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ON EXCHANGE ¢-IDEALS
HUANYIN CHEN AND MIAOSEN CHEN

ABSTRACT. In this paper, we establish necessary and sufficient
conditions for an exchange ideal to be a gb-ideal. It is shown that
an exchange ideal I of a ring R is a gb-ideal if and only if when-
ever a~b via I, there exists u € Iq_1 such that a = ubuq_1 and
b=wuq lqu. This gives a generalization of the corresponding result
of exchange @Q B-rings.

In [3], Ara et al. discovered a new class of rings, the ) B-rings. We
say that R is a QB-ring if aR + bR = R with a,b € R implies that
a+bye R, foraye R Anideal I of aring R is a QB-ideal in case
aR+bR = Rwitha € 14+1,b € R implies that a+by € R,;l foray € R,
where R;' = {u € R | Ja,b € R such that (1 — ua) (1 — bu)}. In this
paper, we introduce the notation of gb-ideal as a natural generalization
of that of B-ideal. Let I be an ideal of a ring R. We say that I is
a gb-ideal of R in case aR + bR = R with a € I,b € R implies that
atbyel; ! for a y € R. Recall that R is an exchange ring if for every
right R-module A and any two decompositions A= M ® N = P, , A,
where Mg = R and the index set [ is finite, then there exist submodules
A} C A; such that A = M @ (@;¢; Ai). An ideal I of a ring R is an
exchange ideal provided that for every x € I there exist an idempotent
e € I and elements r,s € I such that e = zr = 2 + s — zs (cf. [1] and
[11]). Clearly, every ideal of an exchange ring is an exchange ideal.

The main purpose of this paper is to establish necessary and sufficient
conditions for an exchange ideal of a ring to be a gb-ideal. We prove that
an exchange ideal I of a ring R is a gb-ideal if and only if whenever a=b
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via I, there exists u € I ! such that a = ubuq‘l and b = uq_lau. This
gives a generalization of the corresponding result of exchange () B-rings.

Throughout, all rings are associative with identity. An element x € R
is regular provided that z = zyx for a y € R. We say that z,y € R
are centrally orthogonal, in symbols z_ly, if xRy = 0 and yRx = 0. We
use R;! to denote {u € R | Ja,b € R suchthat (1 — ua)L(1 - bu)}. If
u € Rq_l, we use u; * to denote some fixed v € R with (1 —uv) L(1—vu).
Set I;l = Rq”1 N1+1).

LEMMA 1. Let I be an exchange ideal of a ring R. Then the following
are equivalent:

(1) I is a gb-ideal.

(2) Whenever axz +b =1 witha € I,z,b € R, there exists y € R such
that a +by € I;".

Proof. (1) = (2) is clear.

(2) = (1) Suppose that aR + bR = R with a € I,b € 14+ 1. Then
ax+by = 1 for some z,y € R. So we have z € R such that a+byz € Iq_l,
as required. Ol

THEOREM 2. Let I be an exchange ideal of a ring R. Then the
following are equivalent:

(1) I is a gb-ideal.

(2) For any regular x € I, there exists u € I;! such that x = zuz.

Proof. (1) = (2) Given any regular z € I, we have a y € R such that
z = zyz. Hence z = z2z and 2z = yzy € I. From zz + (1 — zz) =1
with 2 € I, we can find a w € R such that 2 + (1 — zz)w = v € I
Therefore z = zzz = z(z + (1 — 2z))z = zuz.

