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CHARACTERIZATION OF PHANTOM GROUPS

DAE-WOONG LEE

ABSTRACT. We give another characteristic feature of the set of
phantom maps: After constructing an isomorphism between de-
rived functors, we show that the set of homotopy classes of phan-
tom maps could be restated as the extension product of subinverse
towers induced by the given inverse towers.

1. Introduction and result

Let I'™,n > 0 be the set of all increasing sequences ¥ = (9,71, ,
M)y Yo <M < < Yy € Tand let 7 € T, 0 < j < o,
be obtained from % € I'™ by deleting the jth factor v;, ie., 3 =
(Yo, »Yj—=1,Vj+1, --- ,¥n). And for each ¥ € T™, we associate an
abelian group Ay by the abelian group A, of the first index o in the
category of abelian groups, i.e., A5 = A,,.

Let & = (Ay,a,,I") be an inverse system of abelian groups A, and
group homomorphisms a4 : 4, — A, v < ' over the directed set I
We define an n-cochain group C™(2),n > 0 of A by

c(@) = ] 45, n>0,

yern

where Ay = A, as just mentioned above.

Let pry : C™(4) — A5 be a projection. If y is an element of C™(2),
then we denote the element y5 of A5 by y5 = pr5(y). The coboundary
operator 6™ : C™ () — C™(A),n > 1 is defined by

n
(6"Y)5y = Gyom (y50) + Z(_l)Jy"yj:
=1
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where y € C"1(2). For n = 0, if we put 6° =0 : 0 — C°(), then we
have a cochain complex

(C*(),9) :
0= Lot@) - oty 2L o) -

We now define the nth derived limit (see [6]) denoted by H™(2) of the
inverse system 2 = (A,,a,,I') of abelian groups by the cohomology
group of the above cochain complex (C*(2), ). That is to say H™(2A) =
ker(6™*1) /im(d"™).

What is even more interesting is to see that the derived limit is not
contravariant but a covariant functor although it was defined as the
cohomology of the cochain complex (C*(2),5). The author [2] showed
that a ring could be constructed under the derived cup products arising
from a certain inverse system.

Given a connected CW-complex X, a pointed map f : X — Y is
called a phantom map if the restriction map f|x, : X, — Y on the
skeleton X, is homotopic to the constant map for each n. Let Ph(X,Y")
denote the set of pointed homotopy classes of phantom maps from X to
Y.

Let lim"(—),n = 0,1 be the derived functor in the sense of Bousfield-
Kan [1, p.251]: Considering an inverse tower & = (G, "1, N) of (pos-
sibly non-abelian) groups G, and homomorphisms g?*! : G,y1 — G,
we can define a left action of [[G,, on [[ G, by the formula

(... ,Sn,sn_*_l’...)o(... ,tn,tn+17...):(... ,Sntngz+1(5;.}_1)7"'>-

We now define lim" & as the set of orbits of [] G, under this action. We
can also define the inverse limit lim & of the inverse tower & by using this
action. Moreover, the set lim' & = [[ Gr/ =~ can be viewed as the quo-
tient set of the direct product [| G, by an equivalence relation ~ defined
as the following: For x = (- ,Zp, - ),y = (- ,Yn, ) € [[ Gn, one
has z ~ y if and only if there exists an element s = (- , s, -+ ) € [[Gn
such that y = soz.

The following [4] has been playing a vital role in the computation of
the set of homotopy classes of phantom maps among the various kinds
of results in phantom map theory (also see [1]).
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PROPOSITION 1. If X and Y are pointed CW -spaces, then there are
set-theoretic bijections of pointed sets

lim![X, QY ™) ~ Ph(X,Y) = lim'[2X,, Y],

where Y™ is the nth Postnikov approximation of Y through dimension
n.

If X is a co-H-group or if Y is a homotopy associative H-space, then
the above set-theoretic bijections are group isomorphisms and Ph(X,Y)
is a normal subgroup of [X,Y].

We can find the following characteristic phenomenon [3, Theorem
1] regarding the description of the set of phantom maps proved by
McGibbon-Roitberg [56, Theorem 1] in 1998 and by Roitberg-Touhey
[7, Theorems 1.1 and 1.5] in 2000.

THEOREM 2. Let X andY be nilpotent CW -complexes of finite type.
If X has a rational homotopy type of a suspension or Y has a rational
homotopy type of a loop space, then there exists a bijection as sets

Ph(X,Y) ~ Ext(A(n),[X, QY ™]/F,).

Here A(n) is an inverse tower and F), is a finite commutator subgroup
of [X, QY (™)),

Let ([X,QY ("], st N) be an inverse tower of groups [X, Y (™)]
and group homomorphism s?*! : [X,QY("*tD] — [X, QY] over N
(the set of positive integers) induced by the Postnikov approximations.
And let [X, QY ™)+ be the image of the map s7+! : [X, QY (»+D)] -
[X,QY (™). Then we are able to induce a subinverse tower

(1X, Qy(n)][n—kl], 5PN :
e o X, QY Sy oyl

of the given inverse tower ([X,QY (™), s7+1 N).

