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A note on compact set-valued Choquet integrals
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Abstract

We note that Jang et al. studied closed set-valued Choquet integrals with respect to fuzzy measures. In this paper, we
consider Choquet integrals of compact set-valued functions, and prove some properties of them. In particular, using
compact set-valued functions instead of interval valued, we investigate characterization of compact set-valued Choquet

integrals.
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1. Introduction

In this paper, we consider Choquet integrals of com-
pact set-valued functions. We note that Jang et al. [1]
studied closed set-valued Choquet integrals with respect
to fuzzy measures. In Section 2, we define Choquet in—
tegrals of compact set-valued functions and discuss their
basis properties. In Section 3, using these definitions and
properties, we investigate characterization of compact
set-valued Choquet integrals.

2. Preliminaries and definitions

Throughout this paper, we assume that X is a locally
compact Hausdorff space, K is the class of continuous
functions on X with compact support, {2 is the class of
Borel sets, C is the class of compact sets, and O is the

class open set. The class of measurable functions is de-
noted by M and the class of non-negative measurable

functions is denoted by M™.
A non-additive measure on a measurable space

(X,2) is an extended real-valued function
Y= X} 20054 58 28¢
2E X} - 20054 99 20¢
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w: 2— 10, c0] satisfying
D p(z)=0,
@ p(A) < u(B),
whenever 4, B € (2, A C B. A fuzzy measure g is

said to be lower semi—continuous if for every increasing
sequence {A,} of measurable sets, we have

(o]
n=1

4,)= Limp(4,).

n—co

p(U

A fuzzy measure 4 is said to be upper semi-con-—
tinuous if for every decreasing sequence {A,L} of meas-

urable sets and p (4, ) < o, we have

71— 00

If w1 is lower and upper semi-continuous, it is said to
be continuous(see [6]).
We note that if 4 (X) < 00, we can define the con-

jugate ,LLC of ; as in the following

pé(A4) = p(X) — pn(49),

where A€ is thee complement of 4 € 2.

Recall that a function f: X—[0,00] is said to be
measurable  if {z|f(z)>a} € N all
a € (—oo,00) ([1,23D.

for



Definition 2.1 [4,5,7] (1) The Choquet integral of meas-
urable function f € M * with respect to a fuzzy meas-
ure g is defined by

(@ [rau= [ oy e,

where the integral on the right-hand side is an ordi-
nary one.
(2) A measurable function f is called integrable if the

Choquet of fcan be defined and its value is finite.
Throughout this paper, 2 will denote the interval
[0, ),
I(R")={[a,blla,b € RTand a < b}.

Then an element in I(R%Y) is called an interval

number. On the interval number set, we consider as in
the following three operations and one order relation;

for each pair [a,b],[c,d] € [(RT) and k € R™,
(1) Addition:
[a,b] + [c,d] =[a+c,b+d],
(2) Multiplication:
la,b] + [e,d] =[a-cb-d],
(3) Scalar multiplication:
kla,b] = [ka, kb],
(4) Order:
la,b] < [c,d] if and only if
a<cand b < d.
Then (I(R*),dy) is a metric space, where of the
Hausdorff metric defined by
dy (A, B)
=maz {sup, ¢ 4 inf, < gl —yl,
supy ¢ ginfy c de—yl}
for all A,B € I(R").

By the definition of the Hausdorff metric, we have
immediately the following proposition.

Proposition 2.2 [457] For each pair [a,b], [¢c,d] €
](R+)1
dH ([a: b]; [C, d])
= maz {la ~ c[,1b — dl }
Let C(R™) be the class of compact subsets of R™.

Throughout this paper, we consider a compact set-val-
ued function F': X— C(R*)\{&} and an interval

number-valued function F': X— I(R*)\ {@}. We de-

ZYE B AAHO|HEo| Bt AP

note that
dy— lim A =A if and only if

n—oo

lim df, (A4,,A4) =0,

nN—o0

where 4 € I(R™) and {A4,} cI(RY).

Definition 2.3 A compact set-valued function F is said

to be measurable if for each open set O € R ™,

FYO)={zlF(z)N0O}(# @) € 2.

Definition 2.4 Let F be a compact set-valued function.

A measurable function f: X—>R™ satisfying
flz) e Flz), Ve e X

is called a measurable selection of F.
We say f: X—R" is in L, (u) if and only if f is

measurable and (C) /:fdu< ©0, We note that ”

x € X p—a.e” stand for "z € X p —almost ev-
erywhere”, The property P(x) holds for z € X
[ — a.e. means that there is a measurable set 4 such
that £(A) =0 and the property P(zx) holds for all

z € A, where A€ is the complement of A.

Definition 25 Let F be a compact set-valued function,
let p be a non-additive measure and 4 € 2.
(1) The Choquet integral of F on A is defined by

© =10 s < 51,

where S(F) is the family of yu— a.e. measurable
selections of F, that is,

S(F)y={f € M"If(z) € F(z),
r € X, u—a.e}.

