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PURITY OF GENERALIZED INVERSE POLYNOMIAL
MODULES

SANGWON PARK AND EUNHA CHO

ABSTRACT. In this paper we show that we can extend the purity
extension properties of left B-modules to the various generalized
inverse polynomial modules.

1. Introduction

Let M be a left R-module, then the inverse polynomial M [x™!] can
be defined as a left R[z]-module and we know that the polynomial
module M [z] and the inverse polynomial module M |[z~!] are not iso-
morphic as left R[x]-modules([L], [3], [5]}. Let S be a submonoid of the
natural number N, then we can generalized the definition of inverse
polynomial module and define M[x~%] as a left B[x*|-module([6]}. In
this paper we prove the purity extension properties of various gener-
alized inverse polynomial modules.

DEFINITION 1.1. ([4]) Let R be a ring and M be a left R-module,
then M[z~'] is a left R[x]-module by

e{mo +mx™ 4 FmaxT) = my + Tt 4+ mpe
and
-1 P A —1 . —n
r{mg + ™ 4+ -+ maaT") = rmg + raxT 4+ T

where r € B. We call M[r™!] an inverse polynomial module .
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We consider the natural number N contains 0.

DEFINITION 1.2. ([7]) Let R be a ring and M be a left R-module,
and S = {0,ky, ks, -} be a submonoid of N. Then M[x~%] is a left
R[x*]-module defined by

¥ (mo + mux ™+ maxr T o myr )

— ?Tl]l'_kl-i_ki + ?Tlg:l‘-_kﬁ-l—ki + .-+ mﬂ:r._"‘”““""

and . . .
r{mg +mar e 4 F )

= rmg + rr T rmer T o+ rmnr

kithi {:I‘-_kﬁké if kj—k€sS

where

0 it A -ké&S.

For example, if S = {0,2,3,4,---}, then mp+mox = +maz "+ -+
mixt € M[r="| and if S = {0,1,2,3,4,---}, then M[z*] = M[z7!].
Similarly, we can define M[[z~%]], M[z*, ™%, M[[x*,x™%]] as a left
R[x*]-modules.

DEFINITION 1.3. ([2]) Let S be a submonoid of N and S contains
all n in N lager than some ng in N. Then the conductor of S is the
largest element of Z not in S (where Z is the set of all integers).

EXAMPLE 1.4. Let S ={0,3,4,5,--}, then the conductor of S is
2.

Let S C N be a submonoid where we assume that for some ny € N,
all n > ng are in S. S is symmetric if and only if it has a conductor
¢, such that the function n — ¢ —n from Z to Z maps S bijectively to
its complement in Z .

EXAMPLE 1.5. S = {0,2,3,4,5,---} is a symmetric submonoid
with the conductor 1.
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EXAMPLE 1.6. S = {0,3,4,5,6,--- } is a nonsymmetric submonoid
with the conductor 2.

THEOREM 1.7. ([6]) Let M be a left R-module and S be a sym-
metric submonoid. Then there is an exact sequence

0— M[r*] = M[z,z7'] = M[z™*] =0
as R[z*]-modules.
An exact sequence of left R-modules
0—-A A4 =0
is pure exact if, for every right R-module B, we have exactness of
0—BoA 3B A—BsA —0

We say that AA" is a pure submodule of A in this case([9]).

EXAMPLE 1.8. A split exact sequence 0 — A’ LA A —0is
a pure exact.

Let M be a R-module, then the character module M* of A is
defined by Homz{M,Q/Z).

Let M, N be left R-modules. Then f : Nt — 3% having a
section means that there exist s : M+t — N1 such that fos = idy-+.

THEOREM 1.9. ([8]}) M C N is pure as left R-modules if and only
if f: Nt — M has a section.

THEOREM 1.10. If M C N is pure as left R-modules, then r divides
a in N implies r divides a in M.
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Proof. Let M C N be pure and I = (7}, r € R, then we have
0— R/ISgM — R/IQrN.
But since R/I Qg M = M/rM and R/I Sg N = N/rN,
0 — M/rM — N/rN.

Therefore, M C N is pure implies that if r divides a in N, then r
divides @ in M. O

ExXAMPLE 1.11. M[r] C M|z, x~'| is not pure as a left R[r]-
module.

Proof. Let m € M, then since x(mz~!) = m. But z does not
divide m in M|z]. Hence, M C M|z, 27| is not pure as a left R[x]-
module. O

2. Purity Extensions

THEOREM 2.1. Let M, N be left R-modules and S be a submonoid
of N. Then

Homg(M[x*], N) = Homgz{M, N)[[z™7]]
as left R[x®]-modules.

Proof. Let S = {0,ky,ks,---}. Let ¢ € Homg(M[r®], N) and
define dype : M — Mz by dyge(m) = ma® and ¢l pe : Mah —
N. Let fr, = @|prers © dpgere for each % = 0, ky, ko, ks, -+ . Define

W Homg(M[x*], N} — Homg(M, N})[[x77]]

by ©(¢) = fo+ fiya™  + fiua™*2 .. . Then easily 1 is a well-defined
group homomorphism. And ker(¢y) = 0, so that ¢ is injective. Let

fot fd ™+ fr,x™ 4+ € Homg(M, N)[[x~"]].
Choose ¢ € Homzg{M|[z*], N) such that
(}()(m{) + ma,tgl;r_kl + -+ ka.%.;r_ki) = fo(?no) + fkl (?nkl) 4o+ fk.%_ (ﬂlki).



