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TOPOLOGICAL PRESSURE OF CONTINUOUS
FLOWS WITHOUT FIXED POINTS

KyunG BoK LEE

ABSTRACT. The purpose of this paper is to correct erroneous proofs
of theorems of He, Lu, Wang and Zheng [1] about the topological
pressure of continuous flows without fixed points and to give proofs
of some results which are stated in the literature without proofs and
thereby to show that their theorems are still true.

1. Introduction and preliminaries

Let (X, ®) be a continuous flow [i.e. & : X x R — X is continuous,
®(z,0) =z and O(z,s +t) = ®(P(z, s),t))] on a compact metric space
(X,d). Write ®; for homeomorphism of X defined by &;(z) = ®(z,t).
Let C(X,R) denote the Banach algebra of real valued continuous func-
tions on X equipped with the supremum norm.

DEFINITION 1.1. For E C X, we say that E is a (¢,5)-separated set
if for every z,y € E with z # y, d(®z, @sy) > 4 for some s € [0,1].

THEOREM 1.2. Let E be a (t,6)- separated set. Then E is a finite
set.

PRrROOF. By the integral continuity theorem (Theorem 4.2 in [2}), for
any £ € X, any number t > 0 and any £ > 0, there exists §; > 0
such that d(®s(z), Ps(y)) < &/2 for all y € X and s € R which satisfies
the inequalities d(z,y) < d, and 0 < s < t. The collection {B(z,d,) :
x € X} is an open covering of X. Hence, finitely many of them, say
B(z1,0z,), B(z2,64,), ..., B(xn,0z,) cover X. To prove the set F is a
finite set, assume the cardinal number of the set F is greater than n.
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Then we can take z,y € E with z # y and z,y € B(x;,d,,) for some
1 < i< n. It follows that

d(®5(z), 5(y)) < d(Ps(x), Ds(w:)) + d(Ps(2:), Bs(y)) <e€/2+¢/2 =,
contradicting the assumption that E is a (t,¢)-separated set of X. 0

For fe C(X,R), EC X and t > 0, put

St(E) = Z exp/O f(®e(z))ds.

z€E

Also, we define
P(®, f,e,t) =sup{S:(E): E is a (t, €) — separated set of X}.

P(®, f,e) = limsup 1/tlog P(®, f,¢,t).

{00

and

P(&, f) = lim P(&, f,¢).

DEFINITION 1.3. The map P(®,:) : C(X,R) — R U {oo} defined
above is called the topological pressure of ®.

REMARK 1.4. For f = 0, the number P(®, f) is just the topological
entropy h(®) of ®.

Let I be any interval of real numbers containing the origin. A reparam-
etrization of I is an orientation preserving homeomorphism from I onto
its image fixing the origin. We put

Rep(I) = {o : I — R is a reparmetrization of I},

and

Rep(e, I)
= {0 : I — Jis a diffeomorphism with ¢(0) = 0and|o’(s) — 1] < £},

where o : I — J is a reparametrization of I.
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DEFINITION 1.5. For E C X and € > 0, F is called a (¢, ¢)-strongly
separated set if for every z,y € E with x # y and o, € Rep(e, [o,t]),
then d(®q sy (), @s(y)) > € or d(s(x), Pg(s)(y)) > € for some s € [0, ).

DEFINITION 1.6. For EJF C X and ¢ > 0, E is called a (t,¢)-
spanning set of F if for every « € F', there is y € E such that d(®,(y), @
(z)) <eforall 0 <s<t.

