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COHOMOLOGY AND GENERALIZED GOTTLIEB
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ABSTRACT. In this paper, we observe the relation between the con-

cept of generalized Gottlieb groups and the Hurewicz homomorphism.

1. Introduction and preliminary

Let X be a pointed CW-complex. Consider a continuous map ¢ :
X x 8" — X such that ¢(x,*) = z, where * is a base point of S".
Then g : S™ — X defined by g(s) = ¢(x,s) represents an element
lg] € m,(X). In this case, ¢ is called an affiliated map of g and g is a
cyclic map. The set of all element [g] € 7,(X) obtained in the above
manner from ¢ is denoted by G, (X) and called a Gottlieb group or
an evaluation subgroup of the homotopy group [1]. That is, the n-th
Gottlieb group G,,(X) consists of those a € m,(X) for which there is a
map ¢ : X x 8™ — X such that the following diagram commutes:

Xxs"—%, X
T J 1V

1
xvs 2 xvx
where f: S™ — X is a representative of a and V is a folding map.
The Gottlieb groups of a space have been generalized to certain
subgroups of the homotopy groups by Woo and Kim/[14].
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Let (X,*) and (A,*) be any two pointed topological spaces and
f: (A;%x) — (X,*) be a fixed map. Consider the continuous map
¢: Ax S" — X such that ¢(a,*) = f(a). Then g : S™ — X defined
by g(s) = ¢(x,s) represents an element [g] € 7,(X). The set of all
element [g] € m,(X) obtained in the above manner from ¢ is denoted
by GI(X, A) and called generalized Gottlieb groups. Especially, if f =
i: A — X is an inclusion, then G (X, A) is denoted by G, (X, A).

In [7], the author and Woo have defined and studied relative eval-
uation subgroups G#¢ (X, A) of relative homotopy groups m, (X, A).
Moreover, we showed that for a CW-pair (X, A4), G,(X), G.(X, A)

and GZ(X, A) make a sequence

o G(A) B G (X, A) 2GR (X, A) S
— GRU(X, A) — Go(A) — Go(X, A),

where ., j, and O are restrictions of the usual homomorphisms of
the homotopy sequence

o m(A) S (X)L (X, A) D mo(A) — mo(X).

This sequence is called the G-sequence of (X, A). It was shown that
if the inclusion i : A — X has a left homotopy inverse[7] or is homotopic

to a constant map [7], then the G-sequence of the CW-pair (X, A) is
exact.
Let h : m,(X) — H,(X;Z) be the Hurewicz homomorphism. We

shall defined h,, : m,(X) — H,(X;Z) — H,(X; Z,) as composition of h
tensored with Z,. h, will be called the mod p Hurewicz homomorphism.
We shall let hy stands for the Hurewicz homomorphism ho, : m,(X) —
H,(X;Q), where @ is the rational field.

In [6], the author and Woo have studied algebraic structure induced
by ¢ : A x S — X affiliated to some a € GY (X, A) on the homology

and proved following theorems.
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THEOREM 1.1. Let X and A be topological spaces and A has a
finitely generated integer homology and f : A — X be a map which
has a left homotopy inverse r. If n is an odd integer, then G (X, A) is

contained in the kernel of r.h,, for any prime number p or co provided
x(4) # 0.

THEOREM 1.2. Let X be a topological space and A be topological
space with finitely generated integer homology and f : A — X be a
map with left homotopy inverse r. Suppose p is a prime number which
does not divide x(A). Then G! (X, A) C ker r.h, for even n.

THEOREM 1.3. Let A be a retract of CW-complex X. Then G (X, A)
C kerr.h, and GEY(X, A) C Ker k, ifand only if G' (X, A) C ker h,,
where ¢ : A — X be an inclusion and r is a retraction and h, and k,
are Hurewicz homomorphisms tensored with Z, for all prime number
.

In this paper, we study algebraic structure induced by ¢ : A x ™ —
X affiliated to some o € G/ (X, A) on the cohomology and prove the

following theorem.

THEOREM 1.4. Let X and A be CW-complexes and f : A — X be a
map which has a left homotopy inverser. If A has only a finite number

of nonzero homology group, then G4 (X, A) C ker r,ho.
As a corollary, we have the following result due to Gottlieb [1].

