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HYPONORMAL TOEPLITZ OPERATORS
ON THE BERGMAN SPACE

IN Sung HwWANG

ABSTRACT. In this note we consider the hyponormality of Toeplitz
operators B, on the Bergman space L2(D) with symbol in the class
of functions f + g with polynomials f and ¢

1. Introduction

A bounded lincar operator A on a Hilbert space is said to be hyponormal
if its selfcommutator [A*, A] := A*A — AA* is positive semidefinite. Let
D denote the open unit disk in the complex plane, dA the area measure
on the plane. The space L?(D) is a Hilbert space with the inner product

o) =+ [ FEEA).

The Bergman space L2(D) is the subspace of L?(D) consisting of func-
tions analytic on D. Let L*°(D) be the space of bounded area measure-
able function on D. For ¢ € L*°(ID), the multiplication operator M,
on the Bergman space are defined by M,(f) = ¢ - f, where f is in
L2. If P denotes the orthogonal projection of L?(ID) onto the Bergman
space L2, the Toeplitz operator B, on the Bergman space is defined by
B,(f) = P(¢- f), where ¢ is measurable and f is in L2. It is clear that
those operators are bounded if ¢ is in L*° (D). The Hankel operator on
the Bergman space is defined by

H,:L? — 2"
Hy(f) = = P)(e- f)
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Let H%(T) denote the Hardy space of the unit circle T = dD. Recall
that given ¢ € L*°(T), the Toeplitz operator on the Hardy space is the
operator T, on H?(T) defined by T,,f = Py (¢ f), where f is in H*(T)
and P, denotes the orthogonal projection that maps L?(T) onto H?(T).

Basic properties of the Bergman space and the Hardy space can be
found in [1}, [5] and [6]. The hyponormality of Toeplitz operators on the
Hardy space has been studied by C. Cowen [2], [3], P. Fan [7], C. Gu
[9], [10], T. Nakazi and K. Takahashi [13], K. Zhu [16], W.Y. Lee [4], (8],
[11], [12] and others. In [3], Cowen characterized the hyponormality of
Toeplitz operator T, on H?(T) by properties of the symbol ¢ € L*(T).
The solution is based on a dilation theorem of Sarason [15]. It also
exploited the fact that functions in H 2+ are conjugates of functions in
2H?. For the Bergnian space, LgJ' is much larger than the conjugates of
functions in zL?2, and no dilation theorem(similar to Sarason’s theorem)
is available. Indeed it is quite difficult to determine the hyponormality of
B,,. In fact the study of hyponormal Toeplitz operators on the Bergman
space seems to be scarce from the literature. Very recently, in [14], it
was shown that

(i) If n > m, Bynigz= is hyponormal if and only if |a| < ,/%}_’Tl.
(ii) If m > n, Bynygzm is hyponormal if and only if |af < .

We record here some results on the hyponormality of Toeplitz oper-
ators on the Hardy space with polynomial symbols, which have been
recently developed in [4], [8], and [16].

PROPOSITION 1.1. Suppose that ¢ is a trigonometric polynomial of
the form ¢(z) = Zf:’:_m anz"™, where a_y, and ay are nonzero.
(i) IfT, is a hyponormal operator then m < N and |a_m| < |an|-
(ii) IfT, is a hyponormal operator then N —m < rank[T;,T,] < N.

(iii) The hyponormality of T,, is independent of the particular values

of the Fourier coefficients ag,ay, -+ ,an_m of @¢. Moreover the
rank of the self-commutator [T}, T,] is also independent of those
coefficients.

(iv) Ifla—m| = |an|, then T, is hyponormal if and only if the follow-
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ing equation holds:

a—1 AN —-m+1

a_2 AN -m+2
(1 1) an =0-m :

Gm aN

In this case, the rank of [T;,T,] is N —m.

(v) T, is normal if and only if m = N, |a_n| = |an|, and (1.1)
holds with m = N.

We will now consider the hyponormality of Toeplitz operators on the
Bergman space with a symbol in the class of functions g+ f, where f and
g are polynomials. Since the hyponormality of operators is translation
invariant we may assume that f(0) = g(0) = 0. We shall list the well-
known properties of Toeplitz operators B, on the Bergman space.

If f, g are in L* (D) then we can easily check that

1) Byyg = By + By
2) Bf" = By
3) BfB, = Bg, if f or g is analytic.

These properties enable us establish several consequences of hyponor-
mality.