DEFINITION 1.7. For E;F C X and ¢ > 0, E is called a (t,¢)-
weakly spanning set of F if for every x € X, there are y € E and
a € Rep(e, [0,t]) such that d(®ys)(z), Ps(y)) < e forall 0 < s <t

DEFINITION 1.8. For E,F C X and ¢ > 0, F is called a (¢, £)-tracing
set of F if for every x € F', there are y € E and a € Rep(e, [0,t]) such
that d(®@s)(z), Pa(s)(y)) Seforall 0 <s <t

2. Topological pressure
For f € C(X,R), € > 0 and ¢t > 0, we put
Q(®, f,e,t) = inf{Sy(E): E isa (t, €) — spanning set of X},

Py(®, f,e,t) =sup{S:(E) : E is a (t, ¢)—strongly separated set of X},
Qu(®, f,e,t) =inf{S(E): E is a (t, €) — weakly spanning set of X},

and
T(®, f,e,t) =inf{S,(E): E 1isa (t, €) — tracing set of X}.
Put
R(®, f,e) = H?Li‘.fp 1/tlog R(®, f,¢,t),
and

R(®, f) = lim P(®, f, ¢),

where R(-) = Q(-), Ps(+), Qw(:) or T().

In this paper, we shall show that if ® : X xR — X is a continuous flow
without fixed points, then P(®, f) = Q(®, f) = Ps(®, f) = Qu(®, f) =
T(®, f) for any f € C(X,R).

LEMMA 2.1. [1] For any f € C(X,R) and c € R, we have R(®, f +
¢)=R(P, f)+c
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LEMMA 2.2. [1] For any X\ > 0, there exists € > 0 such that for any
a € Rep(e, [0,t]), we have |a(s) — s| < sA for all 0 < s < 1.

LEMMA 3. [1] Let g : [a,b] — [c,d] be a strictly increasing differen-
tiable function. If there is M > 0 such that |g(z) — g(y)| < M|z —y| for
all z,y € M and f is an integrable function on [c,d], then f(g(t))g'(t)

is an integrable function on [a,b] and ff f(z)dx = ;:11((5)) flg))d (t)dt
for o, B € g([a, b]).

THEOREM A. The topological pressure Ps(®, f) which is defined by a
(t,€)-strongly separated set is equal to the topological pressure Qu(®, f)
defined by a (t,¢)-weakly spanning set of X.

PROOF. Suppose that Q. (®, f) < Ps(®, f). Choose two real num-
bers a, b such that

Qu(®, f) <a<b< P2, f).

Let
0< A< min{(1+b++/(1-0b)2%+4a)/2,1}.

This inequality means that A — A + a < b(1 — A). By Lemma 2.1, we
can assume that 0 < f(z) < M for all x € X. Choose g9 such that
A= A2+ Meg+a < b(1— ), and if d(z, y) < €0, then |f(z) — f(y)] < A
If 0 < £ < € for some €1, then @, (¥, f,¢) < a and Ps(®, f,) > b. Let
0 < € < min{egp, 1, 3\, 1}. Since

Qu(®, f,e/3) = limsup1/tlog Qu(®, f,€/3,1) < a,
t—00

there exists a tg > 0
1/tlog Qu(®, f,e/3,t) <a for t>to.
Also, since

P,(®, f,e) = limsup 1/tlog Ps(®, f,&,t) > b,

{—00

there exists t; > tg such that

1/t1log Ps(®, f,e,t1) > b.
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Put t = t;/1 — A. Then we have t; = (1 — A\)¢. Since ¢ > ty, we have
1/tlog Qu(®, f,e/3,t) < a, thatis, Qu(®,f e/3,t) <e™.

From the definition of Q. (®, f,e/3,t), there exists a (t,&/3)-weakly
spanning set F such that S;(F) < e%. Also, since

PS(q}’f’g’ (1 - )\)t) = PS((I)a f7€>t1) > el = Bb(l_)\)ta

there exists a ((1—\)t, €)-strongly separated set E such that S _).(E) >

e?(1=Mt Define a map & : E — F by choosing for each z € E, some point
&(z) € F and a € Rep(e/3,[0,t]) such that

d(@a(s)(2), @5(4(x))) <e/3 forall 0<s<t.

