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EXPLICIT EVALUATIONS OF SPECIAL
MULTIPLE ZETA VALUES, (({4l+2},) AND (({4l},)

JIN-Wo00 SoN AND DoUK So0 JANG

ABSTRACT. In this paper we calculate two special types of multiple
zeta values, ({4l + 2}») and ¢({4!},) using the primitive roots of
unity, which may be simpler and easier.

1. Introduction

The Euler-Zagier’s multiple zeta values is defined by

1
81 82 Sk
ml m2 .- .mk

C(s1,82+ -+ ,8k) = Z

O<mi<mo< <My

with complex variables s; (1 = 1,2,--- ,k). When R(s;) > 1 for ¢ =
1,2,--+ ,k —1 and R(sk) > 1, multiple zeta values are absolutely con-
vergent.

These values occur in the knot theory and quantum field theory. M.
E. Hoffman [2] studied some relations and presented two conjectures, so
called, sum and duality conjectures. These are first proved by Zagier [5]
and extensively studied and generalized by Ohno [4].

One of the remarkable properties of the Riemann zeta function ((s)
is that {(2n) can be evaluated in terms of the Bernoulli numbers as
follows:

For a nonnegative integer n,

n 22n—len .
¢(2n) = (-1) H—(“Q‘n)—!— x w2,

which is due to L. Euler.
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There are deep relations between multiple zZeta values and Bernoulli
numbers,

(2,2, 72)
1 7T2k
- Z mimi---m? T 2k +1)!

O<mi<mo< -~ <my

1 B mi B my
_ 2k 2 2k
= (2m) > mal- - my! (2 : 2!) <2k(2k)!>

mi+2mo+-+kmyp=k
which are due to M. E. Hoffman [2]. J. M. Borwein and D. M. Bradley
and D. J. Broadhurst [1] recommended further study of multiple zeta
functions and other related functions. Here, we consider the case (21, - - -,
21) for indices (s1,--- ,spn) of the multiple zeta values. Let N be the set
of positive integers and Z; = N U {0}, and let S(a;k) be the set of
compositions of k length of k, i.e.,

S(a; k) = {(a1,--- ,ar)|lar + 2a2 + - - - + kax =k,
a; € Zy for allj =1,2,--- , k}.

The aim of this paper is to prove the case (21, - - - , 2) for indices (s1, - - -,
8n) of the Fuler-Zagier’s multiple zeta values which generalizes the fol-
lowing two theorems.

We denote n repetitions of a substring by {---}, and w; the I-th
primitive root of unity.

Now, we will state our results.

THEOREM 1. Forn € N and [ € Z we have

C({4l +2}n)
— (27T)4ln+2n Z Z(_l)il—i—n--}-igl

1<k<2l i =0

21
k=1
2in+l4+n

D B ()

(a1, a2inti4n)E€S(a2ln+l4+n) j=1

) (21+1)(2n—+1)

where the Bernoulli numbers B; is defined by '3 = 3772, Bf;.—j.

This theorem can be regarded as a generalization of Hoffman [2], if
[ =0 then we obtain the Proposition 2.4 in Hoffman [2].
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THEOREM 2. For n,l € N we have

C({4l}n) = (=1)™H2i(2m) "

1 2l—1 2l(2n+1)
x Z Z(_ 11-1— g1 <1+Z 1kw )

1<k<2l—1i,=0

2in+l a;
< Y HOalpz
a;l \ 4§(25))

(a1, ,a2in41)€8(a;2ln+l) j=1

where the Genocchi number G; is defined by ;25 =322 G;& i 13,

2. Proof of results

LEMMA 1. Let n € Z,, o; € C for all i, and let [z] be the greatest
integer not exceeding x.

(1) Ifn is odd integers, then

- sino; = #1)[% "2+“’+i" sin | ag + Y (—l)i’“ak .
on-— 1

=1 2<k<n zk—O k=2

(2) Ifn is even integers, then

n n 1
Hsin a; = (—;Tl)_[—:—] Z Z (—1)2t T cog <a1 + i(—l)i’cak> .
i=1

2<k<n ix=0 k=2

Proor. First we assume that n > 1. We use induction on n. If
n = 1, then the formula (1) and if n = 2, then the formula (2) here are
trivial. Assume, then, that the formula (2) in Lemma 1 holds true for
n=2,4,---,2l, ie.,

