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INTUITIONISTIC H-FUZZY SETS

KurL Hur*, HEE WoN KANG, AND JANG HYUN Ryou

ABSTRACT. We introduce the category ISet(H) of intuitionistic H-fuzzy sets and
show that ISet (H) satisfies all the conditions of a topological universe except the ter-
minal separator property. And we study the relation between Set{H) and 1Set(H).

0. INTRODUCTION

The subject of fuzzy sets as an approach to a mathematical representation of
vagueness in every day language was introduced by Zadeh [20] in 1965. He general-
ized the idea of the characteristic function of a subset of a set X by defining a fuzzy
subset of X as a map from X into [0,1]. In Goguen [6], altered this definition to the
case in which [0, 1] is replaced by a partially ordered set H.

There are many other categories, for instance, Set(H), Sets(H), Setg(H) and
Fuz(H) introduced in Eytan [5], Goguen [6], Negoitd & Stefdnescu [15], Ponasse
(19], in connection with fuzzy set theory. However, the category Set(H) is the most
useful one as the "standard’ category, because the category Set{H) is very suitable
for describing fuzzy sets and maps between them. Until now, many authors Dubuc
[4], Eytan [5], Goguen [6], Negoitd & Stefanescu [15], Pitts [17], Ponasse [18, 19]
have investigated Set(H) in topos view-point. In particular, Hur [9] investigated
Set(H) in topological universe view-point. The concept of a topological universe was
introduced by Nel [16], which implies a cartesian closed and a concrete quasitopos.
The notion of a topological universe has already been put to effective use for several

areas of mathematics.
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In 1986, as a generalization of fuzzy sets, Atanassov [1] introduced the concept
of an intuitionistic fuzzy set in X as a complex mapping from X into [0, 1] x [0, 1]
satisfying a certain condition. After that time, Coker [3], S. J. Lee & E. P. Lee
[14] and Hur and his colleagues Hur, Kim & Ryou [11] introduced the concept of
an intuitionistic fuzzy topological space and investigated its some properties. In
particular, Hur and his colleagues Hur, Jun & Ryou [10] applied the notion of
intuitionistic fuzzy sets to topological group.

In this paper, we introduce the category ISet(H) of intuitionistic H-fuzzy sets
and study ISet(H) in the sense of a topological universe.

1. PRELIMINARIES

In this section, we will introduce some basic definitions and well-known results
from Herrlich {7, 8], Hur [9], Johnstone [12], Kim, S. S. Hong, Y. H. Hong & Park
[13], Nel [16] which are needed in the next section.

Definition 1.1 (Kim, S. S. Hong, Y. H. Hong & Park [13]). Let A be a concrete
category and ((¥;,&;)) ; a family of objects in A indexed by a class I. For any set X,
let (f; : X = Y;); be a source of maps indexed by I. An A-structure £ on X is called
initial with respect to (X, (fi), ((v;, fi))) provided that the following conditions hold:

(1) For each i € I, f; : (X,€) — (Y;,&) is an A-morphism.

(2) If (Z,p) is an A-object and g : Z — X is a map such that for each ¢ € I, the
map f;0g: (Z,p) = (Yi,&) is an A-morphism, then g : (Z,p) = (X,€) is an
A-morphism. In this case, (fi : (X,€) = (Yi,&)) ; is called an initial source in
A

Dual notions: final structure; final sink.
Definition 1.2 (Kim, S. S. Hong, Y. H. Hong & Park [13]). A concrete category A
is called topological over Set provided that for each set X, for any family ((V3,&)),

of A-objects, and for any source (f; : X — Y;); of maps, there exists a unique
A-structure £ on X which is initial with respect to (X, (fi), (¥, &)))-

Dual notions: cotopological category.

Result 1.A (Kim, S. S. Hong, Y. H. Hong & Park [13], Theorem 1.5). A concrete
category A is topological if and only if A is cotopological.
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Result 1.B (Kim, S. S. Hong, Y. H. Hong & Park [13], Theorem 1.6; Herrlich, [8]
Proposition in Section 1). Let A be a topological category over Set. Then A is
complete and cocomplete.