(2) = (1) Suppose that ax + b = 1 with a € I,z,b € R. Then
b€ 1+ 1. Since I is an exchange ideal of R, there exists an idempotent
e € R such that e = bs and 1 —e = (1—b)t for some s,t € R by [1,Lemma
1.1]. So (1 — e)azt + e = 1; hence, (1 — e)azt(l —e)a = (1 — e)a. This
infers that (1 — e)a € I is regular, and then we have a u € I such
that (1 —e)a = (1 — e)au(l — e)a. Set u(l —e)a = f. Clearly, f € I
and fzt 4+ ue = u, so f(z + ue) + (1 — flue = u. Asu € R;', we
have a,b € R such that (1 — ua)Ll(1 — bu) = 0. Then we can take
usl =a=0b—aub. Let g = (1 - flueu;'(1 - f). From (1 — flue =
(1 = f)u, we have (1 — flue = (1 — fluu;'(1 - flu = g(1 — f)u and
g? = (1— fluug (1 — fluug*(1 - f) = g. Clearly, fg = gf = 0; hence,
f(z + ue) = fu and g(1 — f)u = gu. Therefore (f + g)u = u. That
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is, u(a + bs(v( a)) (1 + fuev(l - f))u u((1 - e)a + bsv(l -
f))(1+fuev1— ) (w(l — e)a + ueug (1 — £)) (1 + fueug'(1 -
Nu=(f +ueu; (1 - f)(1 - fueu (1 - )) (1+ fueug'(1— f))u=
(f—i—(lﬁf)umf1 (I-f))u = u Lety = s(u, 1(1— f) —a) and
w = (1+ fueu, (1 — f))u Then w(a + by)w = w with w € R;'. As
u € 1+ I, we deduce that w € 14 I. On the other hand, b€ 1+ I, we
have y € 1 + I. Therefore a + by € 1+ I. Similarly to {6, Theorem 1],
we deduce that a + by € R; 1 as required. O

COROLLARY 3. I be an exchange ideal of a ring R. Then the following
are equivalent:

(1) I is a gb-ideal.

(2) For any regular x € I, there exists u € I;* such that uz € I is an
idempotent.

Proof. (1) = (2) is clear by Theorem 2.

(2) = (1) Suppose that ax+b=1witha € I,z,b € R. Since [ is an
exchange ideal of R, by [1, Lemma 1.1}, we have an idempotent e € 1+
such that e = bs and 1 — e = (1 — b)t for some s,t € R. Analogously
to Theorem 2, we claim that (1 — e)a € I is regular. Hence there exists
u € I ! such that u(1—e)a = f is an idempotent of R. So fxt+ue = u,
whence f(z + ue) + (1 — flue = u. Let g = (1 — flueu ' (1 — f).
Similarly to Theorem 2, we have w(a + by)w = w with w € I7'!, where
y = s(u,’(1-f)—a) and w = (1+ fueu (1 f))u Clearly7 yel+1,
and then a + by € 1 4+ I. Therefore a + by € I . It follows by Lemma
1 that I is a gb-ideal. O

COROLLARY 4. Let I be an exchange ideal of a ring R. Then the
following are equivalent:

(1)I is a gb-ideal.

(2)Whenever Ra+Rb = R witha € I,b € R implies that a+2b € I,
foraz € R.

(3)Whenever ax + b =1 with a,z € I,b € R, there exists z € R such
that z + 2b € Iq_l.

Proof. (1) = (2) In view of Theorem 2, I°P is a gb-deal of R°P.
Therefore Ra + Rb = R with a € I.,b € R implies that a + zb € Iq"1
for a z € R. (2) = (3) is obvious. (3) = (1) Given any regular z € I,
analogously to Theorem 2, we have a y € I such that x = zyr and
y = yzy. From zy + (1 — zy) = 1, there exists a z € R such that
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y+z(l—zy)=ue Iq_l. Then z = zyz = z(y + 2(1 — zy) )z = zuz. It
follows by Theorem 2 that [ is a gb-ideal. £l

THEOREM 5. Let I be an exchange ideal of a ring R. Then the
following are equivalent:

(1) I is a gb-ideal.

(2) For any regular = € I, there exist idempotent e € I and u € I !
such that r = eu.

Proof. (1) = (2) For any regular € I, there exists a y € R such that
x = zyz and y = yzy. Similarly to Theorem 2, we see that y € I. From
xy+ (1 —zy) = 1, there exists s € R such that 2+ (1 —zy)s =u € I;.
Set e=zy. Thenz =ayz =z(z+ (1 - acy)s) = eu, as required.

