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PURITY OF GENERALIZED INVERSE POLYNOMIAL 
MODULES

Sangwon Park and Eunha Cho

Abstract. In this paper we show that we can extend the purity 
extension properties of left R-modules to the various generalized 
inverse polynomial modules.

1. Introduction

Let M be a left R-module, then the inverse polynomial M[x-1 ] can 

be defined as a left R[x]-module and we know that the polynomial 

module M[x] and the inverse polynomial module M[x-1 ] are not iso

morphic as left R[x]-modules([1], [3], [5]). Let S be a submonoid of the 

natural number N, then we can generalized the definition of inverse 

polynomial module and define M[x-s] as a left R[xs]-module([6]). In 

this paper we prove the purity extension properties of various gener

alized inverse polynomial modules.

Definition 1.1. ([4]) Let R be a ring and M be a left R-module, 

then M[x-1 ] is a left R[x]-module by

x(mo + mix-1 + ... + mn x-n) = mi + m2 x-1 + ... + mn x-n+1 

and

r(mo + m1 x-1 + …+ mn x-n) = rmQ + rm]x-1 + …+ rmnx-n 

where r € R. We call M[x-1 ] an inverse polynomial module .
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We consider the natural number N contains 0.

Definition 1.2. ([7]) Let R be a ring and M be a left R-module, 

and S = {0,ki,k2, •••} be a submonoid of N. Then M[x-s] is a left 

R[xs]-module defined by

xki (mo + mix-k1 + m2 x-k2 + …+ mn x~kn)

=mix-k1+ki + m2 x-k2+ki + •…+ mn x-kn+ki

and

where

r(mo + mix-k1 + m^x-"2 + ..• + mn x-kn)

=rmo + rmix-k1 + rm2x-k2 + ..• + rmn x-kn

x-kj+ki fx-kj+ki if 幻-ki J S
[0 if kj — ki J S.

For example, if S = {0, 2, 3, 4, • • • }, then mo+m2x-2+m3x-3 + • • • + 

m《x-i J M[x-s] and if S = {0,1,2, 3, 4, • • • }, then M[x-s] = M[x-1 ]. 
Similarly, we can define M[[x-s]], M[xs,x-s], M[[xs,x-s]] as a left 

R[xs ]-modules.

Definition 1.3. ([2]) Let S be a submonoid of N and S contains 

all n in N lager than some no in N. Then the conductor of S is the 

largest element of Z not in S (where Z is the set of all integers).

Example 1.4. Let S = {0, 3,4,5, • • • }, then the conductor of S is 
2.

Let S C N be a submonoid where we assume that for some no J N, 

all n > no are in S. S is symmetric if and only if it has a conductor 

c, such that the function n 1 c — n from Z to Z maps S bijectively to 

its complement in Z .

Example 1.5. S = {0, 2, 3,4,5, •••} is a symmetric submonoid 
with the conductor 1.
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Example 1.6. S = {0, 3,4,5,6, •••} is a nonsymmetric submonoid 
with the conductor 2.

Theorem 1.7. ([6]) Let M be a left R-module and S be a sym

metric submonoid. Then there is an exact sequence

0 — M[xs] — M[x,x-1] — M 广]—0

as R[xs]-modules.

An exact sequence of left R-modules

0 — A' 스 A — A” — 0

is pure exact if, for every right R-module B, we have exactness of

0 ——스 B ® A' 뜨스 B ® A ——스 B ® A" ——스 0.

We say that 入A' is a pure submodule of A in this case( [이 ) .

Example 1.8. A split exact sequence 0 스 A' 스 A 스 A" 스 0 is 
a pure exact.

Let M be a R-module, then the character module M + of M is 

defined by Homz(M, Q/Z).

Let M, N be left R-modules. Then f : N + ——스 M + having a 

section means that there exist s : M + ——스 N + such that f ◦ s = idM +.

Theorem 1.9. ([8]) M c N is pure as left R-modules if and only 

if f : N + 스 M + has a section.

Theorem 1.10. If M c N is pure as left R-modules, then r divides 
a in N implies r divides a in M.
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Therefore, M C N 

divides a in M.

Proof. Let M C N be pure and I = (r), r G R, then we have 

0 — R/I ®r M — R/I Mr N.

But since R/I Mr M 으 M/rM and R/I Mr N 으 N/rN,

0 — M/rM — N/rN.

is pureimplies that if r divides a in N ,then □

Example 1.11. 
module.

M[x] C M[x, x-1] is not pure as a left R[x]-

Proof. Let m G M, then since x(mx-1) 으 m. But x does not 

divide m in M[x]. Hence, M C M[x, x-1 ] is not pure as a left R[x]- 

module.

2. Purity Extensions

Theorem 2.1. Let M, N be left R-modules and S be a submonoid 
of N. Then

Homz(M[xs], N) 으 Homz(M, N)[[x-s]]

as left R[xs"modules.

Proof. Let S 으 {0,ki,k2, •••}. Let © G Homz(M[xs], N) and 

define dMxki : M — Mxki by dMxki (m) 으 mxki and ©|m* : Mxki — 
N. Let fki 으 ©Im* ◦ dM* for each xki 으 0,ki,k2,k；3, •… . Define

明:Homz(M[xs], N) — Homz(M, N)[[x-s]]

by 明(©) 으 fo + fkix-k1 + fk2x-k2 + ... . Then easily 明 is a well-defined 

group homomorphism. And ker(明') 으 0, so that 明 is injective. Let

fo + fkix-k1 + fk2x-k2 +---G Homz(M, N)[[x-s]].