Definition 1.3 (Kim, S. S. Hong, Y. H. Hong & Park [13]). Let A be a concrete
category.
(1) The A-fibre of a set X is the class of all A-structures on X.
(2) A is called properly fibred over Set provided that the following conditions hold:
(i) (Fibre-smallness) For each set X, the A-fibre of X is a set.
(ii) (Terminal separator property) For each singleton set X, the A-fibre of X
has precisely one element.
(iii) If £ and 7 are A-structures on a set X such that 1x : (X,€§) = (X,n) and
lx : (X,n) - (X,€) are A-morphisms, then { = 7.

Definition 1.4 (Herrlich [7]). A category A is called cartesian closed provided that
the following conditions hold:

(1) For any A-objects A and B, there exists a product A x B in A.

(2) Exponential exist in A, i.e., for any A-object A, the functor A x — : A —
A has a right adjoint, i. e., for any A-object B, there exists an A-object BA
and a A-morphism e4p : A X B4 5 B (called the evaluation) such that for
any A-object C and any A-morphism f : A x C — B, there exists a unique
A-morphism f : C = B# such that the diagram

A x BA cAB

Jaxf f

AxC

commutes.

Definition 1.5 (Nel [16]). A category A is called a topological universe over Set
provided that the following conditions hold:

(1) A is well-structured over Set, i.e., (i) A is a concrete category; (ii) A has the

fibre-smallness condition; (iii) A has the terminal separator property.
(2) A is cotopological over Set.
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(3) Final epi-sinks in A are preserved by pullbacks, 1. e., for any final epi-sink (gj :
X — Y)a and any A-morphism f : W — Y, the family (ey : Uy — W),,
obtained by taking the pullback of f and gy for each J, is again a final epi-sink.

Definition 1.6 (Birkhoff [2], Johnstone [12]). A lattice H is called a complete

Heyting algebra, if H satisfies the following conditions hold:

(1) H is a complete lattice.

(2) For any a,b € H, the set {x € H : z Aa < b} has a greatest element denoted
by a — b (called pseudo-complement of a and b), i.e., z A a < b if and only if
z < (a —b).
In particular, for each @ € H, N(a) = a — o is called the negation or the

pseudo-complement of a.

Result 1.C (Birkhoff [2], Ex. 6 in p. 46). Let H be a complete Heyting algebra
and let a,b € H. Then:

(1) If a < b, then N(b) < N(a), i.e., N : H — H is an involutive order reversing
operation in (H, <).
(2) a < NN(a).
(3) N(a) = NNN(a).
(4) N(aVvb)= N(a) AN(b) and N(aAb) = N(a) vV N(b).
Throughout this paper, we use H as a complete Heyting algebra.

Definition 1.7 (Hur [9]). The concrete category Set(H) is defined by: Objects are
(X,v), called an H-fuzzy set (or simple, a fuzzy set) on X, where X is any set and
v any map from X to H. A morphism f : (X,v) — (Y,n) is a map from X to Y
satisfying v(z) < no f(z) for each € X, where ”<” means the order induced by
the operation ”A or V" in H. Every Set(H )-morphism will be called a Set(H)-map.

2. THE CATEGORY ISet(H)

In this section, we introduce the category ISet(H) of intuitionistic H-fuzzy sets

and study some of it’s properties.

Definition 2.1. Let X be a set. A triple (X, u,v) is called an intuitionistic H-fuzzy
set (in short, IHFS) on X if the following conditions hold:

(1) p,v € HX, i.e., u and v are H-fuzzy sets.
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(2) p < N(v), i. e, p(z) < N(w(z)) for each z € X, where N : H — H is an
involutive order reversing operation in (H, <).

Definition 2.2. Let (X, ux,vx) and (Y, py,vy) be IHFSs. A mapping f: X - Y
is called a morphism if ux < py o fand vx > vy o f.
The following is the immediate result of Definition 2.2:

Proposition 2.3. Let (X, ux,vx) and (Y, py,vy) and (Z, pz,vz) be IHFSs.
(1) The identity mapping 1x : (X, ux,vx) — (X, pux,vx) is a morphism.
2) If f: X,px,vx) = (Yyuy,vy) and g : (Y,uy,vy) = (Z,uz,vz) are mor-
phisms, then go f: (X, pux,vx) — (Z,pz,vz) is a morphism.
From Definition 2.1, Definition 2.2 and Proposition 2.3, we can form a concrete
category 1Set(H) consisting of all IHFSs and morphisms between them. In this
case, each ISet(H )-morphism will be called an I1Set(H )-mapping.
It is clear that if f : (X,ux,vx) = (Y,uy,vy) is an ISet(H)-mapping, then
f:(X,ux) = (Y,py) is a Set(H)-mapping (c¢f. Hur [9]).