PrOPOSITION 1.2. [14] Let f,g be bounded and analytic. Then the
followings are equivalent.
(i) Bgsf is hyponormal.
(ii) HzHg < H Hy.
(iii) ||(I — P)(gk N < 1T — P)(fk)|| for any k in L2.
(1v) 1[gkl12 — IP(gh)II? < |[FEI[2 = [ PRI for any k in 12,
) H

(v) Hy = CHy where C is of norm less than or equal to one.

ProrosITION 1.3. Let f,g be bounded and analytic. If By s is
hyponormal then || f]] > ||g]l.

Proof. Put k =1 in Proposition 1.2 (iii). ]
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2. An extremal case

In this section we establish a necessary and sufficient condition for the
hyponormality of Toeplitz operator B, on the Bergman space under
certain additional assumption concerning the symbol .

A straightforward calculation shows that for any s,? nonnegative in-
tegers,

s—t+lzs—t if s >t

2.1 P(ztz*) = =t
1) 27 {0 if s <t

For 0 <i¢ < N — 1, write

0
kz(z) = Z CN.,H_iZNn—H.

n=0

The following two lemmas will be used for proving the main result of
this section.

LEMMA 2.1. For 0 <m < N, we have
@) [[Z™ki(2)II* = ZZ‘;O m|an+il2 ;

Nn+4i— 1
.. P(z™k 2 Z;z.ozo (N:+iﬁ'r-nl—;_2
) IPE RGN =4 O

12
ne1 (Nntit1)? |CNntil

lan+il2 iftm<zq

if m > i.
Proof. Let 0 < m < N. Then we have

[E™ks(2)][? = (Z™ki(2), 77kal2))
= (™ ki(2), 2" ki(2))

Nn+z+m Nn+itm
Nn+zz E CNn+i2 >

I

2
n—l—z+m+1l CNntil

This proves the equation (i). For the equation (ii) if m < i then by (2.1)
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we have
|PE"ki(2))]?

Nn+i-m+1 noviim

o0
:<T§CNn+i Nn+itl 2 )

ad Nn+i—m+1an+i_m>

ZCNTH—Z' Nn+i+1
n=0

iNn+i—m+1
(Nn+1i+1)2

lcnntif®.

n=0
If instead m > i, again by (2.1) we get
[P(z"ki(2))]]?
o
< Nn+z~m+1an+zm

ZCN"“ Nn+i+1

n=1
ZCN Nn+i-— M Nnti-m+1
"TUNni+1

n=1
Nn+i—m+1
e CNni]
= (Nn+i+1)?
0
LEMMA 2.2. Let f(2) = amz™ +anzN and g(2) = a—mz™+a_nzV
(0<m < N). If apay = a_ma_n, then for i # j, we have

(Hyhi(2), Hyky(2) ) = (Hghi(2), Haki(2))
Proof. Observe that

A[ k —*am E CNn+i% Nty 2"+ an E CNntiZ Nn—H—N
n=0

andfor()Sz#yﬁN—l,

o0 oo
Nn4izm Nn+j—
< g CNn+iZ Z, E CNn+j~% sz>

n=0 n=0
9] 00
. Nn+izN Nn+j=N
= <E CNn+iZ z, E CNn+jZ2 Z >
n=0 n=0

:O,
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which implies that for i # j
(Mki(2), Mgk (2))

oo >0
(2,2) = WGN<Z CNn+iZNn+i7m, Z an+jZNn+ij>

n=0 n=0

00 00
+ amW<Z CNn+iZNn+lEN7 Z CNn+jZNn+JEm>

n=0 n=0
Similarly, for ¢ # 7, we get
<M§ki(z),M§kj(Z)>

[e o]

o0
S Nntiz Nn+j=N
(23) :a_ma_N<§ CNntizN " Tiz™, E CNntj? nt+iz >

n=0 n=0

o x
+ 0@ N( Y otz HEY, Y o2 ™)

n=0 n=0

Combining (2.2), (2.3) and the assumption a,an = a_,a_n, we get
(24)  (Mzhi(2), Mgk;(2) ) =  Mghi(2), Mghs (2))  for i # 5.
On the other hand, it follows from (2.1) that
<P(2pki(z)),P(7pkj(z))> =0 forall0<i#j<N-—1,

p=0,1,2,--- ;sothat for 0 <i#j <N -1,

(Bski(2), Byks(2))

= (TP (Z"ki(2)) + awP (" ki(2)),

TmP(E"k;(2) + anP(E ks (2)))
= Tran (PE"k(2), PEVky(2)))

+ amaw (P k(2), PE"kj(2)))
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Similarly, we also have that for 0 <i# j < N —1
<B§ki(z), ngj(z)> — a__‘m‘a_N<P(Emki(z)), P(szj(z))>
+ a-ma-N(P(EVki(2)), P(2"k;(2)))

Hence, again by assumption a,ay = a_ma_N, we get
(2.5)
<B?ki(z),37kj(z)> - <B§I~ci(z), ngj(z)> for 0<i#j<N—1.

