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COMMON FIXED POINTS OF A WEAK-COMPATIBLE
PAIR OF A SINGLE VALUED AND A MULTIVALUED
MAPS IN D-METRIC SPACES
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ABSTRACT. The object of this paper is to prove two unique common
fixed point theorems for a pair of a set-valued map and a self map
satisfying a general contractive condition using orbital concept and
weak-compatibility of the pair. One of these results generalizes sub-
stantially, the result of Dhage, Jennifer and Kang [4]. Simultaneously,
its implications for two maps and one map improves and generalizes
the results of Dhage [3], and Rhoades [11]. All the results of this

paper are new.

1. Introduction

The fixed point theory for the set-valued mappings is a major branch
of set-valued analysis and at present a very extensive literature is avail-
able in this direction. Most of these results are extensions and general-
izations of the celebrated fixed point theorem for set-valued maps first
established by Nadler [10] in metric spaces. The common fixed point
theorems for the pairs of self map and a set-valued map have been
studied by Fisher [6, 7], Garegnani and Zanco [8] etc. under weaker
versions of the commutativity condition.

Generalizing the notion of metric space, Dhage [2] introduced D-
metric space and proved the existence of unique fixed point of a self-map
satisfying a contractive condition. Dealing with D-metric space Ahmad
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et. al. [1], Dhage [2, 3], Dhage et. al [5], Rhoades [11], Singh, Jain and
Jain [12], and others made a significant contribution in fixed point the-
ory of D-metric spaces while Veerapandi et. al. [13] established some
fixed point theorems for set-valued maps in D-metric spaces. Recently
Dhage, Jennifer and Kang [4] deal with some results for fixed points of
a pair of coincidentally commuting set-valued map and a self map in a
D-metric space which is being generalized by our results.

The first result of this paper establishes a unique common fixed point
theorem in an unbounded and incomplete D-metric space. The second
result of this paper is a unique common fixed point theorem for the
pair of a self map and a set-valued map satisfying a general contrac-
tive condition under weak-compatibility of them. It uses using orbital
concept for the domains of variables x,y and for the completeness and

boundedness as well. The results of the said references of D-metric
spaces are also generalized significantly in this paper.

2. Preliminaries

DEFINITION 2.1. ([2]) Let X be a non-empty set. A generalized
metric (or D-metric) on X is a function from X x X x X — R* (the
set of non-negative real numbers) satisfying:

(D-1) p(z,y,2) =0if and only if x =y = z,

(D-2) plz,y,2) = ply, x,2) = -,

(D-3) plz,y,2) < plz,y,a) + p(z,a,z) + pla,y, z),Vx,y,z,a € X.
The pair (X, p) is called a D-metric space.

DEFINITION 2.2. ([2]) A sequence {x,} of points in a D-metric space
(X, p) is said to be D-convergent to a point x € X if for e > 0,3Iny € N
such that VYm,n > ng, p(xm, T, z) < €. This sequence is said to be D-
Cauchy sequence if for € > 0,dny € N such that Vm > n,p > m,n >
N0, P(Tny T, Tp) < €.(X, p) is said to be complete if every D-Cauchy

sequence in it converges to some point of X.
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DEFINITION 2.3. Let F be a multivalued map on D-metric space
(X, p). Let zp € X be arbitrary. A sequence {z,} in X is said to be
an orbit of F' at xy denoted by O(F, xg) if x,, € F"(xg),Yn € N. If F
is a single- valued self map on X then for x¢g € X, let x1 = Fxg, 20 =
Fzy = F?%, -+ ,xp_1 = F" '2g,---. Then the sequence {z,} is called
the orbit of F' at the point z¢ and is denoted by O(F, xo).

DEFINITION 2.4. Let F' be a multivalued map on D-metric space
(X, p). An orbit O(F,x¢) is said to be complete if every D-Cauchy

sequence in it converges to an element of X.

DEFINITION 2.5. A subset A of a D -metric space (X, p) is said to be
bounded if there exists M > 0 such that p(u,v,w) < M,Vu,v,w € A
and M is said to be a bound of it.

