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ABSTRACT

Az 4),

A three-dimensional (3-D) method of analysis is presented for determining the free vibration

frequencies and mode shapes of thick, complete (not truncated) conical shells of revolution. Unlike

conventional shell theories, which are mathematically two-dimensional (2-D),

based upon the 3-D dynamic equations of elasticity. Displacement components .,

the present method
u,

is

,and %o in the

radial, axial, and circumferential directions, respectively, are taken to be sinusoidal in time, periodic in

@, and algebraic polynomials in the » and z directions. Potential (strain) and kinetic energies of the

conical shells are formulated, the Ritz method is used to solve the eigenvalue problem, thus yielding

upper bound values of the frequencies by minimizing the frequencies.
polynomials is increased, frequencies converge to the exact wvalues.

As the degree of the
Convergence to four-digit

exactitude is demonstrated for the first five frequencies of theconical shells. Novel numerical results

are presented for thick, complete conical shells of revolution based upon the 3-D theory. Comparisons

are also made between the frequencies from the present 3-D Ritz method and a 2-D thin shell

theory.
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Fig.1 A cross-section of thick conical shell and
the cylindrical coordinate system (r, z, 6)
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Table 1 Convergence of frequencies in wRV o/G
of a free, complete conical shell of
revolution for the five lowest
axisymmetric modes (r=0) with
e =15 and &/R=03 for v=03

TZ| TR |\DET| | 2 3 1 5
2| 2 8 | 1515 | 2740 | 4.383 | 6664 | 1275
21 3 | 12 | 1474 | 2360 | 3529 | 6.183 | 7.782
2| 4 16 | 1469 | 2325 | 3308 | 5.331 | 6.316
2105 ] 20 | 1466 | 2301 | 3234 | 4.768 | 5.629
21 6 | 24 | 1463 | 2299 | 3219 | 4752 | 5324
21 7 | 28 | 1463 | 2298 | 3209 | 4735 | 5.234
31 2 | 12 | 1445 | 2007 | 3.017 1 39314 | 5503
31 3 | 18 | 1439 | 1.883 | 2919 | 3.165 | 4.626
3| 4 | 24 | 1433 | 1.827 | 2796 | 2893 | 4.323
315 | 30 | 1431 1 1813 | 2643 | 2850 | 4.157
31 6 | 32 | 1431 { 1795 | 2554 | 2.831 | 4.066
41 2 116 | 134 | 1815 | 2636 | 2.897 | 4.248
4 3 124 | 1431 | 1758 | 2356 | 2.840 | 3.9638
40 4 132 1130 | 1.738 | 2238 | 2815 | 355
41 5 40 | 1429 | 1.725 | 2114 | 2809 | 3.131
4| 6 | 48 | 1.428 | 1.722 | 2073 | 2807 | 2939
41 7 | 56 | 1428 | 1.720 | 2051 | 2795 | 2.845
51 2 | 20 | 1431 | 1.745 | 2251 | 2827 | 3.364
513 ] 30 | 14291 1722 | 2073 | 2810 | 3.029
510 4 [ 40 | 1428 | 1.717 | 2020 | 2779 | 2.809
51 5 | 50 | 1428 [ 1.715 | 1.975 | 2571 | 2.806
6 2 24 | 1430 | 1729 | 2045 | 2818 | 2.869
6 3 | 36| 1123 | 1.716 | 1.968 | 2539 | 2.808
6| 4 48 | 1428 | 1715 | 1948 | 2430 | 2.803
71 2 128 | 14291 1.728 | 1977 | 2505 | 2816
71 3 42 | 1428 | 1715 | 1.943 | 2.340 | 2.800
71 4 | 56 | 1427 | 1.714 | 1.937 | 2299 | 2.790
715 | 70 | 1427 | 1.714 | 1.936 | 2279 | 2.749
8 2 32 | 1429 | 1727 | 1971 | 2.360 | 2810
8] 3 48 | 1427 | 1.715 | 1.939 | 2.288 | 2.760
8| 4 | 64 | 1427 | 1714 | 1936 | 2273 | 2716
8| 5 | 80 | 1427 | 1714 | 1936 | 2.269 | 2.678
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Table 2 Nondimensional frequencies in wRV o/G
of free, conical shells with A/R=03 for

v=0.3

n|slo=151o=30|a =45 o =60 |a =75°
1(1.267 2466  [3526 4377|4938
211978 3865 5573|7007 (8027