Combining (2.4) and (2.5) it follows that for 0 <i# j < N —1
<kai(z), H};kj(z)> — <M?ki(z),M}—kj(z)> - <B7ki(z),BTkj(z)>
= <H§ki(2),H§kj(Z)>'
This completes the proof. O
Our main result now follows:
THEOREM 2.3. Let o(z) = g(z) + f(2), where
f(2) = amz™ +anzy and g(z) =a_pz™+a_nz¥ (0<m< N).
Ifanany = a pma_nN, then B, is hyponormal
{ wrllan? —la-nl?) > iy la-ml® —laml?) i |a-n| < |an]
N*(Ja-nl* = lan]?) £ m*(lam[* — Ja—m|?) if Jan| <la_nl.
Proof. Put K; := {ki(z) € LZ : ki(2) = > 07 s enn4iz" "} for i =
0,1,2,---,N — 1. By Proposition 1.2 (ii), B, is hyponormal if and only
' N-1 N-1

(2.6) <(H}HT —H2HY) S ki(2), Y k(2 >
i=0 1=0
for all k; € K; (i=0,1,2,--- , N —1). Also we have that
N-1 N-—1
<H;H7 ki(2), kz(z)>
@ e T
= >~ (Hyki(2), Hpki(2)) + (Hzhi(2), kaj(z)>
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and
N-1 N—-1
<HgiH§ ki(2), kz(z)>
(28) N-—1 = = N-1
= (Hghi(2), Boki(2) + Y. (Hghil2), Hyks(2))
1=0 i#j, 4,720 '

Substituting (2.7) and (2.8) into (2.6), it follows from Lemma 2.2 that

B, is hyponormal

N-1
= 3 <(H}Hf — H:Hy)ks(2), k,-(z)> > 0.
i=0

N-1

= 3 (IFkl = lighil* + 1P(gk)I 2 = [|P(TRI2) 2 0.

=0

Therefore it follows from Lemma 2.1 that B, is hyponormal if and only
if

m—1
T (e
(laml* = la—m| ){go (gl
N—-1 oo '
! Nnt+i—m+1 )
+ZZ(Nn+i+m+1 (Nn+1i+1)2 )]CNnﬂ\ }
i=m n=0
N—1 )
2 2 R T
+an” ~loxn ) 3 (e
o0
1 Nn-1)+i+1 2)
_ A >0
+;(N(n+1)+i+1 (Nn+i+1)2 )Ian+z| >0,
or equivalently
m—1 1
2 2 5
(onl® = la-m)( 2 gl
(2.8) n—0

[e o]
1 n—m+1 2)
2 (n+m+1 (n+ 1)2 )IC"|
n=m
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N-—-1

+llaw = lo-n) (Y ———lenl+

n=0
ng]:\/’ (n+]1\/+ 1 n(;ivf;gl)\cnIQ) > 0.

Now if |a—n| < |an]| and hence |an,| < |a—p|, define ¢ by

1 n—m+1

+m+1~ (nt1)2
C(n) = P (n>1).

n+N+1 (n+1)?

Then ( is a strictly decreasing function and

m2

(2.9) lim,,00((n) = ek
Observe that

]\7-§-1>7’L—i~1\/+1>C
m+1 " n+m+1"

(2.10) (N) forn=1,2,3,--- ,N —1.

Therefore (2.8) and (2.10) give that B, is hyponormal if and only if

1 1

2 2
N +1 m—i—l(la_m| [ 7).

(lanl? = la_n*) =

If instead |an| < |a—n/, define & by

1 _ n—m+1
n+m+1 (n+1)2
&(n) == 1

n+N+1

forn=mm+1m+2,--- ,N—1.

Since £(n) > Za. it follows from (2.8), (2.9) and (2.10) that B, is
N '

hyponormal if and only if
N*(Ja-n|? ~ lan[?) < m*(lam[® ~ |a—m[?).

