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A COVERING CONDITION FOR THE PRIME
SPECTRUMS

CHUL Ju HwANG

ABSTRACT. Let R be a commutative ring with identity, and let
Fro h=1,...,n), go (& € 5) be elements of B. We show that
the following statements are equivalent; (1) X; C Unes X, only
if Xy € X,, for some a € S, (ii) V(f) C UncsV{(gn) only if
V(f) C V(ga) for some o« € S, (iii) V(f) C UL,V (¢} only if
V{(f) C V(g) for some i, (iv) Spec(R) is linearly ordered under
inclusion.

Let R be a commutative ring {with identity 1). It is known that
every prime ideal of R is the radical of a principal ideal if and only
if R satisfies the following property; {*) for a prime ideal P and a
{(nonempty) set {Fala € A} of prme ideals of R, P C Ugea Py implies
P C F, for some o € A. This was proved for Noetherian rings by
Reis and Viswanathan [6], and then completely generalized by Smith
[7]. It is clear that if R satisfies (x), then R has a finite number
of minimal prime ideals {cf. [2, Theorem 2.1] or [4, Theorem 2.5]).
As a natural dual of (x), Gilmer [3] studied the following condition;
(#) If P € Spec(R) and if {I,}acs is a nonempty fomily of ideals of
R, then P contains Naesla only if P contains some I,. He proved
that R satisfies condition (#) if and only if R is zero-dimensional and
semi-quasilocal [3, Theorem 2].

In [5], we studied similar properties for the prime spectrum of a
ring F;

(A} For any elements f and go {0 € S) of R, Xy C Unes Xy, implies
Xy C Xy, for somea € S.
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In particular, we showed that if R satisfies (A}, then R has at most
two maximal ideals [5, Theorem 6]. We next consider a natural dual
of (A); for any elements f and g, (@ € S} of R, Xy 2 Nacs Xy,
only if X; 2 X, for some a € S. Note that Xy 2 Nyes Xy, &
V(f) = (Spec(R) \ X;) © (Spec(R) \ NaesXy,) = Unes(Spec(R) \
X4} = UaesV(ga); hence we can restate the dual of the condition
(A) as follows;

(B) For any elements f and gx (A € S} of R, V(f) € U \V{gy)

aimplies V(f) C Vigya) for some A€ S.

It is well known, and easily verified, that the condition (A) is equiva-
lent to the following condition; for any elements f and g; (1 =1,...,n)
of R, Xy C UL, X, tmplies Xy C X, for some . Thus it is natural
to ask whether the condition (B) is equivalent to

(C) Forany elements f andg; (i=1,....n) of R, V(f) CUX,V(¢)
wimplies V(f) C V{g:) for some i.
We answer this affirmatively. In fact, the purpose of this paper is to
prove that the conditions {A), {B), (C), and that Spec{R) is linearly
ordered are equivalent.

All rings R considered in this paper are commutative rings {with
identity 1) and Spec(R) (called the prime spectrum of R) is the set of
prime ideals of R. Clearly, Spec(R) is a partially ordered set under
inclusion. For an element f € R, V(f) denotes the set of prime ideal
of R containing f and X; = Spec(R) \ V(f). It is clear that V{0) =
Spec(R) and V(1) = @. Note that P € Spec{R)—X; & PeV(f) &
fR C P and that /fR = N{P € Spec(R)|f € P} =n{P e V(f)}.
Hence Xy = X, & V(f)=V{(g) & VfR=+/gRforany f.g € R.

LEMMA 1. Let f and g be elements of a ring R, then

1. Xy € X UX, and

2. V{fg)=V(fiuV(g).

Proof. Let P be a prime ideal of B. Then (1) Pe Xy, & f+g &
P=fgdPorggPes PeX;UX,and (2) PeV(fg) & fge
Pe fePorge PSS PeV(fiuVig). O

We next give the main result of this paper which gives a complete
characterization of rings satisfying the property (A).
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THEOREM 2. Let R be a ring, then the following statements are
equivalent:

1. R satisfies (A);

2. R satisfies (B);

3. R satisfies (C};

4. Spec(R) is linearly ordered under inclusion.

Proof. (1) = (4} Let P and ¢ be prime ideals of R such that P € @
and Q € P. Let f € P\Qand g € Q\ P. Then P € Xy, \ X¢
and @ € Xy, \ X,. Hence Xyyy € Xy and Xppy € Xy, but Xpyy C
X;UX, by Lemma 1. Thus if R satisfies (A}, then Spec(R) is linearly
ordered.

(4} = (1) Recall that Spec(R) is linearly ordered if and only if
{X¢|f € R} is linearly ordered [5, Theorem 10]. Thus if Spec(R) is
linearly ordered, then R satisfies (A).

(2} = (3) is clear.

(3) = (4) Let P and Q be prime ideals of R such that P ¢ Q and
QL P Let fe P\Qandge Q\P. Then @ € V(fg)\ V(f)
and P € V(fg)\ V(g) hence V{(fg) € V{(f) and V(fg) € V(g), but
V(fgy = V(f) U V{g) by Lemma 1. Thus if R satisfies {(C), then
Spec(R) is linearly ordered.

(4) = (2) Let f, gx (A € S) be elements of R such that V(f) C
UnesV{ga). If fis a unit in B, then V{f) = §; so we assume that f
is not a unit. Let v/fE = P. Then as Spec(R) is linearly ordered,
P is a proper prime ideal of R [5, Theorem 10] and P € V{f). Since
V(f) € UxesVigr), P € Vigy) for some A € 5, so gy € P. Thus
V(S Vig)sinee Qe V(f)e feQe P=VFRCQ =g €
Q& Qe Vig). O

REFERENCES

[1] M.F. Atiyah and I.G. Macdonald, fntroduction to commutative algebra, Addi-
tion Wesly,1968.

[2] G.W. Chang, Weakly factorial rings with zero divisors, Lecture Notes in Pure
and Applied Math., Marcel Dekker, 220(2001), 119-131.

[3] R. Gilmer, An intersection condition for prime idenls, Factorization in Integral
domains, Lecture Notes in Pure and Applied Math., Marcel Dekker, 189(1997),
327-331.



64 CHUL JU HWANG

[4] J. Huckaba, Commutative Rings with Zero Divisors, Marcel Decker, New York,
1988.

[5] C.J. Hwang and G.W. Chang, 4 note on coverings of prime ideals, Comm.
Korean Math. Soc., 14 (1999), 681-685.

[6] C.M. Reis and T.M. Viswanathan, 4 compactness property for prime ideals in
Noetherian rings, Proc. Amer. Math. Soc., 25 (1970), 353-356.

[7] W. Smith, 4 covering condition for prime ¢deals, Proc. Amer. Math. Soc., 30
(1971), 451-452.

Department, of mathematics
Silla. University

Pusan 617-736, Korea
E-mail: cjhwang@silla.ac kr


mailto:cjhwang@silla.ac.kr