In this paper, we deduce another expression (to which the title of
this paper refers) of the set of phantom maps which is more convenient
device just a little bit to handle than the previous one in that we can
use the subinverse tower instead of the given inverse tower.
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THEOREM 3. Let X and Y be connected CW -complexes. If X has
a homotopy type of a suspension or Y has a homotopy type of a loop
space, then there exists an isomorphism

Ph(X,Y) = Ext(A(n), [X, QY ™]ir+1])

as abelian groups.
2. Proof of Theorem 3

Note that if X and Y are connected nilpotent CW-complexes of finite
type, then the group [X, QY ()] is a finitely generated nilpotent group.
Moreover, under the hypothesis of Theorem 3, the group [X, QY ™) is
now abelian. In order to prove this theorem, we need the following two
lemmas.

LEMMA 3.1. For r = 0,1 there exists an isomorphism
lim"[ X, QY ™) = lim" [ X, QY (M]ln+1]
as abelian groups.

PrROOF. We define a map

H (X, Qy ™) H[X, Qy (™)

n=1 n=1
by

(uz)y = sy (@n41) ~ Ty
where = € T[S, [X,QY™)] and z, € [X,QY™], n > 0. Considering
the following commutative diagram

0-U =T, [x,Qv™] 2o U'=J,[X, QY™ >0
n=1 n=1

0— 0% =TI, [X, Q)+l 2, g1 =T [X,Qy ™+l g

of cochain complexes, where m = [[o., s7+!

et SnT, we now obtain the follow-
ing:

lim([X, QY ()], sn+1 N)

i ([X Qy(n)][n+1] —'n+1 N)

~ lim* ([X, QY ()], g+1 N)

~ lim' ([X, QY M)+l gn+l N).
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Let1:U' — Uand 1: U' — U° be the identity maps on []° , [X, QY ()]
and J1°°, [X, QY (M)in+1 respectively. Then for any z € U' and y € U,
we have

uol(z) = u(z)

= (-, 8" Tpp1) = Ty -)

= (s N apg), ) = (o Ty )

=tomw(x) — 1(x)

and
o 1(y) = a(y)
= ( ’§Z+1(yn+1) "yna"')
= (- ,§Z+1(yn+1),..‘)_(... Yny )
=moi(y) — y),

where i : []2, [X, QY (™]in+1] — T2 | [X, QY (™] is the inclusion. Thus
we have cochain homotopies 1 :iom~land1:7mo0i~1, ie., wisa
cochain homotopy equivalence. O

LEMMA 3.2. Let X and Y be as in Theorem 3. Then we have the
following:
(a) lim!'[X, QY (Mln+1l = gL([X, QY (W)]in+1l)
(b) HY([X, QY M]lr+]y = Ext(A(n), (X, QY (M]+1),

PROOF. In part (a), if [p] = [q] in H([X, QY (M]*+1]) then for each
(n,n+ 1) € N', there exists y € CO(|X, QY (W]n+1]) such that

DPn = Gn + (61y)(n,n+1)
=¢qn + an,n+1(yn+1) — Yn-
Since [X, QY (M}In+1 is abelian, we have
Gn = Pn + Yn ~ Gnn+1(Yn+1)
=Yn +Pn — an,n+1(yn+1>-

If we take the multiplicative notation in the above equalities, then we
have p ~ g in lim' [ X, QY ("]["+1] a5 required.
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In part (b), the proof goes to the same way just like the proof of
Lemma 3.1 in [3] by applying the groups G, = [X, QY] to the sub-
groups [X, QY (®)]ln+1], ]

Finally we have

Ph(X,Y) = lim'[X, QY (™] (by Proposition 1)
=~ lim'[X, QY ™]"* (by Lemma 3.1)
=~ H'[X, QY ™M)+ (by Lemma 3.2 (a))
=~ Ext(A(n), [X, QY ™)+ (by Lemma 3.2 (b))

which completes the proof. O

REMARK. In Theorem 3, note that the hypothesis of the homotopy
type of a suspension on X (or a loop space on Y) is really necessary
because it is not guaranteed to construct abelian groups [X, QY(")] if
either X has a rational homotopy type of a suspension or Y has a rational
homotopy type of a loop space. In this case, if X and Y are nilpotent
CW-complexes of finite type, then we just obtain an abelian group only
when it is rationalized!

References

[1] A. K. Bousfield and D. M. Kan, Homotopy limits, completions and localizations,
Lecture Notes in Math. 304 (1972).

[2] D. Lee, Derived cup product and (strictly) derived groups, Bull. Korean Math.
Soc. 35 (1998), no. 4, 791-807.

[3] , Phantom maps and the Gray index, Topology Appl. 138 (2004), no. 1-3,
265~-275.

[4] C. A. McGibbon, Phantom maps, Handbook of algebraic topology, North-Holland,
New York, 1995.

[5] C. A. McGibbon and J. Roitberg, Connected coverings, phantom maps and genus
sets, Indiana Univ. Math. J. 47 (1998), no. 4, 1433-1458.

(6] G. Nobeling, Uber die derivierten des inversen und des derekten limes einer
modulfamilie, Topology 1 (1961}, 47-61.

(7] J. Roitberg and P. Touhey, The homnotopy fiber of profinite completion, Topology
Appl. 103 (2000), 295-307.

Department, of Mathematics
Chonbuk National University
Chonju 561-756, Korea

E-mail: dwlee@math.chonbuk.ac.kr