Theorem 2.4. ISet(H) is topological over Set.

Proof. Let X be a set and let ((Xa,/,ca,ua))l, any family of IHFSs indexed by a
class I'. Let ( fa: X — (Xa,ua,va))r be any source of mappings. We define two
mappings u,v : X — H, respectively by for each z € X,

:/\/J,aofa(a;) and v(z)= \/Vaofa
r

Let z € X. Since (Xq, tha, Vo) € ISet(H) for each a € T', po < N(v,) for each
a € I'. Then:

(\/Vaofa ) /\N(VQ fa :Ea))>
>/\/Ja Jal( :1:) /\Naofa = ()

Thus g < N(v). So (X, u,v) € 1Set(H). By the definition of v, v > vy f, for each
a € T'. Moreover, by the process of the proof of Theorem 2.1 in Hur (9], fo : (X, ) —
(Xa, o) is an Set(H)-mapping for each a € I'. Hence fo : (X, p,v) = (Xa, fas Va)
is an ISet(H )-mapping for each a € T".

For any (Y, uy,vy) € ISet(H), let g : Y — X be any mapping for which fyog:
(Y, py,vy) = (Xa, tas Vo) is an ISet(H)-mapping for each o € I'. We will show
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that g : (Y,uy,vy) = (X,u,v) is an ISet(H)-mapping. By the process of the
proof of Theorem 2.1 in Hur [9], g : (Y, uy) — (X, p) is a Set(H)-mapping. Thus
it is sufficient to show that vy > vog. Since fo 09 : (Y,uy,vy) = (Xa, tasVa)
is an ISet(H)-mapping for each & € T, vy > vg 0 (fa©g) = (vq© fa) o g for
each o« € I. Let y € Y. Then vy(y) > (va o fa) © g(y) for each o € I'. Thus
vy () 2 Vr(va o fa)(9(y)) = v(g(y)) =vog(y). Sovy 2vog.

Hence (fo : (X,p,v) = (on,,uo(,l/a))P is an initial source in ISet(H). This
completes the proof. d

Ezample 2.5. (1) Inverse image of an IHFS structure. Let X be a set, let (Y, py, vy)
an IHFS and let f : X — Y a mapping. Then there exists the initial IHFS structure
(kx,vx) on X for which f: (X, ux,vx) = (Y, py,vy) is an ISet(H )-mapping. In
this case, (ux,vx) is called the inverse image of (uy,vy) under f. In particular,
let X CY and let f : X — Y be the canonical mapping. Then the inverse image
(ux,vx) of (uy,vy) under f is called the induced IHFS structure and the triple
(X, px,vx) an intuitionistic H-fuzzy subset of (Y, uy,vy).

(2) Product IHFS structure. Let ((Xa, fa, Va))F be a family of IHFSs. Then there
exists the initial IHFS structure (u, v) on the product set X = Iler X4 for which the
projection 7y : (X, u, V) = (Xa, ta, Va) is an ISet(H )-mapping for each @ € T'. In
this case, (, v) is called the product of ((ta; va))p, denoted by (u,v) = (I] thas [ va),
and the triple ([T Xo, [ tta, [] va) is called the product IHFS of ((Xa, pia; Va))p- In
fact, o = Ap pa © 7o and Iy, = \/pvg © mo. In particular, if ' = {1,2}, then
Mpe = p1 X po = (prom) A(peome) and vy =11 X vy = (1) omp) V (vg 0 m2).

The following is the immediate result of Theorem 2.4 and Result 1.B.

Corollary 2.6. ISet(H) is complete and cocomplete.
From Result 1.A, it is clear that ISet(H) is cotopological. However, we will show
that ISet (H) is cotopological.

Theorem 2.7. ISet(H) is cotopological over Set.