07| 3 |2597 5.081 7333 [9.206 10.31
43214 6274 8932 11070 |11.20
513875 7566 {1073 1138|1168
11427 1.655(4) |1.608(3) |1.481(3) [1.289(2)
2 (1714 2296 (2824|3210 (3413

0*| 311935 3233 13787 3926 |3.904
412267 3301 4700 5911  |6.706
5 12,665 4257 6197|7699  |8563
106938(2) [L718  |2.024(4) 12.203(4) |2.317(4)
211189 2029 2520|2662 2718

1 31558 2557 13648 4541  [5.151
411602 2832  [3797 4908  [5.654
511910 3458 5334 (6130 16,633
1]0.3949(1) [0.5155(1) [0.5999(1){0.6626(1)(0.7032(1)
211.008(4) [1651(3) 2106 (12294  |2.339(5)

2| 31603 2583 (2873|3220 [3.502
42098 3129 4059 4177 {4223
5 (2,452 3903 4640  |5755  [6.503
110.7627(3) {1.101(2) {1.299(2) |1.427(2) |1.503(3)
2 (1563 2591 13295 13528 |3.587

3| 32200 3519 13835 4328|4721
412817 4004 [5512 5738|5797
5 (3454 5088 5777 6979 |7.804
1[1.061(5) [1.711(5) [2.075(5) |2.292(5) |2.414
2 (2,059 3432|4417 4630|4675

4| 32893 4516 14786  [5439  [5933
413775 4899 |6661 (7282 |7.373
5 |4.477 6209 |7.105 (8138  |9.032
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Table 29} 3 A9 FAGRAR)Y E2AF Z (o)
o] A7) #ARle] 71 (H3e) Agre dF3F
g (n)7F 290 EIoA wAEH, HlEY ECT
(n=0"E BF 39 154E 7IA0E AHE By
F3 Uk

Table 29 30X FAA A el ALEH tigThaka] ¢
3 ¢ (TZ, TR)S a=15° 30° 45° 60°, 75° o
A (TZ, TR)=(8,6), (7.7), (68), (510), (412)
& AH&stTh

Dreher# Leissa™ ™ 2-D Donnell-Mushtari &
O]EL ol&dtd 9FY Ao FUA HE (n=0)°l
3 9L E FIATH

Table 4% 733 K=101-v))(/ R (tar o-cos’ o))

Table 3 Nondimensional frequencies in wRV o/G
of free, conical shells with #/R=0.1 for

v=0.3
nl| s|lo=15 | =30° ot =45° | = 60°| &t = 75°
1 (1323 2.559 3623 4.442 4.959
2 (2161 4,181 5925 7.273 8.125
07| 3 |2971 5.751 8.159 1003|1121
4 (3765 7.296 10.36 1275 1427 -
5 [4.556 3.842 1254 1545 1731
111443 1535 1.394(5) (1.149(4) |0.7804(3)
2 11677 2.012 2135 2.121 1937
0*| 3 (1945 2.713 3.164 3.384 3451
4 2287 3.244 3372 4.071 3.914
5 |2.664 3.565 4.576 5.487 6.035
1 |0.7495(5) {1558 1550 1.370(5) {1.110(5)
2 (1.276 2.040 2438 2.617 2.654
1|3 (1540 2.134 2550 2.665 2.720
4 (1658 2818 3.560 4.278 4.746
5 (1954 2.872 4.067 5095 5,744
1 (0.1831(1) [0.2209(1)0.2434(1) [0.2545(1) {0.2575(1)
2 [05495(3) (0.9244(4){1.216(4) [1.424 1.562
213108 1.868 2.329 2427 2.330
4 (1525 2.557 2.798 3183 3.503
5 1972 2.722 3893 4.190 4.234
1 10.4151(2) |0.4931(2}[0.5390(2) 10.5678(2)[0.5839(2)
2 108984 1.362(5) [1.759 2.075 2.285
33145 2.385 3.209 3.570 3603
411942 3.442 3648 4.046 4.484
5 2525 3475 4.886 5.753 5.816
1 |0.7001(4) 10.8487(3)]0.9283(3) 0.9782(3) [1.007(4)
2 |1.346 1.933 2433 2.829 3.089
413 (1934 3.087 4.101 4.620 4678
4 12531 4.336 4.594 4.999 5519
5 314 4.4724 5.932 7243 7411