COROLLARY 1.5. Let X be CW-complex which has only a finite
number of nonzero homology group, then Ga,(X) C ker hy.

Moreover, we have the following corollary. Here we denote the rela-
tive version of ho, by keo.

COROLLARY 1.6. Let A be a retract of X and have a finite number
of nonzero homology groups. Then GE¢(X, A) C Ker ko, if and only

if G (X, A) C Ker ho.
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Throughout this paper, all spaces are connected and based CW-
complexes, all maps and all homotopies are based.

2. Some consequences of an affiliated map on cohomology
groups

In this section, we study the cohomology effect on G (X, A) and
GEU(X A). Let ¢ : A x S® — X be a map such that ¢|a = f.

In [6], we studied the homology effect on GY (X, A) and GE (X, A).
By the Kiinneth formula and the fact that H,.(S™; Z) has no torsion,
we have

w: H(A;G) @ Ho (S™ Z) = Ho (A X S G)
Thusifx € H (AXxS™,G), v = ply®@1+2®N), where A € H,(S™; Z) is
a fundamental class and y, z € H,(A; G). We shall denote u(z ® 2’) by
zx z'. Furthermore, we showed that for the affiliated map ¢ : Ax S™ —
X with respect to f with trace g, ¢.(1 X A\) = g«(A\) and if f has a left

homotopy inverse r, then r¢ induces a homomorphism
Ky Hy(A; G) = HyenA;G)
given by Ky () = rvp.(x X A).

Similarly, we obtain their dualities on cohomology groups.

By the Kiinneth formula and the fact that H*(S™; Z) has no torsion,
we have

©:H(A;G)@ H (S Z) = H (A x S™;G)

Thus if z € H(A x S G), 2 =0(y ® 1+ 2 ® X where A € H"(S"; Z)
is a fundamental class of S™ dual to A\. We shall denote O(z ® 2/) by
z %z

PROPOSITION 2.1. Let iy : A — A x S™ be the map given by i, (z) =
(z,*) and let i3 : S™ — A x S™ given by is(s) = (*,s) and py,p2 be
the natural projections from A x S™ to A and S",respectively. Then
pi(x) =2 x 1, p5(N\) = 1 x Xand if(z x 1) = z, i*(z x 2') = 0 unless
2 € H°(S™ Z) and i3(1 x 2') = 2/, i5(2 x 2/) = 0 unless = € H°(A; Q).
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Proof. See p.249 [13]. O

PROPOSITION 2.2. Let ¢ : A x S™ — X be a map such that ¢i, = f
and r is a left homotopy inverse of f. Then r¢ induces a homomorphism
K5 : H?(A; G) — HP™"(A; G), where G is a field.

Proof. Since ¢*r*(z) € HI(A x S™;G), ¢*r*(x) = 2 x 1 +y x A
Moreover, we have

v =19 (x) = ij(2 x 1) + i (y x )
because i{p*r* = (r¢i;)* = (rf)* = 1. By Proposition 2.1, z = z
and thus ¢*r*(z) = 2 x 1 +y x X for some y € H*(A;G) is a free
module over G. y is determined uniquely. Define Ky(x) = y. Then
K5 : H?(A;G) — HP™"(A; () is a homomorphism. In fact, if Kx(z) =
y and Kx(z') = v/, then
oz +a)=¢r (2) F o' r (@) =ax x 1+yx A +a' x1+1y x A\
So we have Kx(z + ') =y + v/ = Kx(x) + Kx(2). O
Here we define K3(z) = K5(K3~ L(x)).

PROPOSITION 2.3. K5 : HP(A;G) — HP™(A; Q) is dual to k) :
Hy(A;G) — Hyin(A; G).
Proof. Let us denote the Kronecker product of = and y by (z,y).