Proof. Let X be any set and let ((Xa, Lhas Va))r‘ any family of IHFSs indexed by a
class I'. Let (fo : Xo — X)r be any sink of mappings. We define two mappings
u,v: X = H by foreachz € X

1 a\la if a_l ,
p(z) = {\z/%vaEfa (z) Ha(Z ) ;f Jfft;liz
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and
e p-1
V(:L‘) /\F /\-’IIaEf )l/a(l'a) if fa ;ﬁ@,
if fl=0
Since (Xaq, thay Va) € ISet(H), ta < N(vy) for each o € I'. We may assume that
f~Y(z) # @ without loss of generality. Let x € X. Then

=N(A A ale)

l'aefa ( )

= \/ \/ N(Va(-'ra))

NS )
SRV
U zaefal(z)
= u(z).
Thus 4 < N(v). So (X, pu,v) € ISet(H). By the process of the proof of Theorem
2.2 in Hur [9], fo : (Xata) = (X, p) is an Set(H)-mapping. Moreover, by the
definition of v, v, > v o f, for each a € T'. Hence fq4 : (Xa» fas Vo) = (X, 4, V) is an
ISet(H)-mapping for each a € T
For each (Y,puy,vy) € ISet(H), let ¢ : X — Y be any mapping for which
90 fo: (Xa, tharVa) = (Y, py,vy) is an ISet(H )-mapping for each o € I'. We will
show that g : (X, u,v) = (Y, uy,vy) is an ISet(H)-mapping. By the process of the
proof of Theorem 2.2 in Hur (9], ¢ : (X, u) — (Y, puy) is a Set(H)-mapping. Since
90 fa: (Xa, tbasva) = (Y, py,vy) is an ISet(H)-mapping, v, > vy o (g o fa) for
each a € T. Let z € X and let z, € f;!(z) for each a € T.
Then vo(zo) > vy © (g fa)(Za) = vy 0 g(fa(za)) = vy o g(z) for each o € T,
Thus Ap Axaefgl(z) Va(Za) 2 vy 0 g(z), i.e., v(z) > vy og(z). Sov > vy og.
Hence g : (X, u,v) = (Y,uy,vy) is an ISet(H)-mapping. Therefore ISet(H) is

cotopological over Set. O

Ezample 2.8. (1) Intuitionistic H-fuzzy quotient set structure.

Let (X, u,v) € ISet(H), let R be an equivalence relation on X and let ¢ : X —
X/R the canonical mapping. Then there exists the final intuitionistic H-fuzzy set
structure (xR, vx/r) on X/R for which ¢ : (X, u,v) = (X/R, px/r,Vx/R) is an
ISet(H)-mapping. In this case, (ux/r,vx/r) is called the intuitionistic H-fuzzy
goutient set structure of X by R.

(2) Sum of intuitionistic H-fuzzy set structures. Let ((Xa, fa, Va))p be a family
of H-fuzzy sets, let X the sum of (X4)r, t. €., X = Uyer(Xa x {a}) and let jq :
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Xao — X the canonical (injection) mapping for each a € I'. Then there exists the
final intuitionistic H-fuzzy set structure (u,v) on X. In fact, for each (z4,a) € X,
(T, @) = Vi pa(za) and v(zq, a) = Apva(zs). In this case, (u,v) is called the
sum of ((kasva))p and (X, p,v) called the sum of (Xa» o> Vo)) -
Theorem 2.9. Final episinks in ISet(H) are preserved by pullbacks.

Proof. Let (ga P (Xas oy Vo) = (Y, ,uy,z/y))F be any final episink in ISet(H) and
let f: (W,pw,vw) — (Y,uy,vy) any ISet(H)-mapping. For each a € T, let
Ue = {(w,2a) € W X Xo : f(w) = ga(za)} and let us define two mappings p!,
Uy = H and v}, : Uy = H by for each (w,z4) € Uy, ph(w,20) = pw(2) A pa(za)
and vV, (w,z4) = vw(x) V va(To), where eq : Uy — W and pg : Uy — X, are the
usual projections of U,. Then clearly (Uy, pl,v,,) € ISet(H) for each o € T and
ea : (Uas o, vh) = (W, pw,vw) and pa : (Ua, pn, V) = (Xa, tay Va) are ISet(H)-
mappings for each a € I'. Moreover the following diagram is a pullback square in
ISet(H):

D
(Ua,'u,/a,yél) < (Xaa/J'ayVa)
€a 9o
(VV, ﬂWaVW) 7 (Y, /Jy,l/y).

!