DEFINITION 2.6. ([13]) Let CB(X) be the collection of all non-empty
bounded and closed subsets of a D-metric space (X, p) and A, B,C €
CB(X) . Let
d(A, B,C) = Sup{p(a,b,c):a € A;be€ B,ce C}, Then (CB(X),d) is
a D-metric space.

DEFINITION 2.7. Let F be a multivalued map on D -metric space
(X, p). A point u € X is said to be a fixed point of F' if u € Fu. Also
for a sequence {z,,} € X, if Limy, n—ood (Fxp, Fx,, 2) = 0, then we say
{Fz,} - z¢€ X.

DEFINITION 2.8. ([4]) Let F' be a multivalued map and g be a self
map on D-metric space (X, p). The pair (F,g) is said to be weak-
compatible if F'y = {gy}, for some y € X implies Fgy = {gFy}.

Let ® denote the class of functions ¢ : RT — R* such that ¢ is
upper semi-continuous, ¢ is non-decreasing, ¢(t) < t, for t > 0.
To prove the main results, we require the following proposition and

lemma.
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PROPOSITION 2.1. Let g be a self map in a D-metric space (X, p)
and F' : X — CB(X) such that F(X) C ¢g(X). For some zy € X,
define sequences {z,} and {y,} in X by

Yn = 9T, € Fa,_1,Yn € N.
Then
{Zo, 11,22, -} ={xn} € O(g7'F, x),
{yi,y2,y3, - } = {yn} € O(Fg=',y1), where y; = Fxy.

Proof. Since gx; € Fxg, we have x; € g 'Fxy. Also, gro € Fay
gives w3y € g Fxy = (971 F)%x¢. Similarly, gz, € Fx,_; gives x, €
g Fx, 1 = (g7 F)"xo. Again y; = gr1 € Fao,y2 = gre € Fuy €
F(g7'Fag) = (Fg ') Fxo,ys = grs € Frg € F(g7'F)*xg = (Fg™')?Fxo.
Similarly, v, € (Fg~!)" ' Fux,. O

Note that {yn} = {?/1>?/2>?/3> e } = O(F9_1>?/1)> where Y1 = F$07 18
said to be an (F/g)-orbit at zg. It is also written as O(Fg~!, Fxg).

LEMMA 2.2. Let g be a self-map in a D-metric space (X, p) and
F: X — CB(X) be such that F(X) C ¢g(X). For some xy € X, and
for some ¢ € P, let

p(97, 9y, 92),0(Fx, Fy, gz),
5Egzr Fux, 92),5Egy,Fy,gZ),
8(gx, Fy, 92),0(gy, Fx,g2),

(21) o(Fw, Fy, Fz) < ¢ Maz 8(gz, gy, Fz),0(g9x, Fx, Fz),
8(gy, Fy, F'z),0(g9x, Fy, Fz),
d(gy, Fz, Fz)

for all x,y,z € O(g7'F, zy).
Let {z,} and {y,} be sequences defined in X as above. Let {X,}
be a sequence in CB(X) given by
Yn = gy € Fx,, 1 = X,,,Vn € N.
If F({xn}) = U,ey Xi is bounded, then
(1) {yn} is a D— Cauchy sequence in O(Fg™', Fxy).
(17i)  If 0 is continuous in one variable, then gx,, — w implies Fx, —

{u}.
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Proof. (i) Define a positive real sequence {v,} in R by
Vi = Supjreno(Xi, Xitj, Xivjtr), Vi € N.
Then ~; > 0 and ~; is a non-increasing sequence for all i. Each ~; is
finite as | J;cy Xi is bounded. Hence it tends to a limit, say, v. In the
following, we show that v = 0. We have, using (2.1), for m > n,
(X, Xotp, Xon) = 0(Fap1, Frpip1, Fm_1)