We claim that the map £ is injective. To prove this claim, let £(z) = £(y)
for z,y € F satisfying

d(q)a(S) (l‘)’ @S(f(.’l)))) < 6/3a

and

d(Pp(s)(¥), Ps(€(y))) < €/3,
for all 0 < s < t, and «, 8 € Rep(e/3,{0,t]). Then, we get

d(q)a(s)(x)’ q)ﬂ(s) (y)) < 25/3,

for all 0 < s < t using &(z) = &(y).
By virtue of the mean value theorem,

1B(t) —tl/t =B)/t =1 =1B'(n) — 1] <e/3 <A for some 7.

This means B(t) > (1 — A\)t. Let s = 371(u) for u € [0, (1 — A)t]. We
assert that

B! € Rep(e,[0,(1 = AN)t]) and o~ !B € Rep(e, [0, (1 — N)t]).
Since

(@f™) () = o (B (W)(B71) () = o (s)/B'(s),
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and
1-¢/3<d(s)<1+¢/3,1-¢/3<f'(s)<1+¢/3,

we get
(1—¢/3)/(1+¢/3) < (af™1) (u) < (1 +¢/3)/(1 —¢/3).

That is,
1~ (2¢/3+¢) < (af™") (u) <1+ (2/3~e).

Therefore,

[(@B71) (u) = 1| < (2¢)/(8 —¢) <e
implies that

a8t € Rep(e, [0, (1 — N)i)).

Using a similar argument, one can show that
Ba~t € Rep(e, [0, (1 — M)t)).
Consequently, we get z = y by
d(Pap-1(u)(2), Puly)) < 2¢/3,

and
d((bu(x)’ @ﬂa—l(u) (y)) < 25/3

forall 0 <u < (1—A)t.
Forz € Eand 0 < s < (1-A)t, let u=a"1(s). Since

d(q)s(x)a q)a—l(s)(g(x))) = d(q)a(u)(x)a (I)u(f(l‘))) < 5/3 < €o,

we obtain that |f(®s(x)) — f(Pa-1(5)(§(2)))| < A. Hence we have

f(@s(z)) <A+ f(a-1(5)(§(2)))-

Now, we assert that

1-x)t t
[ r@@nas <23 -Nereme+ [ f@ue@)

forz € Eand 0 < s < (1 — M)t
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To prove this fact, let a(¢) = (1 — A)t. Then, it follows that

(1-M)t
/0 £ (@(2))ds
(1-M\)t

< / A+ f(Ba-105)(E(2))))ds
0

(1-A)t
= A1 - Nt+ /0 £ (Bami () ((2)))ds
— A1- N+ OC £ (@ (@)’ (w)du
<AL= N+ /0 F(®u(E(@)))(e/3 + 1)du
— A1 Nit+e/3 / [ (@u(E(@))du+ / F(®ulE(@)))du
Ot . 0
<M1=\t +¢e/3 /0 Mdu + /0 F(®,(E(2)))du
= A1-Nt+¢e/3Mt+ /t f(®.(&(x)))du.
0

Consequently, we get

exp(b(1 — M)t) < S (E)

(1=t
~Yew [ 1@ @)

< Y el = ¥ +e/sM0exn | f(@ule())i

xeE

< oxpl(0— N +eoM) S | ' F(@uy))du

yeEF
= exp((A = A2 + goM)t)S,(F)
< exp((A = A? + &M + a)t).

But this is a contradiction. Thus we have P, (9, f) < @ (P, f).

To prove that P,;(®, ) > Q. (P, f), assume that Ps(®, f) < Qw(®, f).
Choose a real number a such that Ps(®, f) < a < Qu(®, f). Also, there
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exists g9 > 0 such that Py(®, f,e) < a < Qu(®, f,¢) for all 0 < & < &.
Then, for some ty > 0, if ¢t > tg, then

1/tlog Ps(®, f,e,t) <a and 1/tlogQu(®,f,e,t) > a.