By the process of the proof of Theorem 2.3 in Hur (9], (eq : (Ua, pis Vs) —
(W, pw,vw))r is an episink in ISet(H ). Suppose (u, v) is another final intuitionistic
H-fuzzy set structure on W with respect to (eq)r. By the process of the proof of
Theorem 2.3 in Hur [9], since u = pw, it is sufficient to show that v = . Let
w € W. Then:

vw (w) = vw (w) V vw (w)
2 vw(w) Vy o f(w)
(Since f : (W, pw,vw) = (Y, py, vy ) is an ISet(H )-mapping)
= v (w) V vy (f(w))

=vw(w)V [/\ /\ Va(IL'a)] (Since (gq)r is final)

U zaegat(f(w))
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i

[Vw(w) V Vg (:ca)]

i

vl (w, (za))-

A
I sacga!(f(w))
A
r

(w,za)€ea ' (w)

Thus vy (w) > v(w) for each w € W. So v > v. On the other hand, since
(ea : (Uas iy, V) — (W,,uw,l/w))F is final, 1w : (W,pu,v) = (W, uw,vw) is an
ISet(H)-mapping and thus v > vw. So v = vy. Hence (eq)r is final. This
completes the proof. O

For any singleton set {a}, since the H-fuzzy set structure (u,v) on {a} is not
unique, the category ISet(H) is not property fibred over Set. Hence, by Theorem
2.7 and Theorem 2.9, we obtain the following result.

Theorem 2.10. ISet(H) satisfies all the conditions of a topological universe over

Set except the terminal separator property.
Theorem 2.11. ISet(H) is cartesian closed over Set.

Proof. Tt is clear that ISet(H) has products by Corollary 2.6. Thus it is sufficient
to show that ISet(H) has exponential objects.

For any THFSs X = (X,u,v) and Y= (Y,puy,vy), let YX be the set of all
mappings from X to Y. We define two mappings p: Y* — Hand v: YX — H as
follows: for each f € YX,

w(f) = /\ {he H:px(x)Ah< py(f(z)) for each z € X}
and
v(f) = V{h € H:vx(z)Vh>vy(f(z)) for each z € X}
Then clearly (YX, u,v) € 1Set(H). Let YX = (Y, u,v) Then, by the defini-
tions of i and v, for each f € YX and each = € X,
pux () A p(f) < py (f(2))
and
vx(z) Vv (f) 2 vy (f(z).
Define exy : X x YX = Y by exy(z, f) = f(z) for each (z,f) € X x YX. Let
(z,f) € X x YX. Then:

(ux % p)(z, f) = px (@) A p(f) < py(f(z) = py o f(z) = py cexy(z, f)



42 Kur Hur*, HEE WoN KANG, AND JANG HYUN Ryou

and

(vx xv)(@, f) = vx(z) Vv(f) 2 vy (f(z)) = vy o f(z) = vy cexy(z, f)

Thus px X p < pyoexy and vy x v >vyoexy. Soexy : XxYX® 5 Yisan
ISet(H)-mapping.

Forany Z = (Z,uz,vz) € ISet(H), let h: X x Z — Y be an ISet(H )-mapping.
We define h : Z — YX by [h(2)](z) = h(z,2) for each z € Z and each z € X. Let
z € Z and let z € X. Then:

(x X pz)(@,2) = px A pz(z)
Spyo h(.’L‘, Z)
Since h: X x Z =Y is an ISet(H)-mapping)
= py ([R(2))(2))
Thus, by the definition of u, uz(2) < u(h(z)) = poh(z). So uz < poh.
On the other hand,
(vx x vz)(z,2) =vx Vvz(2)
2 vy o h(z, 2)
Since h: X x Z — Y is an ISet(H)-mapping)

= vy ([h(2)](2))

Thus, by the definition of v, vz(z) < v(h(z)) = v o h(z). So v, > voh. Hence
h:Z — YX is an ISet(H)-mapping. Moreover, h is the unique ISet(H )-mapping
such that exy o (1x X h) = h. This completes the proof. O

3. THE RELATIONS BETWEEN ISet(H)AND Set(H)

Lemma 3.1. Define G1,G> : ISet(H) — Set(H) by
Gi(X,p,v) = (X, p), G2(X, pv) = (X,N(v)) and Gi(f) = Ga(f) = f.
Then G1 and Go are functors.
Proof. Clearly G1(X, pu,v) = (X,u) € Set(H) for each (X, u,v) € ISet(H). Let
(X,ux,vx), (Y,uy,vy) € ISet(H) and let f : (X,pux,vx) = (Y,py,vy) be an

ISet(H)-mapping. Then pux < py o f. Thus Gi(f) = f : (X,ux) = (Y,py) is a
Set(H)-mapping. Hence G : ISet(H) — Set(H) is a functor.
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Also Go(X, p,v) = (X, N(v)) € Set(H) for each (X,u,v) € ISet(H). Now let
(X,ux,vx), (Y,uy,vy) € ISet(H) and let f : (X,ux,vx) — (Y,uy,vy) be an
ISet(H)-mapping. Then vx > vy o f. Thus N(vx) < N(vy)o f. So Ga(f) = f:
(X,N(vx)) = (Y,N(vy)) is a Set(H )-mapping. Hence G5 : ISet(H) — Set(H) is
a functor. O

Lemma 3.2. Define Fy : Set(H) — ISet(H) by Fi(X,u) = (X,u, N(1)) and
Fi(f) = f. Then Fy is a functor.

