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A KL-PRODUCT OF FINITE BCI-ALGEBRAS
AHMAD HABIL

ABSTRACT. We have proved that a finite BCI-algebra (X, x,0)
is a K L-product if and only if for any subset I of X such that
I+ X C I the cardinality of 0+ X divides the cardinality of I.

1. Introduction

The notion of BCK-algebras was proposed by Y. Iami and K. Iséki
in 1966. In the same year K. Iséki [5] introduced the notion of BCI-
algebras, which are a generalization of BCK-algebras. After than
many mathematical papers have been published investigating some
algebraic properties of the BCK/BCI-algebras and their relationship
with other universal structures including lattices and Boolean alge-
bras.

2. Basic definitions and results

DEFINITION 2.1. A nonempty set X with a binary operation *
and a distinguished element 0 is called a BCT-algebra if the following
axioms

() ((xy) (@ 2) * (z%9) =0,

(71) (xx{x*xy)) xy =0,

(#7) x*xx =0,

(iv) rxy=y*xx=0—x=1y
are satisfied for every x,y.z € X.
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A B(C-algebra satisfying the identity 0% x = is called a BCK -
algebra.
In any BC'7-algebra we can define a natural order < putting

rlye—xxry=10

An element a of a BCI-algebra is called an atom if x < a implies
2 = a. The set of all atoms of a BC7-algebra X will be denoted by
L{X). It is always nonempty because it contains at least 0.

A BClI-algebra X satisfying the identity 0% (0 x x) = x is called p-
semisimple. In such BCI-algebra we have rx{xxy) = yforallz,y € X
(cf. [2]). Moreover such BCI-algebra is medial and can be uniquely
described by some group [L]. All elements of such BC7-algebra are
atoms [3].

LEMMA 2.2. [9] An element a of a BCT-algebra X is an atom if
and only if xx (xxa) =a foreveryx € X.

LEMMA 2.3. [9] In any BCI-algebra X we have L(X)=0x X.

In [8]]. Meng and X. L. Xin introduced the following notion of
K L-product BCT-algebras.

DEFINITION 2.4. A BCT-algebra X is called a K L-product BC1I-
algebras, if there exists a BC' K-algebra Y and a p-semisimple BCI-
algebra Z such that X ~ Y x Z.

THEOREM 2.5. [9] A BCT-algebra X is a K L-product if and only
if for every ¥ € X and e € L{X)} the following equality is satisfied

x=(rxe)*x{0xe)

PROPOSITION 2.6. (3], [6] In any BCI-algebra X the following con-

ditions are satisfied for every x,y,z € X

(1) x0 =z,

(2) ax(zx(xxy)) =x =y,

(3) (wry)rz=(rxz)ry,

(4) 0x (wxy)=(0xx)*(0xy),

Byr<y—ar*xr<yszandzsxy<zs*r,

6) Ox{x*xy) =0e—0xx=0x*y.
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3. Main results

In this section we describe properties of some special subsets of a
BCTI-algebra X. At first we consider the subset

T.={x € Xl|ax{axx)=1x}
Note that similar subsets are studied in [4].

LEMMA 3.1. In any BC[-algebra X for an arbitrary a € X we have
0,a €T, and L{(X) = Ty.

Proof. Since the first condition is obvious, we prove only the second.
Let e € Ty. Then 0 {(0x2) =2,ie. 2 €0+ X. Thus Tp C0x X.

Conversely, if # € 0 x X, then x = 0 x y for some y € X. Hence
O0x(0xx)=0x(0x{0xy))=0xy =x, ie x & Ty, which implies
0% X C Ty. Therefore To = 0% X = L(X). O

PROPOSITION 3.2. In any BCI-algebra X the following hold:
()T, =a*X ={axz|re X},
(2) Ty xa= L(X) =T,
(3) Tave C T,
(4) TO - Ta-.v
(5) Tox X = Ta;
6y x €T, — T, CT,,
(7} Ty =T, — a iz an atom.