PURITY OF MODULES 109

Then
P(P) =D far ™

nes

Therefore, # is surjective. Hence, Homgz(M|[x®], N} and Homz{M, N)
[[x~%]] are isomorphic as left R[r*|-modules. O

Similarly, we can get the following two Theorems.

THEOREM 2.2. Let M be a left R-modules and S be a submonoid
of N. Then

Homg(M[x™%|, N} = Homg(M, N}|[x*]]

as left R[x®]-modules.

THEOREM 2.3. Let M, N be left R-modules and S be a submonoid
of N. Then

Homg(M|[x*, 2™ %], N) = Homgz(M, N)[[x*, z~°]]

as left R[x®]-modules.

THEOREM 2.4. If M C N is pure as left R-modules and S =
{0,ky, ko, -+ -}, then M[x®] C N[x®] is pure as left R[z®]-modules.

Proof. Suppose M C N is pure as left R-modules, then f: Nt —
M™ has a section and by Theorem 2.1, (M[z*]})* = M*[[z™*]]. Let
fr: N¥[[a®]] — MT[[z~*]] be defined by
P (otbrg ™ Hih ™4 ) = o)+ f (thi )& V4 f (b )™ 4 -
Since f: Nt — MT has a section ¢ : Mt — N1 such that go f =
tdys+. Define

7 (Dot P ™™+ 4+ ) = gdo) +g(Pr )™ +g{Pr) ™™ +- - - .
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Then

(frog*} o + dryx™ + oz + 1)
= (¢ (o + brya™™ + drpx™ + )
= f*(g(¢o) + gldr)r™ + g(pr)a™ + .- -)
= flg(¢o)) + flg(dp )™ + flg(du) )™ + -
= (f o g}eo) + (f o gHer}x™™ + (f 0 ) ()™ + - -~
= o+ dr, T+ Py

Therefore, f* : Nt[[x™*]] — M*[[x™%]] has a section ¢* such that
frog" = idytyz-e). Hence, M[z°] C N[z®] is pure as left R[z*]-
modules. O

THEOREM 2.5. If M C N is pure ag left R-modules and S be sub-
monoid N, then M[x*,x~%] C N[x®*,x™%] is pure as left R[x*|-modules.

Proof. Suppose M C N is pure as left R-modules, then f: Nt —
M+ has a section and by Theorem 2.3, (N[x®, 275}t = N*t[[x%, 277
and (M[z®, 7%yt = M*[[«®, «*%]]. Let f*: NT[[x*, 27 %]] — M*[[x®, 2%
be defined by
P noma™ 4 ng + g™+ 0)
= flo e fo) + f)a

Define ¢* : Mt[[x%,x~%]] — N1t[[x*,27%]] by

g -+ m-_k_l;zr_""l + my + '.'n.kl;zr"‘"l +-0)

=+ gl 4 g(mg) + glmy ) + 0.
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Thus
(ffog")-+ m-_;clx'k‘ + mo + f,rn.klx“’l +--0)
= f(g* -+ mogr™® Fmg o™+ 0))
= (- F glmop)a™ + g(mo) + glmy ) + )
=+ flgbmop )™ + fg(mo)) + fg(mu, N + -+
=+ (fog)om_p)x™ + (f 0 g)(mo) + (f 0 g){mg )t + -
= Mo Famg g

Therefore, f* : N¥[[z%,27%]] — M*[[x*,27¢]] has a section ¢g* such
that f*og¢* = idpr+(jee o2 Hence, M[z*, 7% C N[x*,27°] is pure as
left. R[xr*]-modules. O

THEOREM 2.6. If M C N is pure as left R-modules, then M[x™%] C
N[x~*] is pure as left R[x®]-modules.

Proof. Suppose M C N is pure as left R-modules, then by f :
N* — M has a section. By the Theorem 2.2, Homg (M[x~*], N) =
Homgz{M, N) [[«°]]. That is, (M[z~*])" and M*[[«*]] are isomorphic
as R[x]-modules. Let f*: Nt[[x*]] — M*[[x*]] be defined by
P (o + oy @ + 2™ + ) = fdho) + Fe) )™ + Ftey)2™ + -

Since f : Nt — M has a section there exists ¢ : Mt — N7 such
that ¢ o f = tdp+. Define

g (b0 + Pry ™ + Prox™ + ) = g{go) + g )2 + g{gra) 2™ + -+
Then
(f*og* Mo + Pry ™ + dpg™ +--+)

= (g (o + Pr, 2™ + o™ + )

= f*(g(do) + g(de)x™ + g(pp)a™ + )

= Flg(do) + Floldr))a + flalgr))r® + -

= (f 0 9){¢o) + (f © 9)(B1)2" + ( 0 g) ()™ + - -

= o + D, @ + Py £
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Therefore, f*: N*[[z*]] — M*[[x*]] has a section ¢* such that f*og* =
ida+(jes)- Hence, M[z™%] C N[x~°] is pure as left R[z*]-modules. O
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