P\Yn— 1>yn+p 15 Ym— 1),5(Xn>Xn+p>ym—1)>

(
(yn 1, n,'ym 1) 5(yn+p—1>Xn+p>ym—1§,
5(yn 1 n+ Ym— 1) 5(Xn Yn+p—15 Ym—1
< M ’ P> ’ p—1, ’
=¢ @ 5(yn 1 Yntp—1, Xm ) 5(yn—1>Xn>Xm)>
5(yn+p 15 Xn—i—;m Xom ) 5(?/“—17 XTH‘P? Xm)>
5( s Ynbp—1s Xm )
5(Xn 1>Xn+10 1>X )75(Xn>Xn+p>Xm—1)>
5(Xn 1>Xn>Xm 1) 5(Xn+p—1>Xn+p>Xm—1)>
5(Xn 1>Xn+p>Xm 1) 5(Xn>Xn+p—1>Xm—1)>
= ¢ Mazx 5(Xn 1>Xn+10 17 )75(Xn—1>Xn>Xm)>
5( n+p—1; Xntp; Xm )>5(Xn—1>Xn+p>Xm)>

§( X, Xntp—1, Xm)
< ¢ Max(Yn-1,Yn Yntp-1) = ¢ (Yn-1)-

Thus
(1) 0 (X Xoipy Xnaprt) < 0(9n-1)
Taking supremum over p and ¢, we get

Yn S QS(’Yn—l)-

Letting n — oo, we get

v < o(y) <7, iy >0,
which is a contradiction. Hence v = 0, i.e., 7, — 0, as n — oo.
Using (1),

P(Yns Yntps Yntprt) < 0( Xy Xntp, Xin) < @(Yn—1)-
Letting n — oo, we get



56 B. SINGH AND 8. JAIN

Hence {y,} is a D-Cauchy sequence in O(F g™, Fxy).
(ii) Let gz, — w. Using (1),

Limy oo 0(Fp, Fpip,u) = Limy_00 0

< Limy,—oo0

< Limy—o00

< Limy o0

Fx,, Fr, iy, gTm)

Frx,, Fr,ip, Xm),

(Xn+1> Xn+p+1> Xm) ’

(Vn)- O

(
(

Therefore, Limy oo (Fp, Fopip, u) =0, and we get Fx, — {u} in
the D-metric space (B(X),4).

3. Main results

The following is a unique common fixed point theorem for a weak-
compatible pair of multivalued map and a self-map, both non-continuous,
on an unbounded and incomplete D-metric space.

THEOREM 3.1. Let g be a self-map in a D-metric space (X, p) and
let F': X — CB(X) be such that F(X) C g(X).
(3.1) For some xy € X and some ¢ € ® |
plgz, 9y, 92),6(Fx, Fy,gz),6(gz, Fx,gz),
s FoF2) < o e | 0 o p ),
d(gx, Fy,Fz),0(gy, Fz, Fz)
for all x,y € O(g~'F, z) and all z € X.
(3.2) The pair (F, g) is weak-compatible.
As above, for some xy € X, define sequences {x,},{y,} in X and
{X,} in CB(X), by y, = gz, € Fan_1 = X,,,¥n € N. If, for some
r € N,y, = yr41, then
I y=vr1=Yrs2="" =Yy =",V EN.
(II) If & = y,4x for all k € N, then « is the unique common fixed
point of F' and g.

Proof. Let y, = y,4+1. Then gz, = gx,41. Let

(2) = gTri1 = gr, € Fa,,q.
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Step I. Using (2) and (3.1), we have
(Fx,, Fx,, o) = §(Fx,, Fx,, Fx,)

p(gIT>gIT>gIT)>5(F$T>FIT79$T)>5(9IT7FIT79$T)>
(S(gl’r,Fl’r,gl'r),5(91}«,1“_’1’7«,91’7«),5(91}«,1“_’1’7«,91’7«),
5(91’7«,91’7«,Fl’r),(S(gl’r,Fl’r,Fl'r),(5(91’7«,1“_’1’7«,1“_’1’7«),
S(gxy, Fx,, Fx,),6(9x,, Fz,, Fx,)

< ¢ Max ( 0,0(Fzx,, Fz,,a),(Fx,, o, ) )

< ¢ (0(Fay, Fa,,a) )

< §(Fz,, Fx,,a) , if §(Fz,., Fx,,a) >0,

which is a contradiction. Therefore, 6(F'z,, Fx,,a) = 0, which gives
Fzx, = {a}.