Choose © G Homz(M[xs], N) such that

©(mo + mkixk1 +--- + mkixki) 으 fo(m°) + fki(皿如) +---- + fki(mki).
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Then

d仞=E fnX~n.

nCS

Therefore, d is surjective. Hence, Homz(M[xs], N) and Homz(M, N)

[[x-s]] are isomorphic as left R[xs]-modules. □

Similarly, we can get the following two Theorems.

Theorem 2.2. Let M be a left R-modules and S be a submonoid 
of N. Then

Homz(M[x~s],N) 으 Homz(M, N)[[麥]]

as left R[xs"modules.

Theorem 2.3. Let M, N be left R-modules and S be a submonoid 
of N. Then

Homz(M[xs,x-s],N) 으 Homz(M, N)[[xs,x-s]]

as left R[xs"modules.

Theorem 2.4. If M c N is pure as left R-modules and S 으 
{0, ki, k，2,…}, then M[xs] C N[xs] is pure as left R[xs]-modules.

Proof. Suppose M C N is pure as left R-modules, then f : N + — 
M + has a section and by Theorem 2.1, (M[xs])+ 으 M +[[x-s]]. Let 

f * : N +[[x-s]] — M + [[x-s]] be defined by

f *(d0+加 x-k1 +烷 x-k2 +• - - ) 으 f (如+/(如1 )x"k1 +f (如2 )x"k2 +• • • -

Since f : N + — M + has a section g : M + — N + such that g ◦ f 으 
idM +. Define

g*(©o+瀛1 x-k1 + 怵2 x-k2 + • • •) = gg+g (。知)x-k1 +g (饥林)x-k2 + • • •.
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Then

(/*。9*)00 + 庆1 x-k1 + 晶 x-k2 + •…)

=/ *(g *00 + 庆1 x-k1 + ©加 x-k2 + , , ,))

=/ *(g (沁 + g (两)x-k1 + g0k2 )x-k2 + ••-)

=/ (g(^0)) + / (g0ki ))x-k1 + / (g0k2 ))x-k2 + ••-

=(/。g)g + (/。g"ki )x-k1 + (/。g"k2 )x-k2 + …

=《)0 + ©ki x k1 + Ck<2 x k2 + , , ,.

Therefore, f* : N + [[x-s]] — M + [[x-s]] has a section g* such that

f *。g* = idM +[[x-이" Hence, M[xs] C N[xs] is pure as left R[xs]-

modules. □

Theorem 2.5. If M C N is pure as left R-modules and S be sub
monoid 风 then M[xs, x-s] C N[xs, x-s] is pure as left R[xs^-modules.

Proof. Suppose M C N is pure as left R-modules, then f : N + — 
M + has a section and by Theorem 2.3, (N[xs, x-s])+ 으 N + [[xs, x-s]] 

and (M[xs,x-s])+ 으 M + [[xs,x-s]]. Let f* : N+[[xs,x-s]] — M + [[xs,x-s]] 

be defined by

f *(, , , + n-kix-k1 + n + nkixk1 + .…)

=------- + f (n-ki )x-k1 + f (n°) + f (nki )xk1 +----------.

Define g* : M +[[xs, x-s]] — N +[[xs, x-s]] by

g*(-- + m-ki x-k1 + m，0 + mki xk1 +--- )

=------- + g(n-ki )x-k1 + g(m0) + g (知刼)xk1 +--- .
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Thus

(f* ◦ g*)(-- + m-k1 x-k1 + m0 + mk1 xk1 +--- )

=f *(g *(-- + m_ki x-k1 + me + mki xk1 +--- ))

=f *(-- + g(m_ki )x-k1 + g (m。) + g(mki )xk1 +--- )

=• • • + f (g(m_ki ))x_k1 + f (g(m0)) + f (g(mki ))xk1 + • • •

=• • • + (f ◦ g)(m_ki)x-k1 + (f o g)(m0)+ (f。g)(mki)xk1 + • • •

=---+ m_k1 x_k1 + m，0 + mk1 xk1 +--- .

Therefore, f* : N +[[xs, x_s]] — M +[[xs, x_s]] has a section g* such 

that f * o g* = idM+["x-이]. Hence, M[xs, x_s] c N[xs, x_s] is pure as 

left R[xs]-modules. □

Theorem 2.6. If M c N is pureas left R-modules,then M [x-s ] c 
N[x-s] is pure as left R[xs]-modules.

Proof. Suppose M c N is pure as left R-modules, then by f : 

N + — M + has a section. By the Theorem 2.2, Homz (M[x-s], N) 으 

Homz(M, N) [[xs]]. That is, (M[x-s])+ and M + [[xs]] are isomorphic 

as R[x]-modules. Let f * : N + [[xs]] — M + [[xs]] be defined by

f * 的0 + 加Xkl +、Xk2 + …)=f (饥)+ f (如1)xk1 + f (如2 仲 + ….

Since f : N + — M + has a section there exists g : M + — N + such 

that g ◦ f = idM +. Define

g*(©o + ©ki xk1 + 怔2 xk2 +--- ) = g(©o) + g(©ki )xk1 + g (机 2 )xk2 +--- .

Then

(f *°g *)(©0 + ©ki xkl + 机 2x*2 + …)

=f *(g*(©0 + ©kixk1 + ©k2 疥 + • • •))

=f *(g(©0)+ g (©ki)xk1 + g(©k2)x*2 + • • •)

=f (g (©0)) + f (g (©ki))xk1 + f (g(©k2))xk2 + • • •

=(f ◦ g )(©0)+ (f ◦ g )(©ki)xk1 + (f ◦ g)(©k2)xk2 + •••

=©0 + ©k1 xk1 + ©k2 xk2 + ....
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Therefore, f * : N + [[xs]] — M +[[xs]] has a section g* su사ithat f *og* = 

idM +[[x이]. Hence, M[x-s] C N[x-s] is pure as left R[xs]-modules. □
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