(2) = (1) Suppose that ax +b =1 with a € I,z,b € R. Since I is an
exchange ideal, there exists an idempotent e € R such that e = bs and
1—e = (1—b)t for some s,t € R. Analogously to Theorem 2, (1—e)a € I
is regular. So we have a u € R;l and an idempotent f € I such that
(1—e)a = fu. Hence fuzt+e = 1. Thus fuzt(l1— fl+e(l—-f)=1-F,
which shows that a + bs((1 = flu—a) = (1 —e)a+e(1 — flu = fu+
e(l1— flu= (1 — fuzt(l - f))u e R Since fe Tandu € 1+ 1, we
have a + bs((1 — f)u —a) € 1+ 1. Thus a+bs((1 — flu —a) € I;*.
According to Lemma 1, we complete the proof. O

COROLLARY 6. Let I be an exchange ideal of a ring R. Then the
following are equivalent:

(1) I is a qb-ideal.

(2) For any regular x € I, there exist idempotent e € I and u € I
such that r = ue.

Proof. In view of Theorem 2, I is gb-ideal of R if and only if I°? is a
gb-ideal of R°P. Therefore we get the result by Theorem 5. O

THEOREM 7. Let I be an ideal of a regular ring. If eRe is a ) B-ring
for all idempotents e € I, then I is a gb-ideal of R.

Proof. Given any regular x € I, by [10, Lemma 1.1], there exists an
idempotent e € I such that x € eRe. Since eRe is a regular ) B-ring,
by Corollary 6, we have an idempotent efe € eRe and an element eue €
(eRe);! such that = (eue)(exe) = (eue+1—e)(exe). Clearly, exe € R
is an idempotent. As eue € (eRe);*, we have (e—eue(eue);')(eRe)(e—

(eue); !(eue)) = 0; and then (1 — (eue +1—e)((eue);' +1—e))R(1 -
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((eue);' +1—e)((eue)+1—e)) = 0. Likewise, we have (1— ((eue) !+
1-e)(eue+1—e))R(1—(eue+1—e)((eue); ' +1— e)) = 0. This means
that eue +1 —e€ € Rq‘l. Moreover, eue +1 —e € 1 4+ I. Therefore we
complete the proof by Corollary 6 again. il

Recall that an ideal I of a ring R is strongly n-regular provided that
for any z € I there exist n(z) € N and y € R such that %) = z7(®)y,

COROLLARY 8. Every strongly m-regular ideal of a regular ring is a
gb-ideal.

Proof. Let I be a strongly w-regular ideal of a regular ring R. Given
any idempotent e € I, then eRe is a strongly m-regular ring. So eRe has
stable range one; hence, eRe is a @B-ring. Therefore we get the result
by Theorem 7. O

We say that a~b via I if there exist x,vy, z € I such that a = zbx,b =
TaQy,r = TYL = TZIT.

LEMMA 9. Let I be an exchange ideal of a ring R. Then the following
are equivalent:

(1) a~b via I.

(2) There exist some z,y € I such that a = zby,b = yazr,x = zyx
and y = yzxy.

Proof. (2)=(1) is trivial.

(1)=>(2) Since a~b via I, there are z,y, z € I such that b = zay, zbz =
a and x = zyxr = zzx. By replacing y with yxy and z with zzz, we
can assume y = yxy and z = zxz. One directly checks that zazay =
xzbrzxy = xzbxy = xay = b, zzxybr = zxyrayr = zxayxr = zbr =
a,zxy = zzxyxzry and z = rzzyz. Since r = zyxr = zxz2x and x € 1.
Clearly, y, z € I. Therefore zzxy € I, as required. O

THEOREM 10. Let I be an exchange ideal of a ring R. Then the
following are equivalent:

(1) I is a gb-ideal.

(2) Whenever a~b via I, then there exists u € I;' such that a =

-1 1

ubuq and b = ug au.