Now, using (2), we have

(3) {92,} = Fx, = «
Since (F, g) is weak-compatible, we get

(4) Fa = ga.

Step II. Putting x = a,y = @ and z = z, in (3.1), we get
p gOé,gOé,g[L'r),(S(FOé,FOé,g[L'r),
gOé, Fa)QxT ,5(90&, Faang)>

(

o .00 g o)

go, F'a, g, ), 0(ge, Fa, g,),
5(FQ’FOZ’F:ET) S ¢ Maz (gOé,gOé,Fl'r) 5(90&,FO(,F[L’T),
(
(

o
0 ;
0 ;
d(ga, Fa, Fx,),0(ga, Fa, Fx,.),
d(ga, Fa, Fx,)

Using (3) and (4), we have

plga, go, ) < ¢(p(ga, g, @) < plger, go, @), if p(ga, ga, ) > 0,
which is not true. Hence p(ga, ga, @) = 0, which gives g = . Thus

Fa = ga = a. Therefore, o is a common fixed point of F' and g.
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Step III. Putting * = o,y = a and z = x,41 in (3.1), we get
p(gaa go, g$r+1) 5(Fa> FO(, g$r+1)>

§(go, Fa, gx,q1),0(g9a, Fa, gria),
§(go, Fa, gx,q1),0(g9a, Fa, gria),

5(Fa’ Fa’ F:L'T—H) S ¢MQI 5(90&, go, Fx?‘-l-l)? (gOé, FO(, Fx?‘+1)>
(S(gOé,FOé,F[L'r+1), (gOé,FOé,F[L'r+1),
d(ga, Fa, Fr,yq)

implies
o, Frp) < ¢ Mazx ( pla, a, gxei), 0(a, o, Fzpgy) )

Using (1), we have
playa, Fappr) < o {(0(a,a, Fop)} < 0(a,a, Fapgq),
if 0(a, v, Fpyq) > 0. Thus §(a, o, Fxyyq) = 0, which gives Fa,pq =
{a}. Since y,42 € Fx,11, we have y,1o = o. Therefore, y, = y,41 =
Yry2 = Q.

Similarly, we shall have y, = y,11 = Yp120 = -+ = . Thus y,.x = «
for all £ € N.

Step IV. (Uniqueness) Let w be another common fixed point of F
and g. Then

(5) w = Fw = gw.

Putting z = o,y = @ and z = w in (3.1) and using (5), we get
plga, g, gw), 0(Fev, Fa, gw),

6(ga, Fa, gw), 6(ga, Fav, gw),
6(ga, Fa, gw), 6(ga, Fa, gu),
O(Fa, Fa,Fu) < ¢ Maz 6(ga, ga, Fw),5(ga,Fa,Fw),
d(ga, Fa, Fw),d(ga, Fa, Fw),
d(ga, Fa, Fw)
implies
(S(Oé, Oé,'LU) < ¢(5(a> Oé,'lU)) < 5(0&, Oé,'LU), if (S(Oé, Oé,'LU) > 07

which is a contradiction. Therefore, §(a, a, w) = 0, i.e., @ = w. Hence

« is the unique common fixed point of I’ and g. O

In [4], Dhage, Jennifer and Kang proved the following:
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THEOREM 3.2. ([4]) Let X be a D -metric space and let F' : X —
CB(X) and g : X — X be two mappings satisfying, for some positive

number r,

P (97, 9y, 92),0"(Fx, Fy, gz),
8" (Fx,Fy,Fz) < ¢ Max | 6" (gz, Fx,92),0"(9y, Fy, 92),

0"(gz, Fy, 92),0"(g9y, Fx, g2)
for all x,y,z € X, where ¢ : Rt — R" is non-decreasing, ¢(t) < t,t >
0, and > ¢"(t) < oo for each t € RT. Further, suppose that
() F(X)Cg(X),
(b)  g(X) is bounded and complete,
(c)  {F,g} is coincidentally commuting.

Then F and g have a unique fixed point v € X such that Fu = {u} =
gu.

The following theorem generalizes the result of [4] significantly for
a weak-compatible pair of a multivalued map and a self-map, on an
unbounded and incomplete D-metric space.