Proof. For each (X, ) € Set(H), p < NN(u). Thus Fi(X,u) = (X,u, N(u)) €
ISet(H). Let (X,ux),(Y,uy) € Set(H) and let f : (X,ux) — (Y,uny) be an
Set(H)-mapping. Then pux < py o f.

Consider the mapping Fi(f) = f : (X,px,N(ux)) = (Y,py, N(py)). Since
px < pyo f, N(ux) > N(uy)o f. So f: (X,ux,N(ux)) = (Y, py, N(uy)) is an
ISet(H)-mapping. Hence Fj is a functor. O

Lemma 3.3. Define F : Set(H) — ISet(H) by Fo(X,pu) = (X, NN(p), N(n))
and Fy(f) = f. Then Fy is a functor.

Proof. 1t is clear that Fo(X, ) € ISet(H) for each (X, ) € Set(H). Let (X, ux),
(Y,uy) € Set(H) and let f: (X, ux) = (Y, ny) be an Set(H )-mapping.

Consider the mapping Fo(f) = f : Fo(X, ux) — F2(Y, puy), where Fo(X, px) =
(X, NN(;L)(),N(;L)()) and FQ(Y, /J,y) = (Y, NN(;,Ly), N(/,Ly)). Since f : (X’,U'X) —
(Y, uy) is a Set(H)-mapping, px < pyof. Thus NN(ux) < NN(uy)of. Moreover
N(,Ll,x) > N(;Ly) of. So Fx(f) = f: F(X,ux) = Fa(Y,py) is an ISet(H)-
mapping. Hence F3 is a functor. 0

Theorem 3.4. The functor F| : Set(H) — ISet(H) is a left adjoint of the functor
G : ISet(H) — Set(H).

Proof. For each (X, pu) € Set(H), 1x : (X,pn) = GiFi(X,p) = (X, p) is a Set(H)-
mapping. Let (Y,uy,vy) € ISet(H) and let f : (X,p) = G1(Y,uy,vy) be an
ISet(H)-mapping. We will show that f : Fi(X,u) = (X,u, N(n)) = (Y, py,vy)
is an ISet(H)-mapping. Since f : (X, u) = G1(Y,py,py) — (Y, py) is a Set(H)-
mapping, 4 < py o f.

Then N(u) > N(py)o f. Since py < N(vy), vv < NN(vy) < N(uy). Thus
N(u)>vyof. So f: Fi(X,u) = (Y,py,vy) is an ISet(H)-mapping. Hence 1y is
a Gi-universal map for (X, u) in Set(H). This completes the proof. |
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For each (X,u) € Set(H), Fi{X,u) = (X,u, N(u)) is called an intuitionistic
H-fuzzy set in X induced by (X,u). Let us denote the category of all induced
intuitionistic H-fuzzy sets and ISet(H )-mappings as ISet*(H). Then it is clear
that ISet*(H) is a full subcategory of ISet(H).

Theorem 3.5. Two categories Set(H) and ISet*(H) are isomorphic.

Proof. 1t is clear that F; : Set(H) — ISet*(H) is a functor by Lemma 3.2. Consider
the restriction G; : ISet*(H) — Set(H) of the functor G; in Lemma 3.1. Let
(X, ) € Set(H). Then, by Lemma 3.2, F1(X, u) = (X, p, N(p)).

Thus G1F1(X,p) = G1(X, 1, N(p)) = (X, ). So Gro F = lgey(r). Now let
(X,p, N(1)) € ISet*(H). Then, by Lemma 3.1, G1(X, 4, N(u)) = (X, ). Thus
FGi(X, 1, N(p)) = F(X, 1) = (X, t, N(u)). So F o G1 = liget~(m)-

Hence F : Set(H) — ISet*(H) is an isomorphism. This completes the proof. []
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