This completes the proof. O

If p(z) = Ziv:ﬂn anz", then the hyponormality of the Toeplitz op-
crator Ty, on the Hardy space of the unit circle implies lan| > |a—| (cf.
Proposition 1.1). But the above theorem shows that it is not the case
for the Toeplitz operator B, on the Bergman space.
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COROLLARY 2.4. Let p(z) = g(2) + f(2), where
f(z) = amz™ + an2", g(z) = a_pmz™ +a-n2 (0 <m < N).

If aman = aa_ma_nN for some o > 1, then the following statements are
sufficient condition for the hyponormality of B,.

() mg(enl® = vala_n[?) > 25 (Valamf® — |aml?)
if yala_n| < lan].

(i) N*(vala_n|* — lan]?) < m?(lam|? — Vala_m/?)
iflay| < vala_n|.

Proof. If pa(z) = v/ag(z) + f(z) then p,(z) satisfies the condition
of Theorem 2.3. Hence (i) and (i) are the necessary and sufficient
condition for the hyponormality of B, . Note that @ > 1 and apply
Proposition 1.2 (iz) to get the result. O

COROLLARY 2.5. [14]

(i) If n > m, Bynyqzm is hyponormal if and only if |a| < ,/ %—i’%
(i) If m > n, Bynygzm is hyponormal if and only if o < .

Proof. Immediate from Theorem 2.3. O

If p(2) = Zf:;_m anz", then the hyponormality of T, on the Hardy
space implies m < N (cf. Proposition 1.1), but it is not the case for
the hyponormality of B, on the Bergman space. For example, if p(z) =
%Ez + z then by Corollary 2.5 we can see that B, is hyponormal.

3. Necessary conditions for hyponormality

Let ¢(2) = g(z) + f(z), where

N N
f(z) = Z anz” and g(z) = Z a_nz".
n=1 n=1
Then for m,n=1,2,--- , N, define

A n = det (ﬁﬁ a_m>

a_, Qan
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and we abbreviate A, ,, to A,. In section 2, we investigated a necessary
and sufficient condition for the hyponormality of the Toeplitz operator
B, on the Bergman space when A,, y = 0. In this section, we give a
necessary condition which the hyponormality of B, gives A, , = 0.

We begin with:
PRrROPOSITON 3.1. Let p(z) = g(z) + f(z), where

Suppose B, is hyponormal. Then
(i) Foreachi=0,1,2--- ,N -1,

> et O e 20
nzl(i+n+1)(i+1)2 WSttt T

(ii) For eachi> N
n2A

N
Z z+n+1)z+1)

n:l

(iii) Ifla1] < |a—1] and |a;| > Ja—;| fori > 2, then ||f|| > ||g|| implies

(i) and (ii).

Proof. For each i =0,1,2,--- ,N —1, let k;(2) = ZZOZO eNkgizVETE
If B, is hyponormal, then Proposition 1.2 (iv) gives that

(3.1) 17kl — llgkall® + [ P(gk)lI* = [|P(FE:)II* 2 0

(i=0,1,2,--- ,N — 1). Note that
1f(2)ki(2)|1* = Zlanl |27 ki (2)|1?,

lg(2)k:(2)[1* = Zla—nl 12" k: ()l
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and

IP(f(2)ki(2)]]* = Zlanl 1PE"k:i(2))]1?,
(3.3)

1P(g(2)ki())I* = Zla—ni I1PE"ki())II?

Substituting Lemma 2.1 (i) and (ii), respectively, into (3.2) and (3.3)
and applying (3.1), we see that if B, is hyponormal then we have

Nk+i—n+1
;A Z(Nk+z+n+1 (Nk+i+1)? )‘CN’““P

3.4 1
G4 * Z (z+n+1|cz'2+Z(Nk+z+n+1

n=t+1
Nk+i-n+1
T (Nk+i+1)? )lcN’““’Q) 2 0.

If welet ¢; = 1for 0 < j < N —1 and the other ¢;’s be 0 into (3.4), then
we have (i). If we also let cygys =1for0<i< N -1, k=1,2,3,---
and the other ¢;’s be 0 into (3.4), then we have

i n2A,,
2o (NEtitnt D(Nk+i+1)?

or equivalently,

N

n2A, .
Z - - >0 for each j > N,
< (G+n+1)([+1)?

which proves (ii).
For1<n<N,k>0and 0<i< N —1, define D by

1 Nk+i—n+1
Nk+i+n+1 (Nk+i+1)2

D(i, k,n) =

and define @) by
D(i, k,n)

Q(i, k, n) = ml—)
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Then foreach 1 <n < N — 1,
(3.5) Qi,n, k) < 1.