Proof. (1)=(2) Suppose that a=b via I. By Lemma 9, there exist
x,y € I such that a = aby,b = yaz,z = zyx and y = yxy. Using
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Theorem 2, we can find a u € I 1 such that y = yuy. Similarly to
Theorem 2, we have u;! € R such that (1 — uu;')L(1 — u;'u) and
u=uuslu. Set w=y+ (1 —yu)ugs (1 - uy). Then vwu = u(y + (1 -
yu)uq'l(l —uy))u = uyu+ (1 —uy)uuq‘lu(l —yu) = uyu+u(l —yu) = u.
In addition, we have yuw = yu(y + (1 —yu)u ;' (1- uy)) = yuy =y and
we€ 1+1. Clearly, 1 —uw = (1 —uy)(1 —uu;') and 1 —wu = (1 -
ugu)(1—yu). Hence (1—uw)R(1—wu) = 0 and (1—wu)R(1—uw) = 0.
Let k = (1—zy—uy)u(l—yz—yu) and | = (1 —yz —yu)w(l —zy —uy).
Then klk = (1—-zy—uy)u(l—yz—yu)(l—yz—yu)w(l—zy—uy)(1—zy—
wy)u(l —yz — yu) = (1 — zy — uy)uwu(l — yz — yu) = k. Furthermore,
we deduce that 1 — kl = (1 — zy — uy)(l —ww)(1 —zy —uy) and k =
(1 — yz — yu)(1 — wu)(1 — zy — uy). Since (1 — vw)R(1 — wu) = 0 and
1—-zy—uy,1—yx —yu € U(R), we have (1 — kl)R(1 — lk) = 0 and
(1-1k)R(1—kl) = 0. In addition, kbl = (1 —zy—uy)u(l —yz —yu)b(l -
yz — yu)w(l — zy — uy) = (1 — zy — uy)(u — uyz — uyu)by = syuby =
zby = a. By a similar rout, we have lak = b. One easily checks that
I,k € 14 I. So we have u € I;! such that ¢ = ubuy " and b = ug au.
(2)=(1) Given any regular x € I, there exists y € R such that z =
zyr and y = yzy. Since zy and yz are both idempotents, we have
R = yzR®(1—yz)R = zyR®(1—zy)R. Clearly, we have an isomorphism
n: zyR = TR = yzR given by n(zr) = yar for any r € R. Similarly
to Theorem 2, we see that y € I. It is easy to verify that zy=~yz via I.
Therefore we can find u € I * such that yz = uayu; ' and zy = u; 'yzu.
Similarly to [6, Theorem 7|, we construct maps o : (1 —zy)R — (1 —
yz)R given by (1 — zy)r — (1 — yz)u(l — zy)r for any r € R and
B:(1—-yz)R— (1—zy)R given by (1 — yz)r — (1 — zy)us (1 — yz)r
for any 7 € R. Define ¢ : R =2R® (1 —2y)R — yzR® (1 — yz)R
given by ¢(zy + z2) = n(z1) + a(z2) for any 21 € zR,z2 € (1 —zy)R
and ¢ : R =yxR® (1 — yz)R — xR & (1 — zy)R = R given by ¥(y1 +
y2) = n71(y1) + B(y2) for any y1 € yzR,y2 € (1 — yz)R. Analogously
[6, Theorem 7], we deduce that (1 — ¢¢)L(1 — ¢¢); hence, ¢ € R
Obviously, z = z¢z. In addition, ¢ € 1+ I. It follows by Theorem 2
that I is a gb-ideal. O

COROLLARY 11. Let I be an exchange ideal of a ring R. Then the
following are equivalent:

(1) I is a gb-ideal.

(2) For any idempotents e, f € I, eR = fR implies that there exists
u € I7! such that e = ufu;' and f = uy'eu.
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Proof. (1)=>(2) Suppose that eR = fR via I. Then there exist
a,b € R such that e = ab and f = ba, where a € eRf,b € fRe. Clearly,
e = afb, f = bea,a = aba,b = bab and a,b € I. That is, e<f via I. By
Theorem 10, we have u € Iq‘l such that e = ufuq_:l and f = uq_leu.

(2)=(1) is obtained by the proof of ”(2) = (1)” in Theorem 10. [

[5, Lemma 3] shows that every exchange Q) B-ideal of a ring is a gb-ideal.
It is well known that M, () is an exchange @ B-ideal of M, (R) in case |
is an exchange @) B-ideal of R. We naturally end this paper by asking a
question: If I is an exchange gb-ideal of a ring R, is M, (I) an exchange
gb-ideal of M, (R)?
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