(2) A compact set-valued function F is said to be

Choquet integrable if (C) f Fdy = @,

and it is said to be Choquet integrable if (C) / Fu

exists and dose not include co.

(3) A compact set-valued function F is said to be
Choquet integrably bounded if there
g € M such that

1s a function

F(z) = SUP; e po)iT] < g(z), Vr € X.
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3. Main results

Throughout this paper, g is a continuous fuzzy

measure. In this section, we consider the following
classes of closed set-valued functions and compact
set-valued functions;

T ={FF: X— C(R") is measurable
closed set- valued function and
Choquet integrably bounded },

T,={FF: X— C(R") is measurable

compact set— valued function and
Choquet  integrably bounded }.

We recall that cl(A) means the closure of a subset
Ain RY.
Theorem 31 If FE€T, , then (C)/ Fd/J is

compact.
Proof. We assume that F is measurable compact

set-valued function on X and shall show that

(Q/ qu is closed and bounded on C(R*)\{@}.

Let F be closed. Then we have
[ Au={(©)[ saur = S}
4 A

is closed. Hence, Let F be Choquet integrably
bounded. Then there is g(z) such that Flz) < g(x).
Thus we obtain

F(z) < [0,9(z)].
For every f € S(F),

0<(Oftdu <O gdu @
Since f = < |f], we have

02O [fdu=(Of Wl 02
Since f* < |fl=f"+f", we have

0=(O[fidu =0 lfldu w3

By (3.1),(3.2) and (3.3),

590

(O [rde =0 ot

for every f € S(F) such that

flz) <g(z).

so (O) / Fdy is bounded. Thus (C) / Fdy is
compact. O
Corollary 32 If FET and GET, then
(C) f (mG')d/l is compact.
Definition 3.3 Lt GHET. We define

(GUH)(z) = G(z)UH(z) for al z € X.

Theorem 34 (1) If F,G € T, then we have
FUGeT and FNG € T.
(2) If F,G € T,, then we have
FUGE T, and FNG € T,.

Theorem 35 If F,G € T,, then we have

@] Fuga
=0 AU G

Theorem 3.6 If F, G € Ty, then we have

@] ENGdu
([ Fun ©| Gau

Definition 3.7 Let G, H € T. Then an addition oper-
ation W on T is defined by

GWH=cl(GUH).

We easily obtain the following property of this oper—
ation ¥ on T.

Theorem 3.8 If F,G &€ T, then (C)/ (PG du

=0 Fin(©f Ga

Proof. By Theorem 3.1, we have

(0] Fan=(0)[ Fiu



Since ¥ and G are measurable compact set-valued
functions on X, by Theorem 3.5 , we have

@] F9Qd=(0) dFuGdu

(0 [ (@(F)Ud(G)dd

=@ d®du v (O d(G)du

= (0 Fiu U ()] Gau)

=0 Fipw(O[ i .

Clearly, Theorem 3.8 implies the following corollary.
Corollary 39 Let {F |, k=1,2,---} be a sequnce of

compact set-valued functions in T,. Then we have

@ i iBdu= i, (O] R

We define

aA={azlr € A},

A+B={z+ylz € A,y € B}

where 4, B € C(R') anda € R™.

Using these operations, we can define another addition
operation on T.

Definition 3.10 Let G, H € T. Then an addition oper-
ation @ on T is defined by

GO H=c(G+ H).
Definition 3.11 [45] Let F,G € T. We say that F

and G are comonotonic, in symbol, F'~ G if and only
if

O ff@)<f @)>g@)<g () for al
z,z € X, and
@ fulz) < fel@)—> g(z) < gu(2') for all

z, ¥ € X, where f*(z)=sup {rlr € F(z)},
f«(x)=inf{rlr € F(z)},

*
g () =sup{rlr € G(z)},

and g« (z) =inf{rlr € G(z)}.

We recall that every convex compact set in K is a
closed bounded interval set and a closed bounded inter—
val means interval number. Thus we can see that every
interval-valued function is an element of T,. Using these
facts, in the papers([6,7]), we proved the following im-
portant theorem.

]
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Theorem 3.12 ([67]) Let F,G be interval-valued
Choquet integrably bounded functions. If F ~ &, then
we have

@] F+G)a
= Fau O Gan

Thus we can prove the following important theorem.

Theorem 3.13 Let F, G be interval-valued Choquet in-
tegrably bounded functions. If F#'~ (G, then we have

© [ (o)
= Fua© | Ga

Proof. Let F and G be measurable compact set-val-
ued functions on X and F'~ G.

By Definition 310 and Theorem 3.1, (C) / (FDG)du
=0 dF+a)du=d((O [ (F+6)d
=d () Fau+O)[ Ga]

=] Fne©[ i o
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