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Abstract

In this paper we study the controllability for the nonlinear fuzzy integro-differential equations on E7% by using the

concept of fuzzy number of dimension # whose values are normal, convex, upper semicontinuous and compactly

supported surface in R”.
X, X, X,.
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1. Introduction

Many authors have studied several concepts of fuzzy
systems. Kaleval2] studied the existence and uniqueness

of solution for the fuzzy differential equation on E”
where E” is normal, convex, upper semicontinuous and
compactly supported surface in R”. Seikkala[9] proved
the existence and uniqueness of fuzzy solution for the

initial value problem on E!. Subrahmanyam and
Sudarsanam[10] studied fuzzy volterra-integral equation.
Park etal.[8] are proved the existence and uniqueness of
fuzzy solution for the nonlinear fuzzy differential

equation on E% with nonlocal initial condition, Kwun
etal.[6] are studied controllability for the nonlinear fuzzy
control system on Ej, where E% be the set of all fuzzy
numbers in R”* with edges having bases paralle] to axis
X, X5, X,. For example E% be the set of all fuzzy
pyramidal numbers in R? with edges having rectangular
bases parallel to the axis X, and X,.

Recently, Kwun etal {7] are studied the existence and
uniqueness of fuzzy solutions for the following nonlinear
integrodifferential equations:

) _ () + £ (),

dt
l f(:k(t,s,x(s))ds))+u(t), telo, T1. (1.1)
x(o) = Xq,

where a:[0, T] = E% is fuzzy coefficient, initial value
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E% be the set of all fuzzy numbers in R”* with edges having bases parallel to axis

fuzzy number of dimension #, fuzzy control, nonlinear fuzzy integro-differential equation

xo€ EYy and f:[0, TIXEW<EY—E}% and k:[0, T1x[0,
T1x Ex— E} are nonlinear regular fuzzy functions.

In this paper, we consider the controllability of fuzzy
nonlinear integro-differential equation (1.1).

2. Properties of n—dimensional fuzzy
numbers and metric

In this section, we give some definitions, properties
and notations of the fuzzy number of dimension .
Definition 2.1.([6, 81) We consider a fuzzy graph
G C R" that is functional fuzzy relation in R" such that
its membership function m ¢(x,x9,x,) € [0,1],

(x,%, **,x,) € R"has the following properties :

(1) For all x,€R(i=1,2,-,n), m (x;,x9 =
{0, 1] is a convex membership function.

(2) For all e<l0,1]1, {(x),x5,x,) € R"m ¢(x,,
Xgr,x,)2a} is convex set.

(3) There exists
x,)=1.

X)) €

(x1,%5 ,%,) € R*, m(xy, %,

If the above conditions are satisfied, the fuzzy subset
G is called a fuzzy number of dimension .

We
ay, -, a,) where a;
X, (i=1,2,
fuzzy number in R

,A=(q,
is projection of A to axis

denote by fuzzy number in EJ

-, m), respectively. And ¢;(i=1,2, -, n) is

Definition 2.2. The « -level set of fuzzy number in E
is defined by
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[A) 7= {Geyoy, oo 2 ) € R oo

2.2)
x,)E I;[l[a,»] ¢ 0<a<l}
where
[a]°={x,=Rm ,(x)2a, (0 a1} 2.3)
and [] is the Cartesian product of sets.
Definition 23. let A,BeEf, for all a= (0,11,
A=B s [Al*=[B]".
Definition 2.4. Let A,B< E}, for all a< (0,1],
[A%  B]®= ]jl[a,-*b,»] « (2.4)

where >, is operation in Ej5 and > is operation in
Ey. And (A%, B)f=A7%B/.

dx(t)

Definition 25. The derivative 4 < EY of fuzzy

process x(?) € E} is defined by
dx “ & @
=1 [,

.,
dt

25
‘fr(t)], 0<a<l.

b
Definition 2.6. The fuzzy integral f x(t)dt is defined
by
b a n b b
[ [(xa] =1 [(cana [na). @0
where x() € E},a,6€ R and 0<a<1,.

Let ]‘:[l[a,-] “ 0<a<1l, be a given family of

nonempty areas. If

I [e)fc [T [a]" 0<ap<] @27

and
11;11 %i_{g[ai] t= El[ai] (2.8)
whenever (@,) is a nondecreasing sequence
converging to as (0,11, then the family

li[l[a,»] 2 (0<a<l, represents the a-level sets of
fuzzy number A = E%,.
Conversly, if Ijl[a,»] ?, 0<a<1, are the a-level

sets of fuzzy number R”, then the condition (2.7) and
(2.8) hold true.
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We define the metric d. on E% and the suprimum
metric H on C([0, T]: E}).

Definition 2.7. Let A,Be< EY},

d. =sup{d {[A]*[B] %) | e=(0,1]}
" a
= sup{(;‘,l(dy([ai] “[61N% 2 | a= (0, 1]}

where dy is Hausdorff distance and a;, b; € Ej.