THEOREM 3.3. Let g be a self map in a D-metric space (X, p) and
F: X — CB(X) with 6 continuous in two variables satisfying (3.1)
and
(33)  F(X)Cg(X),

(3.4) one of F(X) or g(X) is complete,

(3.5)

(3.6) there exists vg € X such that F'({x,}) = (U,;cy Xi is bounded,
where Yy, 11 = gtpni1 € Fr, = X, foralln € N.

the pair (F, g) is weak compatible,

Then F' and g have the unique common fixed point in X.

Proof. For zo € X, construct sequences {x,} and {y,} in X such
that v, = gz, € Fx,_1,Yn € N. Therefore, by Lemma 2.2, {y,} =
{gx,} is a D-Cauchy sequence in g(X).

CASE 1. (g(X) is complete) Since g(X) is complete,

(6) Yn = grn — u € g(X).
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Therefore, there exists v € X such that
(7) u = gu.

Stepl. Putting z = x,,y = z,, 2 = v in condition (3.1), we get
S(Fxy, Fx,, Fv)
p(gITH gITH g'U), 5(F$n> FITU g'U), 5(g:En, FIn? g'U),
0(gn, Fp, gv), 0(92n, Fn, gv), 6(g92m, F1,, gv),
0(gn, 9T, F0), 6(g2n, Fn, Fv),6(g2n0, Fa,, Fv),
d(gxn, Fxp,, Fv),0(gzn, Fr,, Fv)
Letting n — oo and using (6), (7) and Lemma 2.2, we get
d(u,u, Fv) < ¢d(u,u, Fv) < 6(u,u, Fv), if 6(u,u, Fv) >0,

which is a contradiction. Thus §(u,u, F'v) = 0, which gives u = Fv.

< ¢ Max

Hence u = gv = Fv. Since (F, g) is weak-compatible, we obtain
(8) Fu= gu.

Step 2. Putting z = z,,y = z,andz = u in condition (3.1), we get
S(Fxy, F,, Fu)
p(gITH gITH g’lL), 5(F$n> FIn? g’lL), 5(g:En, FIn? g’lL),
0(gn, Fap, gu), 6(gn, Frg, gu), 6(gn, F,, gu),
0(gTn, 9T, Fu), 6(gn, Frp, Fu),0(92n, Fa,, Fu),
3(gxn, Fxy, Fu),d(gx,, Fr,, Fu)
Letting n — oo and using (6), (8) and Lemma 2.2, we get
d(u, u, Fu) < ¢d(u, u, gu) < 6(u,u, Fu), if 6(u,u, Fu) > 0,

which is a contradiction. Thus 6(u,w, Fu) = 0, which gives u = Fu.

< ¢ Max

Hence u = gu = F'u. Therefore, u is a common fixed point of F' and g.
CASE 2. (When F(X) is complete) Since vy, € Fx,_1,y, € F(X)
foralln € N. {y,} is a D-Cauchy sequence in F'(X), which is complete.
Therefore, {y,} — u € F(X) C g(X). Hence u € g(X), i.e., u = gv
for some v € X. The rest follows as in Case 1.
Step 3. (Uniqueness) Let w be another common fixed point of F
and g. Then

9) w=Fw = gw.



FIXED POINTS OF A WEAK-COMPATIBLE PAIR 61

Since y,, — u, g, — u. Hence by using (ii) of Lemma 2.2,
(10) Fzx, — {u}

Taking * = x,,y = =, and z = w in condition (3.1), we get
S(Fxy, Fr,, Fuw)

P(9n, 9T, gw), 6 (F'Tp, Fn, gw), 0(gn, Fxn, gu),
0(gn, Frp, gw),0(920, F2n, gw), §(g2n, F1,, gw),
0(gn, g, Fw), 0(92n, Fan, Fw), 6(92n, Fa,, Fw),
d(gxn, Fx,, Fw),6(gz,, Fx,, Fw)

Letting n — oo and using (6), (9) and Lemma 2.2, we get

O(u, u,w) < oo (u, u, w) < §(u, u, w), if 0(u,u,w) >0,

which is a contradiction. Thus §(u,u,w) = 0, which gives u = w.