2 2l
Hsin o = 221 1 Z Z 1)+ Hia gog (al + Z(—l)“%wc) )

i=1 2<k<2l i =0 k=2

We must show that the formula (2) in Lemma 1 is true when n = 20+ 2.
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Set n =21 + 2. We have

2042

HSiIlOtz

i=1

(—1)l ! ia+-ting = 1k

S Sy tcos (a0 4 3 (1)
2<k<2l ix=0 k=2

X sin (85,1 0%] sin Q2142

~ Touw Z Z(_1)12+---+22,+2COS a1+z(_1)zkak :

2<k <242 =0 P

Thus, the formula (2) is true for n = 2/ + 2. Similarly we can prove the
formula (1) in Lemma 1. O

Now let’s look at the product formula for the sine function:

For s € N and z € C, it is well known [1] that

(21) f:I (1-2)- 2(—1)”4(@}@%

Let s =4l + 2 in (2.1). We obtain
(=1)"¢({4l + 2}) 42"
4142
(1 - Z4z+2)
1
22 P 22
L <1 - ﬁi) (1 - wgz+1ﬁ) T <1 - wgfﬂﬁ)

21+1
1 +

=1

1M

I
—3

3
il

I
i3

3
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where wy == cos(2n /1) + isin(27 /1) is the l-primitive root of unity.
By Lemma 1, we have

oG
Z("l)nC({‘ll + 2}, )24H2)n
n=0
. 21
221 " 2l+1 Z Z v Sin{ (1 + Z(_l)zkwlgu-l) ﬂz}
1<k<2l 9, =0 2
142
1<k<2l lL_O
3 2m+1
2m+1
X Z T-}-T (1 +I;( 1 wzH-l) (7TZ) m
i (=1)mH (grz)2m—=2
= 2%(2m+1)!
21 amt1
> Z(_l)ilJr"'“?‘ <1+Z(—1)"kw§l+l> ‘
1<k<L2L 4 =0 £
Therefore, we have the formula
[ ]
Z("l)"C({él.l + 2},)2(4F2n
n=0
S
B 20
L 22 (2m+ 1)
1 21 om1
2 (1 * Z<—1>"m§z+1> .
1<k<L2l 4, =0 P

Let us compare the coefficients of the both sides of the above formula.
Then we have
C({4l+2}n)
9=20 . (41+2)n

T (@rn+ D)+ 1)

1 2
X Z Z(—l)iﬁmﬂm <1+Z(*1)ikw}2cl+1

1<k<2l i =0 b—1

(2.2)

!

) (2l+1)(2n+1)
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since (4l +2)n =2m — 2l for n € N.
If (41 + 2)n # 2m — 21 for n € N, then we have

2m+1
(2.3) > Z( 1)lttia (1+Z( 1)* w2,+1> =0.

1<kL20 =0

Let s =4l in (2.1). We obtain

Y (=DR¢({4lyn)

n=0
©0 41
I (-5
n=1
- 2 2
z z z
_ 12V [(1-w22 1 - 22
g( n2>< ) (-t

By Lemma 1, we have

o0

Z nc {4l}n 4ln

. 201-1
= _—_(2::)21 z Z(_l)i1+-..+i21 1 {(1 + Z w4l) }

1<k<2—14,=0

0; 1 o
- L Y-y

1<k<2(—1 ip=0

oo 20-1 2m
S (e Tt )

m=0

s T2 2m— 2l’l,
- “m%%m

1 20-1 2m
x Z Z(_ u-l- “Fig—1 (1+ Z W4z> .

1<k<2l—1 ip=0
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Therefore we have the formula:

211 2m
YD e (1+Z(~1>isz) .
k=1

1<k<2l—1i,=0

1)71 {4l}n 4ln

3
o

2m 21

221 1 (2m)!

Let us compare the coefficients of the both sides of the above formula.
Then we have

n 21—2l71’4lni
C{4lkn) = (= )+l(21(2n+1))!
(2.4)

1 21—1 2l(2n+1)
xS N (mpyitetie (1+§:<—1>fwz) ,

1<k<20~1 1, =0 k=1

since 4ln = 2m — 2 for n € N,
Let 4ln # 2m — 2l for n € N, then we have

1 201 2m
(2.5) oY (ryitte (1 + Z(—l)ikw§l> = 0.

1<k<2l—-1 =0 k=1

By (2.2) and (2.4), we have the following proposition.