Hence, there exists a maximal (¢,¢)-strongly separated set E such
that S;(E) < e, and also E is a (t,¢) -weakly spanning set. It follows
that

eat < Q'w(@afaeat) < St(E) < eat‘

This is a contradiction. Hence, we get Ps(®, ) > Qu(®, f) O

THEOREM B. The topological pressure T'(®, f) which is defined by
a (t,€)-tracing set is equal to the topological pressure Q. (®, f) defined
by a (t,e)-weakly spanning set of X.

PROOF. Suppose on the contrary that Q. (®, f) # T(®, f). Then
either Qu(®, f) < T(P, f) or Quw(®, f) > T(P, f). First, assume that
Qu(®, f) < T(®, f). Choose two real numbers a, b satisfying Q.,(®, f) <
a <b<T(®,f). Also, since a/b < 1, choose a real number A with
0 <A <1-a/b Then a < (1 — A)b. From the assumption, there exists
€o > 0 such that if 0 < € < gg, then Q(®, f,e) <a and b < T(®, f,¢).
Let

0 < e <min{\ 9/2,1/2}.

Since
0> Qu(®, f,¢) = lim sup1/t1og Qu(®, f,&,1),
—00

there is to such that if ¢ > ¢g, then 1/tlog Q. (®, f,¢,t) < a. Also, from
the
b<T(D,f,2)= tlim sup 1/tlog T(®, f,2¢,t)

there is a t; > tg such that b < 1/t, log T(®, f, 2¢,t1).

Putt =1t,/1 — A Since ¢t > tg, we have 1/tlog Q. (®, f,¢,t) < a, that
is, Qu(®, f,e,t) < e*.Sincet; = (1-N)tand b < 1/t1 log T(®, f, 2¢,t1),
we obtain

T(®, f,2,(1 = \)t) > b=Vt

Hence, there exists a (t, €)-weakly spanning set E such that S;(E) <
e®. For each z € X, there exist y € X and o € Rep(z, [0,1]) such that
d(Po(s)(z), Bs(y)) < e for all s € [0,t]. Also, since

la(t) —t|/t =|a(t)/t =1 =|a'(n) ~ 1| <e< A for some 7,
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we obtain
(1=t < a(t).

For u € [0, (1 = A)t], put o' (u) = 5. Then d(®y(z), Pa-1(u)(y)) <e.
Since (1) (u) = 1/d/(s), we get
l—¢g/l+e=1/14+e< (@) (u)<e/l—e<l+e/l—c¢.
Hence,
(@1 (u) -1 <e/l—e <2 thatis, a~!€ Rep(2e,[0,(1—N\)t]).

Consequently, E is a ((1 — A)t, 2¢)-tracing set.
Without loss of generality, we may assume that 0 < f(z) for all
z e X.
Then we obtain that
bM< T(®, f,2¢, (1 = A)t)
< Sa-xi(E)

= 5:(E)

< eat

This is a contradiction. Consequently, we get T(®, f) < Q. (P, f).

Secondly, assume that T'(®, f) < @w(®, f). Choose two real numbers
a, b such that T(®, f) < a < b < Qu(®P, f). Also, choose a real number
Asuch that 0 < A <1 —a/b.

Then a < (1 — A)b. There is g > 0 such that if 0 < € < &g, then
T(®, f,) < a and b < Qu(, f,¢). Let

0 < e < min{)\ &y/2,1/2}.

From the facts that T(®, f,e) < a and b < Q(®, f, 2¢), there are tg
and t;, respectively, such that if ¢ > {9 and t; > tg then

1/tlogT(®, f,e,t) <a and b<1/t;logQu(®,f,2e,t).
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Let t = t1/1 — A. Since t > ty, we obtain that
1/tlogT(®, f,e,t) < a, thatis, T(®,f e, t) <e.

