem 14 in
(3] should be replaced by C. Notice that we have done such a choice
since each subgroup of a g-summable p-group with the same length is
o-summable, too. Secondly, the latter symbol g; on p.12, line 5(+) of
Theorem 17 in [3] must be removed.
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