< ¢ Max

Therefore, u is the unique common fixed point of F' and g. 0

Note that (1) if (3.1) holds for all z,y, z € X, then continuity of g
at u implies continuity of I’ at u in view of the uniqueness of the fixed
point and of (i7) of Lemma 2.2,

(2) the power of r in p and ¢ in the result of [4] gets cancelled through-

out. Hence it is insignificant.

Remark 1. Theorem 3.3 generalizes the result of [4] in the following
sense: (a) The contractive condition of theorem 3.3 contains eleven
factors in the right. Therefore, the contraction taken in our Theorem
3.3 is more general than that of [4].

(b)  The function ¢ taken in Theorem 3.3 is less restrictive than that
of [5] as > ¢™(t) need not to be summable in our Theorem 3.3.

(¢)  In Theorem 3.3 , F({z,}) = U, Xi = U, F(zi=1) = U, F(xn) C
F(X) C g(X) is assumed to be bounded. Hence the domain g(X) of
boundedness of [4] is larger than that one in our theorem 3.3.

In [3], Dhage has established the following result for two single valued
maps:

THEOREM 3.4. ([3]) Let f and g be any two self-maps of a D-metric
space X satisfying
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p(fx, fy, fz) < Mo(gx, gy, 92),
for all z,y,z € X and for 0 < X\ < 1. Further, suppose that

(@)  f(X) € g(X),
(b) any one of f(X) or g(X) is complete,
(¢) f and g are coincidentally commuting.

Then f and g have a unique common fixed point.

Taking F' to be a single-valued map, we have the following corollary
of Theorem 3.3:

COROLLARY 3.5. Let F' and g be self-maps on a D-metric space
(X, p), where p is continuous in two variables satisfying (3.3), (3.4), (3.5),
(3.6) and

p(Fz,Fy,Fz < ¢{p(9z,9y,92)}
for allz,y € O(g~'F,z0),2 € X. Then F and g have a unique common
fixed point in X.

Proof. The result follows from Theorem 3.3, by restricting maximum
to only first factor of (3.1). O

Remark 2. Even Corollary 3.5 generalizes the result of [3] by taking
o(t) = Mt,Vt € RT, for some 0 < A < 1. Generalization is in the sense

of domains of variables z and y and non-summability of ¢.
In [11], Rhoades proved the following:

THEOREM 3.6. ([11]) Let X be a complete and bounded D-metric
space, and let f be a self map of X satisfying
p(x,y, z), p(fx, 2, 2), p(fy, y, 2),
x, fy, fz) < q Max
ot ) < 0 Mae (0L
for all x,y,z € X, where 0 < q < 1. Then f has a unique fixed point p
in X and f is continuous at p.

The following corollary of Theorem 3.3 is a significant generalization
of it:
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COROLLARY 3.7. Let I be a self map on a complete D-metric space
(X, p), in which p is continuous in two variables, such that for some
xo € X, orbit O(F,x) is bounded and

p($ y? )7p(Fz Fy7z)7p($7FI7Z)7
py. Fy, z), p(z, Fy, z), ply, Fx, 2),
p(Fz, Fy, Fz) < ¢ Max | p(z,y,Fz),p(z, Fa, Fz),
ply, Fy, F'z),
p(z, Fy, Fz),p(y, Fa, F'z)
for all x,y € O(F,x0) and all z € X. Then F has a unique fixed point
in X.

Proof. The result follows from Theorem 3.3 by taking g = I. Since
F'is a single valued, 6 = p. O

Remark 3. The above corollary generalizes the result of [11] by
taking ¢(t) = A\t,Vt € RT. Here,
(a) ¢ is less restrictive (not requiring summability) than ¢ of [11].
(b)  Contractive condition of Corollary 3.7 is more general than that
of the contractive condition of the result of [11].
(¢) Domains of z,y and of boundedness in above corollary is less than
that of result of [11].

It is to be noted that the mentioned continuity of a D-metric p in
two variables is necessary, as there are examples of D-metric spaces in

which p is not continuous even in one variable.
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