Proof. (1) For y € T, we have y = a* (a*xy), which gives y € ax X.
Thus T, C a* X. Conversely, for any y € a * X there exists x € X
such that y = axx. Hence ax (a*xy) =ax{ax{a*xx)) =a*xx =y,
i.e. y € T,, whence a x X C T,. This completes the proof of (1}).

(2) For every a € X we have (a*xx)*xa= {a*xa)*xx =0x*x, 50,
Toxa={laxx)salr e X} ={0xz|lr € X} =0+ X = L(X) =Tj.

(3) Let y € Ty4p. Then

y={axx)x ({axzx)xy)={axzx)*{(axy)*x).
But

((axx) s {(axy)xx)){ar{axy)) = ((axz) s {(ax(axy))* ({ary)xx) = 0.
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So, yx (a*x (axy)) = 0. On the other hand, (a* (a*y)}*y = 0, which,
together with the previous equality, implies a * {a@ * y) = y. Therefore
yeT,.

(4) It follows from (3).

(5) Since for any z € T, there exists # € X such that v = a * x,
for y € X we have T,y = Tius)sy € Tuww C T, So, xxy € T,. Thus
T, % X C T,. This completes the proof, because T, =ax X C T, x X,
by just proved first condition.

(6} It is a simple consequence of previous conditions.

(7) If @ is an atom, then a € L{X) = Ty implies T, C 7. But
Ty C T, by {4}, so Ty = T,. The converse is obvious. O

Now we consider the set

S, ={x € Xl|x* (r*a) = a}.
PROPOSITION 3.3. Let X be a BC'I-algebra, then for any elements
a,b € X we have
(1) a € 5,
(2) x €85, — Sy C S,
(3) Se CSy— T, CT,,
(4} S, C Suse for any x € X,
(5) So= X,
(6} S, =X, ifa is an atom in X.
(7) (X'\ S,) * X =X\ S, if a is not an atom.

Proof. (1) We have a * (@ x a) = a x 0 = a, which gives a € S,,.

(2) Consider x € S, and y € S,. Then x*{x+a) = a and y*{y*x) =
2, which imply

(yr(yxa)) «{((yx(yr2))yxa) =a
and

{y* (yxax))x ((y*a)x (y*x)) =a
But

({yx (yra)) = ((yra)x{yxa)))« (yx (y*a)
= {yx(yrae))«(yx (yra)) « (yxa)+{y*x})) =0

So, a*x{yx(yxa)) = 0 and (y* (y xa)} *xa = 0, which implies
yx{y*a)=a Thusy € §,,ie 5, CS,.
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(3) Suppose that S, C Sy and # € T}, then b* (bxx) = x, ie.
b € S,. Therefore S, C 5., and in the consequence, S, C S,. So,
a € Sy, whence x € T,. This proves the inclusion T, C T,,.

In a similar way we can prove that Ty C T, implies S, C 5.

(4) We know that Tp,, C T, therefore S, C Sgiz.

(5) Obvious.

(6} It follows from the fact that x * (x x a) = a for every x € X if
and only if ¢ is an atom.

(7) If @ is not an atom, then S, # X. So, ifx € X\ S,, ¥y € X, and
xxy € Sg, then Suyy C S, But S, C S,y implies @ € S,, which is a
contradiction. Therefore must be x € X \ .S, O

COROLLARY 3.4. In a BCI-algebra X, the following properties are
equivalent:
(L} Sa = S,
(2) Ty = 1o,
3y be S, NT,,
(4) ae Sb N Tb.

On a BCT-algebra X we define a binary relation ~ putting
r~ye— 1T, =T,

It is clear that it is an equivalence relation. By the above corollary,
an equivalence class containing an element @ € X coincides with the
set S, N Ty

THEOREM 3.5. In any finite BC'[-algebra the following two condi-
tions are equivalent:
(L) (xxe)x(0xe)=xforallr € X ande € 0% X,
(2) Card{(0x X) divides CardI for any I C X such that I« X C I.