PROPOSITION 1. Let n € N.
(1) Ifl € Z,., then we have

9= 2lﬂ_(4l+2)n

T D@ 2 Z DA

1<k<2l k=0
> (20+1)(2n+1)

C({4l+2},) =

21
k=1
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(2) Ifl € N, then we have

21—2[ 4ln'

1
{4l}n — ( )n+l (2l(2n — 1)) Z Z 1)i1+...+i21—1

1<k<2l—1 ;=0
911 20(2n+1)
X (1 + Z(-l)i’“wfl) :

By (2.3) and (2.5), we have the following proposition.

PROPOSITION 2. Letw; = cos(2n/l)+isin(2nw/l) be the l-th primitive
roots of unity and n,l € N, then we have

(1) If m # 2ln+n+1, then

1 2m+1
Z Z(_ z1+ g (1 + Z w2l+1> =0.

1<k<20 =0
(2) If m # 2Iln+ 1, then

21-1 Zm
Z Z( 1 t14-tio 1 <1+Z( 1)lkw4> = Q.

1<k<2l-14;=0

Now, we consider the multiple zeta values at even integers s = 2! in
(2.1) to relate the Bernoulli numbers and Genocchi numbers.

Put )
2, By (2m1)%"
9(z) =) ——
— 2n(2n)!

and f(z) = log ¥272. We have

d sinmz d g™z — e T2
"z) = —lo =—1 _—
f'2) = dz ( T2 ) dz °® < 2miz )

2 1
= ey T T
oo .
By (2mi)" 1
:E _n(_ﬂzn‘1+7ri+_
n! z

0

3
Il

Bn(27Ti)n n—-1 __ - B2n(2ﬂi)2n 2n-1
R @)t~
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U
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Hence f(z) = g(z) since f(0) = ¢(0).
Let s =41+ 2 in (2.1). We have

00
Z<—1>"<<{4z +2}) 242
n=0
e
l<k<21 lk“*o
21
’Ll+...+’L‘2l (1 + Z(_l)zkw§l+1>
1<k<21 Zk“o k=1

p[ {(1+z i)}

t14--tiny <1+Z( 1) kw2l+1>
l<k<2llk 0

.3 % [g { (1 + z<—1>ikwsz+l> H |
m=0 k=1

By the multinomial theorem we obtain

=0 m! ail,: -, Q2n+i+4n

“arttauntign=m

277 i
2ntltn | By; {(1 + Z L(=1)° w21+1)27rzz}
x 25 (2
P 7(27)!
~ ol 4ln+2014-2n
= > { (1 + Z(—1)ikw§l+1) 27riz}
2ln+l+n=0 k=1

y Z 2lnﬁ+n _1_ sz a;
a;! \ 25 (25)! '

(a1, \azin+i+n)€S(a;2ln+i+n) =1

Comparing the coefficients of z(#+2" in the above formulae and using
the Proposition 2, the proof of Theorem 1 is complete.
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Put

and f(z)

Hence f(z) = §(z) since f(0) = §(0).

Jin-Woo Son and Douk Soo Jang

. 22 Gaon (27120
§e) == Zn((Qn))! z

n=1

= log cos mz. We have

. 2mi
=TTl — 55—
e27rzz 41
_ 1 Z GQn 271'7,
=g (Z)-

Let s = 4l in (2.1). We have

Z( 1 {4l} 4ln

2t

w2 L

21

o {(Hﬂg

27

(2mz)2%

<3

m=0

1<k<2l—1 =0
1<k<20—1 =0

> Z(—l)

1<k<20—1 1=0

&R

i1+ iz

i3+ tigi_1

)

d d
1] _ v _ v
fi(z) = 7 logcosmz P log (

2n——

1)i1+---+i21—1 coS { (

1
ST 2 Y

)

2n

b

eﬂ'll + e—wzz

2
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1+Z

)
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By the multinomial theorem we obtain

oo

1 m )
0 m! Z <a17 cry Q2in4l

m= a1+--+asinri=m
-1 ke 1Y
it | Gy {(1+ A5 (-1l 2miz |
X - —
]1;[1 47(27)!
0o 20—1 4in+21
= Z 1+Z(—1)i"w§l 2miz
2Un+1=0 k=1

< ox T
ot \"4(2))!)

(a1, ,a2tn41)ES(as2in+l) j=1

Comparing the coefficients of z(**2" in the above formulae and using
the Proposition 2, the proof of Theorem 2 is complete.
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