Let |a1| < |a_1| and |a;| > |a—;| for i > 2. Note that

1 1 1
1 S T . _
(3.6) 2 > 2 > 12 UFD forl<n<N,1<i<N-1.
n+1 i+n+1 i+n-+1

Since Q(i, n, k) is a strictly decreasing function of ¢ and k, it follows from
(3.5) and (3.6) that ||f]| > ||g|| implies (i) and (ii). This proves (iii). [

LEMMA 3.2. Let ¢(2) = g(z) + f(z), where

N N
flz)= Z apz" and g(z)= Za_nz".
n=1

n=1

Suppose that B, is hyponormal and

& n2A, i A
3.7 _Lfn_ g
(8.7) ;(io+n+1)(io+1)2+n:izo+lio+n+1

for some 19 =0,1,2,-+- ,N — 1. Then

((H3H7 - HiHg)z®, 2"y =0 (0<m<N-1).

Proof. Let B, be a hyponormal operator and suppose the equality
(3.7) holds for some 4. Then for 0 < m # ip < N — 1 and ¢, ¢ € C,
we have

<(H%Hf o HgHa) (Ciozio + szm), ciozio + szm> 2> Oa
or cquivalently,
|ciy |2<(H}H?~ — H2Hg)z", Zio>
(3.8) + |Cm|2<(Hf_*HT ~ HyHg)2™, zm>

+ 2Re(cl~om<(H}—kH? - H§*H§)zi0, 2m>> > 0.
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Observe that

(3.9) <M72i°, M721'0> <Mfzi°, Mfzi0>
= <n§::1a Lo Za zn+zo>

I

N
Sl
n+iyg+1

=1

3

and

N N
B- io,B_ 0\ <P =7 .0 , P =7 40 >
< 72 72 > (;anz z ) (nz::lanz z )
Therefore it follows from (2.1) that

<B?zi° R BTZiO >

i . .
. ig—n+1__ io—n io—n—+1__ io—n
(3.10) = <Z SRS o+r1 *

n=1

Zo+12 Gl

Combining (3.9) and (3.10) it follows that

' N
(3.11) <HiH—zi° Zi0>:zzo n2lan|2 N Z |a,n’2
Fr S lio+n+ Do+ 12 2= fo+n+l

Similarly, we also have that

ip 2 2 N 2
o b n?la_n| la_n]
312) (HpHgzo,20) =3 — . + L
(3:12) (HyHg ;(zo+n+1)(zo+1)2 n§+lzo+n+1_

Combining (3.7), (3.11) and (3.12) we have

<(H1H— - HiH—)ziO, 2)
(3.13) N,

+ — =
2:: zo+n+1 20+1)2 n§+lzo+n+1




Hyponormality of Toeplitz operators 401
Since ¢;, and ¢, are arbitrary, it follows from (3.8) and (3.13) that
((H3Hz - HyHg)z, 2™ ) = 0.
This completes the proof. O

We are ready for:

THEOREM 3.3. Let ¢(z) = g(z) + f(z), where

N N
f(z)= Z anz" and g(z)= Z a_n2".
n=1 n=1

If B, is hyponormal and ||f]| = ||g||, then we have

Al,l AQ,Q AN,N -é-
0 A1,2 A2’3 AN—],N %
0] 0 Arg ... An_o N 1
’ r
: . =0.

0 0 0 :
. E AN Agn %

0 0 ... .. 0 AN -

Proof. The assumption ||f]| = ||g|| implies that the equality (3.7)

holds for ig = 0. Therefore by Lemma 3.2 we have that
(3.14) <(H}H7—H5H§)1,zm> =0 (0<m<N-1).

Observe that
(3.15)

I

M1, zm> - <BiB?1, zm>

* 77 m
<H?Hf1,z > :

Il
1=
o)
3
™
‘.3
(1=
Q
]
N
3
+
3
\/
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Similarly, we also have that

N-m
) - 1 .
(3.16) <H§H§1,zm> = n§:1: G mn

Substituting (3.15) and (3.16) into (3.14) we have

N-m 1
— A, =0 (0<m<N-1),
;m%—n%-l mtn ( =m= )

which gives the result. 0

COROLLARY 3.4. Let ¢(z) = g(z) + f(z), where
f)=anz"+ anz and 9(z) =a_mz™ + a_nzV (0 <m < N).
If B, is hyponormal and ||f|| = ||g||, then Ap, v = 0.

Proof. Immediate from Theorem 3.3. O
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