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ISHIKAWA ITERATIVE SEQUENCE WITH ERRORS
FOR ¢-STRONGLY ACCRETIVE OPERATORS

YONGJIN LI

ABSTRACT. In this paper, the iterative solution is studied for equa-
tion Tx = f with a uniformly continuous w-strongly accretive opera-
tors in arbitrary real Banach spaces. Our results extend, generalize
and improve the corresponding results obtained by Zeng [11].

1. Introduction

Let X be an arbitrary real Banach space with norm || - || and X* be the
dual space of X. The duality mapping J: X — 2X” is defined by

Je={f € Xx:(z,f) = l|lz[1* IIf| = |l=[l}-
Where (x, f) denotes the value of the continuous linear function f
€ X*atxeX.

An operator T: D(T) C X — X is said to be accretive, if for all x, y
€ D(T), there exists j € J(x — y) , such that

(1) (Tz —Ty,j(z —y)) > 0.

T is said to be strongly accretive, if for all x, y € D(T), there exists j €
J(x — y) and a constant k£ > 0 such that

(2) {Tz~Ty,j(z —y)) 2 l|lz — y||*.
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An operator T with domain D(T) and range R(T') in E is said to be
@ — strongly accretive, if for all x, y € D(T), there exists j € J(x —
y) and a strictly increasing function ¢ : [0, 00) — [0, 00) with ¢(0) = 0,
such that

(3) (Tz — Ty, j(x — y)) = (llz — yl)llz - yl.

Chidume [4] proved that the Mann iteration process converges strongly
to a solution of the equation Tx = f when T is Lipschitizan and strongly
accretive. A related result deal with the iterative approximation of the
fixed point of the class of Lipschitizan and strongly psedocontractive
mappings. In [11], Zeng proved the following theorem:

THEOREM 1.1 (See [11]) Suppose E is an arbitrary Banach space and
T: E — E be a Lipschitzian ¢ - strongly accretive operator, suppose the
equation Tx = f has a solution. Let {an},{Bn} be sequences in [0,1]
and {un},{vn} be sequences in E satisfying the following conditions:

(1) Xy llunll < 00,3252 llvall < 00
(2) 2niiom=00;

(3) Yniion <00

(4) Xl anfn <00 .

Then for arbitrary zo €E , the Ishikawa iteration sequence {x,} de-
fined iteratively by

(4) Yn = (1 - Bn)xn + BrSTn + vn

(5) ZTnt1 = (1 — an)zn + onSyn + un

converges strongly to the unique solution z* of the equation Tx = f,
where S: E — F is defined by Sx = f + (I - T)x, for any =z € E.

Our objective in this paper is to consider an iterative process, which
converges to a solution of Tx = f in arbitrary real Banach space. Our
results improve and extend the results of Zeng [11].
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The following Lemmas play an important role in proving our main
results.

LEMMA 1.2 (See [9)) Let {an},{bn},{cn} be nonnegative sequence
satisfying

(6) 41 < (1 - tn)an +b,+cn

With {t, : n =0,1,2,---} C [0,1], Yooritn = 00, by = o(tn) and
> 1 Cn <00 then limp_coGn = 0.

LEMMA 1.3 (See [10].) Let X be an arbitrary real Banach space and
T: X — X be a continuous -strongly accretive operator, then for any
given f € X, the equation Tx = f has a unique solution.

2. Main results
Now, we state and prove the following theorems.

THEOREM 2.1 Let E be an arbitrary Banach space and T: E — E be
uniformly continuous ¢ - strongly accretive operator. Suppose R(T) is
bounded and {un},{v,} be sequences in X and {an}, {6} be sequences
in [0, 1] such that

(1) Z;)LO:l “u"ll < 00, an” — 0asn— o0 :
(2) Z;;o=1an=00,oén—> Qasn— x;
(3)ﬂn_’oasn—’00.

Then for any zo €E , the Ishikawa iteration sequence {z,} with errors
defined by

(7) Yn = (1 - 571)1'71 + ﬁn[f + (I - T)xn] + vn

(8) Tnt1 = (1 — an)zn + anlf + (I = T)yn] + un

converges strongly to the unique solution z* of the equation Tx = f.

PrOOF. It follows from Lemma 1.3[10] that the equation Tx = f
has a unique solution x* € X. Let Sz = f + (I — T)z, since Sz* =
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f+ I —T)z* = z*, the point z* is a fixed point of S. Thus for any

z,y € X, there exists j(z — y) € J(z — y) such that
2 o([lz = yl)llz - yll

©) o _ellz—l)
~1+o(lz—yl)
= o(l|lz —yIDllz — ylI*.

lz — yl?

Where

ez =yl)
o(llz —yll) = T+ ol =D €[0,1)

for all z,y € X. Thus,
<(I=S8-o(lz—yl)e—I-S5-o(lz—yl)y,j(z—y)>= 0

and so it follows from Lemma 1.1 of Kato[8] that

lz—yll <llz—y+r[I-S)z-o(lz-yl)z— (I -Shy—o(lz—yDy)Il.