Definition 2.8. The supremum metric H on
C([0, T): E}) is defined by

H(x,y) =sup{d .(x(¢),y(#)) | t=[0, T1}
where x,yeC([0, T]: E}).

Definition 2.9. Nonlinear regular fuzzy function

£10, T1x E%x Eb— EY, is satisfied, x,y € EY,
a1 = (e 11 e 10 117

It [xm] S [yl ®)

1

I
2
B IIES

f

zlf;;(t, %,

Ed

= f(t, x,y).

3. Controllability

In this section, we show the exact controllability for
(1.1).

The equation (1.1) is related to the following fuzzy
integral equations

2(8) =S (Dxp+ [ SUt=9 (5,509,
[Ks.tx@addst [[St-9u(ds, G
0 0

where S(¢) € Ey and
[S(O1°= T [S,(01“= 1 [S5:.(6), S5,(D]
where
sou(0) = exp{ [ atu(o)a]. i= 1

is continuous. That is, there exists a constant C>0
such that |S%,(#)I<C for all t={0, T].

Definition 3.1. The (1.1) is exact controllable if, there
exists 2(#) such that the fuzzy solution x(# of (1.1)
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satisfies s(T)= ,x'. That is [«(D]°= lljltxi(ﬂ]“)

n
= El[(xl)i]"=[x1]”, where x! is target set.

Defined the fuzzy mapping 2: P(R')—E}% by

( [ fOTS"( T—9u(s)ds, vCT,,
2 (v)=

0, otherwise.

Then there exists
Z;: P(R)—Ey(i=1,2, -, n) such that

fTS?( T—s)v(s)ds, v{sCT,,
’éia (U,‘) = 0

0, otherwise
where u; is projection of « to axis X, (i=1, -,

n) respectively and there exists Z ;" (G=17%)

T
S (wy= fo SUT—3s)v (s)ds,
v elu(s), W91,
T
2 )= [ SHUT=9v,(9ds,

v ir(s) e [ uli(s) ’ uair(s)]'

We assume that % ,°, #," are bijective mappings.

We can be introduced u(s) of nonlinear system

[u(9)]®

ll;[l[u,-(S)]”= zI;Il[uaﬂ(S), u’ (9]

= TILC 245 71GH%= S5 ()

- fS"i,( T—38) (s, x%(s), f(:k(s, t, x%D))d1) ds),
(., "% =5%(D (x9)%

= [SUT=97 559, [ Ko7 5% (DDde)a).

Then substituting this expression into the (1.1} yields
a-level of x(T). For each i=1, -, n,

L1, ()]
[SUD )%t [ SUT=9Fils, 350,

Sy Hs rxD)dnds
fOTS",-,( T—9( 2,9 ()%= S%D) (x)%
[TSUT=9 78,29, [ K, 2 D)dDd)ds,

J’_

ST ()t | ST = 975,25, (9),

Ji ks 0.5 (ands
[TSUT=9 (7,0 (&%= S5UD ()%
fS"i,( T—=9/(s,x%(s), fosk(s, 7, x%{)dr)ds)ds ]
L)% (H51=1GD ]

+

Therefore

(D= T1 [l (D17= [T D 7= 11",
We now set

(0x)(H) = ,S(Dxy+ j;tS(t— ) s, x(s),
fosk(s, 7, x(2))dr)ds
+ [stt=9 77 = S(THmy
— [TS(T=9fts. 9, [ K.z x(Ddas)ds.

2where the fuzzy mappings Z = satisfied above
statements.
Notice that

control #(® steers the (F.C.S.) from the origine to x
in time T provided we can obtain a fixed point of the

(Px)(T)=,x', which means that the
1

operator @.

Assume that the following hypotheses :

(H1) Linear system of (1.1) f=0 is exact
controllable.

(H2) nonlinear regular fuzzy function

£10, TIXER=EY — Ex and k: [0, T1=[0, TIxEYy— E}, are
satisfy a global Lipschitz condition, there exist K> 0
and p>0 such that

dH(ﬂ(t’xl) yl)' f?(t’styz))

< K(dH([xl ]a,[xz]a)+dH([y1 ]ay[yz]a)),
Ak (4,5, %0), B2 (4 s, 0, )< pdp([x, 1%, [2,19),

where %, v,€ Ey (i=1, 2).

Theorem 3.1. Suppose that hypotheses (H1), (H2) are
satisfied. Then the state of the (1.1) can be steered from

the initial value x, to any final state x' in time T.