Then we have

(u, Kx(0)) = (u, 7 (v X A))
= (07" (u),v X A)

for (u,v) = 0 and (), \) = 1. O
The cup product in A x S™ is given by

(z xy)U (' xy) = (=) ((zUa’) x (yUy'))
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where ' € H1(A;G) and y € H"(S™; Z). Thus

¢*r*(uUv) = ¢*r*(u) U ¢*r*(v) B
=(ux1+K;5(u)xA\)U((wx1+K;5(v)xA) B
= (uUv) x 1+ [(uU K5(v)) + (=1)"4mU (K5 (u) Uv)] x A

The map g : S™ — X given by g = ¢i9 plays an important role. Let
x € H"(A; Z). Then

g'ri(z) = i3¢"r* (x) )
iy(z X 1+ Kx(x) X A)
i5(Kx(x) X A)
m-\€ H"(S™ Z),

for some integer m. Since K;(z) € H°(A;Z), Ky(z) = s -1 for some
integer s, where 1 is the generator of H°(A; Z). But

m-A=i5(Kx(x) x A\) =i5(s-1x\) =d3(1 xs-A) =5\

so we have Kx(z) =m - 1.

3. Proof of the main theorem
In this section we prove Theorem 1.4 and corollaries.

PROOF OF THEOREM 1.4. Suppose a € ng(X, A) is not contained
in the kernel of ryh. Let ¢ 1 A x S™ — X be an affiliated map of «
with respect to f. Then by Lemma 4 [8], we have ky(1) = r.hoo(a) €
Hy,(A;Q) and 1 = u(1 x 1), where @ is the field of rational numbers
and u : Ho(A) ® Q — Hy(A;Q) is a natural isomorphism. Let 3 €
H?™(A; Q) be dual to Ky(1). Then since (K5(3),1) = (3, Kx(1)) = 1.

So we have K5(08) =1 € Hy(4;Q).
Now we shall prove that 3° # 0 for all integers s, where 3° =

BU---UPB (n-times cup product of 3). Note 3° = 1. First we show
that

O r*(B%) = 35 x 1+ 5371 x A
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When s = 1, it is true. In fact,

¢*r*(B) = B x 1 + Kx(B) x A
=3x1+1x\
=3x1+1-8xX

Now suppose it is true for s — 1. Then

(BT = (P UB)
= " r* (B U o' ()
= (B x 14 (s = 1)F 2 x YU (B xT+1xA)
= (BTUB) X 1+ (=1 (s = 1)(B2UB) x AU 1)
+(B1U1) x (1U)\)
= 3 x 1+ (1) <_ DB+ 5 % X
=3 x 1+ 53571

If 3* =0, then
0=0¢"r"(B°) =3 x1+s3"x A

So we have 3*°~! = 0. By continuous calculation, we have 3 = 0. It is a
contradiction to the fact that (3, Kx(1)) = 1. Consequently, 3* # 0 for
all 5. But 3* # 0 leads to a contradiction. Since 0 # 3° € H*"(A;Q),
H?*™(A;Q) # 0 for all s € Z. This implies Hom(Has,(A4;Q), Q) # 0.
So Hasn(A; Q) # 0. This is a contradiction to the hypothesis. Conse-
quently, « is contained in the kernel of r,ho,. O

In the case f = 1x, we have G/ (X, A) = G,,(X). So we the following
corollary.

COROLLARY 3.1. Let X be CW-complex which has only a finite

number of nonzero homology group, then Go,(X) C ker hoo

Let A be a retract of X with retraction r, h, Hurewicz homo-
morphism with tensor ) and k., is the relative version of it, that is,
koo : GE(X, A) — H,(X, A; Q). Then we have the following commu-
tative ladder;
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S Gu(A) 5 Gu(X,A) 5 GRU(X, A) —
| P | heo | ke
— Ho(X,A) 2 Ho(X:Q) L5 Ho(X, A; Q) —

Since jy is surjective, G, (X, A) C Ker hy, implies GE4(X, A) C
Ker ko, and G, (X, A) C Ker 7,.ho. Conversely, suppose GE(X| A) C
Ker ko and G, (X, A) C Ker ryhy. Then

Guhoo(Gu(X, A) = koojin (Gn(X, A)) = koo (GEA(X, A)) = 0.

Thus heo(Gn(X,A)) C Kerj, = Imi,. So, for every a € G,(X, A),
there is a # € H,(X; @) such that i.(5) = hoo(). But f = r,i.(0)
rvhoo(a) = 0. Hence hoo(a) = i.(F) = 0. Consequently G, (X, A) C
Ker hy. Thus we have the following corollary.

COROLLARY 3.2. Let A be a retract of X and have a finite num-
ber of nonzero homology groups. Then Ga,(X,A) C Ker r.ho and

GRUX, A) C Ker ko if and only if Ga,(X, A) C Ker hy.
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