From zp41 = (1 — an)Zn + @nSyn + u, we obtain

Tn = Tptl + 0nn — 0pSyn — Up
= (14 an)zni1 + an[(I = S)Zns1 — o({|Tn41 — 7)) Tn41]
— (1 =o(lent1 — ")) anzn + (2 = o241 — 2*[))of (2 — Syn)
+ an(SBnss — Sta) = [2 = o (lrnss — o)) + Vi

It is easy to see that
" = (I+an)z" +on[(I-5)z"—0 (||zns1—3"|)z*] - (1-0 (||zn41—27(|) ) anz™
so that

tn — & = (14 an)(@ns1 — &) + aal(I = $)ans1 — o(|2ns1 — 5" znsa
+ (I = 8" —o(l|zntr — z7[)="]
— (1 =o(llznt1 — ™)) an(@n — =7)

+(2 = o(||lzns1 — ")) s (2 — Syn)

+ an(STnt1 — Syn) — [(2 — 0(||Tn+1 — 27|))n + Lup.
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Hence
on — 2% =2 (1 + an)ll(znt1 — %)
14+ a,

+ (= 9)z" = o([[zntr — "))z}l
= (I = o(lznt1r — ™)) anllzn — 2|
— (2= o(|zns1 — 2*|)afllzn — Syal
— an||Szny1 — Synll = [(2 = o(lZnt1 — 2¥[]))on + 1]l|unll
Z (1+ an)|(@ps1 — %)
— (I = o([lzns1 = z*|))onllzn — 27|
— (2= o(zps1 — 2" D))ad |l zn — Syal
= an[|STnt1 = Synll — [(2 = o([|zns1 — 2¥|)) an + ljun||

+

(I = 8)zn41 — o([|2n+1 — 2*[)2ns1

so that
. 1+ (1 —-0o(l|lzpe1 — 2¥|))e
I e

+ agllzn — Syl

+  onllSTnt1 — Syull + (200 + 1) [|un|
o(|zns1 — z*|)om .

< [1- -

< - Al o Ty, o

+ ai”mn — Syl

+  anl|STri1 — Synll + (20n + L)||unll
oz — x| "

< [1_ (” n+12 H) n]”.Tn—iE “

+ a?z”xn — Synll

+  anl|Szn+1 — Syn|l + 3|luall.
Since R(T) is bounded, we have {Ty,} is bounded, let

d = supn>o{[|Tyn — ="} + [0 — 2"||

o
M = d+) |ua] +1.
n=0

By induction, we assert that

2041 — 2| Sd + 300 llunll <M (n=1,2,3,..).



76 Yongjin Li

So {x,} is bounded, thus {Sz,} is bounded.

Therefore
Zn = Synll < [lzn — 2% + || Syn — Sz
< M
lzn ~ynll < Brllzn — Sznll + |Jvnl| — 0
Thus

[Znt1 = ynll < (1 = an)llzn — ynll + anllSyn — ynll + Jlunll — 0.

Since T is uniformly continuous, we have

|STnt1 — Synll — 0.

Set
bn = oZl@n — Synll + anllSzri1 — Syall
en = 3unll
an = |zn — |-

Then we have

ant+1 < [1 — ol x'n'+12_z*”)an]an + by + cp.
According to above argument, it is easy seen that

by = 0o(an), YomeqCn < 0.
We discern the following cases which cover all the possibilities:
1. inf{||z, — z*||} > 6 for some § > O;
2. inf{|lz,, — 2*||} = 0.

In the case 1. Suppose that inf{||z, —z*||} > 6, then ||z, —z*|| > ¢
for all n.

So
ollen = 2"l) = LU= > o(8) > 0.
We obtain
s < ot
< [1- U(é)a"]an + by, + cn.-
Set
)
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Then we have
ant1 < (1 —tn)an + by +cn.

According to above argument, it is easy seen that

Zzozl tn = 00, bn = O(tn)a Zzozl Cn S oo
and so, by Lemma 1.2, we have lima, = lim ||z,, — z*|| = 0 which con-
tradicts the assumed inf{||z, — z*||} > 6 > 0.

In the case 2. Suppose that inf{||z, — z*||} = 0, then there exist
{zn,} such that |z, —z*|| — 0.

Since [|zn — ynll — 0 and ||znt1 — ynll — 0, we have ||zp, 41 — z*|| <
g1~ [+ [~ < 1~ gl — g |+ 1 mg—* | = O,
30 [om 1 = &% 0.

In the same way, we have

zn,+2 — ™| — 0.

By induction, we can prove that

|Zng+: — 2| = 0, i=1,2,3,---

Therefore, x, — x*.

Thus, in all case, we see that the sequence {z,} converges strongly to
the unique solution z* of equation Tx = f. This completes the proof. O
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