Also,
Qu(®, f, 26, (1= A)t) > "=
using t; = (1 — A}t and b < 1/t11log Q. (P, f, 2¢,t1).
There is a (¢,¢)-tracing set E such that S;(E) < e*'. Moreover, E is
a ((1 — A)t, 2¢)-weakly spanning set of X. Therefore, we get

™V < Qu(®, fre, (1 - M)
< S-ae(E)

We have a contradiction. Hence, we get Q. (@, f) < T(®, f). Conse-
quently, it follows that Q. (®, f) = T(2, f). O

THEOREM C. The topological pressure P(®, f) using a (t, £)-separated
set is equal to the topological pressure Q(®, f) via a (t,¢)-spanning set
of X.

PRrROOF. Assume that P(®, f) < Q(®, f). Choose a real number a
such that P(®,f) < a < Q(®, f). Since P(®, f) = lim.—o P(®, f,€)
and Q(®, f) = lim.o Q(®, f,¢), there is gy such that if 0 < e < &,
then P(®, f,e) <a < Q(?P, f,¢).

By the definitions of P(®, f,¢) and Q(®, f, ), there exists ty > 0 such
that

1/tlog P(®, f,e,t) <a and 1/tlogQ(®, f,e,t) >a forall t>to.

There exists a maximal (t, )-separated set E such that S;(E) < e®t.
Also, E is a (t,¢)-spanning set. Hence, we obtain

e® < Q(®, f,e,t) < Si(E) < €.
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Hence, this is a contradiction. Therefore, we have P(®, f) > Q(®, f).

Now, to show that P(®, f) < Q(®, f), we assume that P(®, f) >
Q(®, f). Choose two numbers a, b such that Q(®, f) < a < b < P(®, f).
There exists €9 > 0 such that Q(®,f,e) < a < b < P(®, f,e) for
0<e<eg.

Choose 0 < € < eq satisfying | f(z) — f(y)| < b—a whenever d(z,y) <
¢. By virtue of the definition of

P(®,f,e) and Q(®,f,e),

there exists tg > 0 such that if ¢ > tg, then

1/t10gQ(<I>,f,%,t)<a and 1/tlog P(®, f,e,t) > b.

Then, in view of P(®, f,e,t) > ¢ and Q(®, f,/2,t) < e* |, E is
a (t,€)-separated set with S;(E) > € and F is a (¢,&/2)-spanning set
with St(F) < eat‘

Define the the map £ : E — F by choosing for each z € E such that
d(®s(z),Ps(&(x))) <e/2 forall 0<s<t.

Then £ is an injective map. To see this, let {(z) = &(y) for z,y € E.
Then we obtain z = y from the fact

d(®s(z), Ps(4(y)) < d(Ds(z), B5(&(2))) + d(Ds(E(m)), Bs(y))
<ef2+e/2=¢

forall0 <s <t

Also, we get |f(®s(x)) — f(®s(&(z)))| < b — a from the inequality
d(®,(z),Ps(&(x))) < €/2 < ¢. Hence, we obtain f(®:(z)) < b—a+
f(®s(&(x))). It follows that
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e’ < S,(F Z exp/ f(®s())ds

zeE

<Y exp / ~ 0+ F(@4((2)))ds

= et Y exp / F(®(E()))

zeE

=S e [ 1@

yeFr
=e(b—a)tSt( )
< e(b—a)teat

IA

bot.

This is a contradiction. Hence, we get P(®,f) < Q(?®, f) and This
completes the proof of the theorem. O

THEOREM D. The topological pressure T'(®, f) which is defined by a
(t,€)-tracing set is equal to the topological pressure Q(®, f) defined by
a (t,¢)-spanning set of X.

PROOF. Suppose that T(®, f) < Q(®, f). Choose two real numbers
a,b such that T(®, f) < a < b < Q(®, f).

We can assume that 0 < f(z) < M for all x € X.

Take

0<A<{—a—M++/(M—a)?+4bM}/{2M}.

Then, it is clear that A(1+ A\)M + (1 + A)a < b.

For some ¢g > 0, take 0 < & < g¢ satisfying T'(®, f,e) < a < b <
Q@, f,¢).