=10000, »=03% 957 A4 34 shd FUA
Eo(m=0) disiA 3z ZWN(3DR)F 22+

o =30°

o=15°

o =60° o=75°
Fig. 2 Cross-sections of conical shells with
h/R=03

o=75°
Fig. 3 Cross-sections of conical shells with A/R=
0.1

o = 60°
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Table 4 Comparisons of nondimensional fre-
encies in @RV o/G from the 3-D and
2-D methods of free, complete conical
shells of revolution for the first four
axisymmetric modes (n=0) with the
stiffness parameter K =121-v)(R/ R/
(tan* ot~ cos® &) =100000 for »=0.3

low, #/&]
s |Method | 150 | [30°, | [45°, | [60° | (75",
1517 | 03623 | 0148 |.006973 | 002901
S | 1742 | 1562 | 1275 | 09017 | 04668
1] 3DR | 1442 | 1481 | 1240 | 08916 | 04655
(%3F01) |(20.8%) |(5.47%) | (2:82%) |(1.13%) | (0.28%)
DS | 2190 | 1963 | 1603 | 1134 | 05868
2| 3DR | 1697 | 1795 | 1527 | Ll | 05841
(%7}o]) (29.19%) |(9.36%) | (4.98%) [(2.07%) | (0.46%)
DS | 2686 | 2408 | 1966 | 1390 | 0719
3| 3DR | 1978 | 2245 | 1888 | 1365 | 07166
(9%310) [(35.8%) |(7.26%) | (4.13%) |(1.83%) | (0.42%)
DS | 3315 | 2882 | 2353 | 1664 | 08614
4| 3DR | 232 | 279 | 2352 | 1663 | 08617
(9%3401) [(12.8%) |(3.229) | (0.04%) [(0.06%) | (-0.03%)

Jo]&(2DS) 2.2 3t F2k8) AFFT oRY o/GE H
"4'1‘31 Ak 5 7EA s &g FEge] %ab
ol e Ao2 A3t}

2DS -3DR
3DR

% 3ol = x100 (20)

Table 4ol (@ A/R)= (75°, 000290)¢] Wl
A RL(s=4) ALstie 33k g2yl A9
Ah/R) &} XA 7} (@) Z710) FHAGo] 23k
SR AMolE MY AL AFESE Al £oh A
HE I FAAY a7} e E ‘é%}?} 32 a2
IgA o 2k AolEd Hls dRbHow e
Agei: ALl F#oh Table 4= T4 (A/R)7F
004 mgkel @) 2249 MolEE& 10% oe] L8
AT, FAL Ah/R=0151)2 7% I A3t o)
SRS S B3 gtk

*lo r riz all

5. 4

I

339 M0 9AF (T HA @) T

]
o
Z04 253 449 A¥FE Tohe AL H

o

22 AN o] XN E 23 U As
of the 3xedd F8A WS AHEsislen,
Y] Arhehs 7 oldlel I ojd W] #
3 O 75 FA 4%tk bz o] Ho] A9 F
AR ML HE #8 v A L sl
7189 AFA 229 A o]E3 M E AolE 9
£

HAQFFA WA FEEA 4R Gl
S AR AR A=Y gt A3
AT 3 ARLAWORE 349 fmyes 7
@ AFF JRE) FHE AINE 78 =
AT, ARHOE YA © B AFET 275 o]
(2 0 2 244 9899 A7t L38e)), Pz

He FAAME AT E&4L A

o] Ao 3AAZFRI AP —71‘*‘”5(} (8)c
E 23 S04 3d4 Ento] ol 3A=E (2)9)
el 360° mTreZ W (generation area)é 3|
AAZ] 928 A (open shel) A E ALd & gtk

o] AFolA AAstE A4 (field equations)
3 U BE,e 88409, H3RHEY, Galerkin
B, AR 5& ol&std AFRE FTto] ohgl

dAZE, ol Ad, AH - 53 HYY $¥E A
Jé}t o A" £

o] AFolA AAgH X BEFE FFET A
52 ® A¥gho] ollg} o|AAEE H AdAL A
&o] 7hs3ith
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