Proof. Consider the function ¢, : S, NT, — Sy N Ty such that
Yalx) =axzx.
It is well defined because for x € S, N T, we have

a@y=axx={zx(xxa))xx=(x+xx)*x{xra)=0=*{x*a),

which gives w,{(r) € 0x X =Ty = X NTy = Sy N Ty,
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If wo(x1) = wale) for some 21,23 € Sq N Tg, then a* x; = a * 3,
which implies
xy=ax{a*xx)=ax*{a*r)=x.
This means that @, is injective. Hence
Card (S, NT,) < Card{SoNTy).
(1) — (2) Let {(xxe)x(0xe}=axtforallz € X and e € 0x X. Then
yeSoﬂTO:TO:O*X:L(X) —>y€L(X),
ie. ax{axy)=y.
If x = a *y, then obviously x € T,,. Moreover,
wx(wxa) = (ary)+((axy)xa) = (axy)*((axa)ry) = (axy)+(0ry) = q,
which means that x € S,. In the consequence, x € S, N7T,. But
y = a*x is equivalent to y = @,{x). In this way, we have proved that
Ya 18 surjective. ¢, is bijective because it is injective by the first part
of the theorem. Consequently
Card{SoNTy) = Card{S,NT,).

Now let [ be an arbitrary subset of X such that f « X C . Then
I is a union of separated subsets of the form S, NT,. Indeed, for any
aclwehave T, =ax X CIxX CI But S,NT, CT,, which
implies S,NT, C I. So, I = Upec(S.NT,), where C < I. The subsets
S:NT,, x € C, as equivalence classes of the equivalence defined above,
are obviously separated. Therefore

Cardl =3, Card(S; NTy) =3, . Card (SN Tp)
= pec Card (0% X) = Card C x Card (0* X).
This proves that Card (0 X} divides Card 1.
(2) — (1) If for all 7 C X such that I+ X C I Card (0 X) divides
Card I, then for any a € X we have
Te=XNT, = (S U{X\S)NT, = (SaNTo) U{(X\Se)NT,).
This means that CardT, = Card{(S,NT,) + Card{(X \ S,) NT,).
If @ is not an atom then (X \ S,}* X = (X \ S,), by Proposition
3.3, and T, x X =T, by Proposition 3.2. So,

(X\S)NTL) * X C (X\S)N T
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From the above, according to (2}, we conclude that Card (0 * X)
divides Card T, and Card (X \ S,} N T,. Therefore Card (0 * X}
divides

Card T, — Card ({(X \ S,) N Ty} = Card (S, NT,).

Hence Card (SyNTy) divides Card (S, NT,), because 0% X = L(X) =
Ty = SoNTy by Lemma 2.3 and Lemma 3.1. Thus

Card(SoNTy) < Card{(S, NT,).

But, as it was proved in the first part of this proof, Card (S, NT,) <
Card (Sg NTy). So, Card (S, NT,) = Card(Sy NTy), which means
that the map i, is surjective.

If @ is an atom, then S, = X, by Proposition 3.3, and 7, = Tp, by
Proposition 3.2. Thus S, NT, = Sp N 7o, i.e. p, is surjective. So, @,
Is surjective in any case.

Now let e € L{X) = 0% X = Ty = So N Ty. Then there exists an
element x € (5, NT,) such that w,(x}) =a*xxr =e. Henceax{axx) =
axe. But ax{axx) = x because x € T,, whence r = axe and x € S,,.
Therefore

a=(axe)*x({axe)xa)=(axe)x((axa)*xe)=(axe)x{0xe)
This proves (1) and completes our proof. O

As a simple consequence of the above theorem and Theorem 2.5 we
obtain

COROLLARY 3.6. A finite BCI-algebra is a K L-product if and only
if for every I C X such that I + X C I Card{0* X) divides Card 1.
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