Let 0 < & < min{\,&o,1} with e + A(1 + A)M + (1 + A)a < b. For
any € > 0, choose 0 < ¢ < £/3 satisfying |f(z) — f(y)] < & provided that
z,y € X and d(z,y) < 4.

Since T(®, f,d) < a, there exists tg > 0 such that 1/tlogT(®, f,4,t) <
a for all t > tg. Take 7 > 0 such that

(1+A)/mlog3+e+ ML+NM+ (14 N)a <b.
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Also, take ¢ > max{to, 7} such that 1/tlog Q(®, f,e,t) > bvia Q(&, f,e) >
b.
Put t; = (1 + A)t. Then, t; > to. Hence, we get
1/t1 log T(q)f, d, tl) <a
Since T(®, f,4,t1) < exp(aty), there is a (t1,d)-tracing set E such that
S:(E) < exp(aty).

According to the proof of Proposition 14 in [3], we get a (¢1,¢€)-
spanning set F' such that for every z € E, there exists at most 3t1/7]
points in F which can be (#;,6)-traced by x.

Suppose y € F can be (t,0)-traced by z € E, that is, for some
a € Rep(6,[0,1]) and d(®s(y), Pu(s)(2)) < a holds for all s € [0,1].

From d(®,(y), Pu(s)(2)) < o, we get

[F(®s(y)) — [(Pagsy(2))] <&, thatis, [f(Rs(y)) < e+ f(Pars)(2)),

for all s € [0,¢]. Hence, it follows that

/ £, (y))ds < /0 (et F(Dagey(2)))ds = ot + /0 ' (@age)(@))ds
Also, we have
1/0'(s) < 1/(1=6) < 1426 < 14+2¢/3 < 14X by 1-6 <a'(s) <144
Putu= a('s). Then,
ds =1/a'(s)du < (1+ A)du.

Hence, we obtain that

t a(t)
/0 F@a@ds < [ f(@u(2))(1 +Ndu

0
a(t) alt)
= )\/ du+/ f(@y(z))du
0

Also, since

la(t) —t)/t = la@®)/t —1] = |/ (§) = 1] <6 < A for some &,
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we get
at) < (1+ A\t =t,.

Therefore, this show that

ty

t 3]
| r@was < [ ptaus [ s, @)
0 0 0
t1
=AMty +/ f(®y(z))du
0
However, using of a (t, €)-spanning set F, it follows that

exp(bt) < Q(®, f,e,t) < Si(F)

= Zexp/ f(®s(y))ds

yeF
<3/ expl(e + AT+ NI Y exp [ F(®u())du
z€E
< 34/ exp((e + A(1 + A M Zexp/ F(®u(x))d
z€EFR
1+ A
= exp(( log 3 + € + A(1 4+ A\)M)t)S,, (E)
I+ A :
< exp(( log3 4+ ¢+ A(1 + M) M)t) exp(ati)
1+ A
= exp(( log34 ¢+ A1+ MM+ (14 X)a))t).

This is a contradiction. Consequently, it follows that Q(®, f) <
(2, f).

In order to prove that Q(®, f) > T(®, f), we assume that Q(®, f) <
(2, ).

Choose a real number a such that Q(®,f) < a < T(®, f). Take
g0 > 0 with Q(®, f,e) < a < T(®, f,e) for all 0 < € < gy. From the
definitions of Q(®, f,¢) and T(®, f,¢), there exists ty > 0 such that

1/tlog Q(®, f,e,t) <a and 1/tlogT(®, f,c,t) > a

for all t > ¢g.
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Q(®, f,e,t) < e imply S¢(E) < e* for some a (t,)-spanning set E.
Since E is a (t,¢)-tracing set, it follows that

e < T(®, f,e,t) < Si(E) < e*.

This is a contradiction. Consequently, we get T(®, f) < Q(®, f), and
this completes the proof of this theorem. |
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