Proof. The continuous function from C([0, T1: E}) to
itself defined by

(Dx)(D =,S(Dxy+ fOtS(t—s)f(s,x(s), fosk(s, 7, x(0))dD)ds
+ [Istt—9 27 @ - S(D
0 z (x X
- ' S(T=9f(s. x(5), [ K.z, x(2)dD a9 s

There exist @;(i=1, -+, n)is continuous function from
C([0, TEEy) to itself.
Let x,yeC(10, T): E}%) there exist (i=1, -, n)
%, v, C([0, TEE .
d [ Px (D1, [0,y

< dLf 'S (t— 9f. (s 2, (s), I “Ks, 7, x(D)dDds),

t s
L[ S(t=95i(5,9:(9, [ Ks, 7. 3L)dDs1
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+ o [ S(T-9 7 ([ (19
£ a T -~ =1
s, 58), [ Ko7, 2LD)d0d)ds) [ [ S(T—9) 7
T s

(J, SAT=9705,749), [ Hs,z, vD)dnds)ds)?)
< df [[[S(=97.(s. 29, [ Ks,nx()dDVas,

[1S€= 9705, 909, [ Ks, 2, v()dn1%s)

0 0

—Y —=1, (7
+ dy(L & ([ SUT=9 15,209,
fo “Ks, 7,2 (D) dD)ds))1°,

—y —=1, T
[Z:CE 7', ST=9£(s, 549,
fo Ks, 7, v D)dD)ds)))®)

< GG+ )dy (L3 (01 %[y (1)] 9

+ CROT+ 2L ), (15,017, [, (D] 9)

= CK((+45) + (T4 2E (Lo,

[v:()]19
Thus

d (@x, ®y) = sup o 3l 001 [ By] %)
1

n 2
= sup seto,u{ D (0201 “.10,y,(01 )Y

= CK{(t+—%ﬁ)+(T+—§i2)}

1
n 2
#S0D oo, 0] 35 (L2 01 %, 1,01 D7)

= CR(Ct+ 22 ) + (T+ 2 )} sup pegy (9.

Hence
H(®x, @y) = sup (g, nde(0x, Dy)
2
< sup oo, nCK((t+2E) 4+ (T+2L2)) do(ay)
TZ
= 2CK( T+—L—2 ) H(x, ).

2
We take sufficiently small T, 2CK( T%——éi <1,

Hence @ is a contraction mapping. By the Banach fixed
point theorem, @ has fixed point.

References

[11 Diamond, P. and Kloeden, P. E.(1994),
Spaces of Fuzzy sets, World Scientifi.

[2]1 Kaleva, 0.(1987), Fuzzy Differential Equations,
Fuzzy Sets and System, 24, 301-317.

[3] Kaufman, A., and Gupta, M. M.(1991), Introduction
to Fuzzy Arithmetic, Van Nostrand Reinhold.

Metric

624

[4] Kloeden, P. E.(1982), Fuzzy dynamical systems,
Fuzzy Sets and Systems, 7, 275-296.

(5] Kwun, Y. C. and Park, D. G.(1998), Optimal
control problem for fuzzy differential equations,
Proceedings of the Korea-Vietnam Joint Seminar,
103-114.

[6] Kwun, Y. C, Park, J. S., Kang, J. R. and Jeong,
D. H.(2003), The exact controllahility for the
nonlinear fuzzy control system in W ] of
Fuzzy Logic 13(4),
499-503.

[71 Kwun, Y. C.,, Han, C. W., Kim, S. Y. and Park, J.
S., Existence and Uniqueness of fuzzy solutions
for the nonlinear fuzzy integro-differential
equation on £E%, International J. of Fuzzy Logic
and Intelligent Systems, 4(1), 409-44.

[8] Mizmoto, M., and Tanaka, K.(1979), Some
properties of fuzzy numbers, Advances in Fuzzy
Sets Theory and applications, North~Holland
Publishing Company, 153-164.

[9] Park, J. S, Kim, Y. S, Kang, J. R. and Kwun, Y.
C.(2001), The existence and uniqueness of
solution for the nonlinear fuzzy differential
equations with nonlocal initial condition, J. of
Fuzzy Logic and Intelligent Systems, 11(8),
715-719.

[10] Seikkala, S.(1987), On the fuzzy initial value

problem, Fuzzy Sets and Systems, 24, 319-330.

Subrahmanyam, P. V. and Sudarsanam, S.

K.(1996), A note fuzzy volterra integral equations,

Fuzzy Sets and Systems, 81, 237-240.

and Intelligent Systems,

[11]

X X A~ 7

Young—Chel Kwun

He received the Ph.D. degree in Mathematics from
Dong-A university, Korea in 1990. Since 1992, he has a
professor in department of mathematics , Dong-A
University, Busan, Korea.

E-mail : yckwun@dau.ackr

Dong—Gun Park

He received his B.S and M.S. degree Mathematics
department in Dong-A university, Busan, Korea in 1996
and 1998 respectively. Currently, he is pursuing a PH. D.
degree in the department of Math. at Osaka University.
His research interests include semigroup theory, control
theory and fuzzy control theory.

E-mail : dgpark@dau.ackr.



Controliability of the noniinear Fuzzy Integro-Differential Equations on E%

Young—Chul Ahn

He received his B.S and M.S. degree Mathematics
department in Dong-A university,

Busan, Korea in 1980 and 1982 respectively. His research
interests include semigroup theory, control theory and
fuzzy control theory. '

E-mail : math0623@hanmail.net

625



