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Multiple Access and Inter-Carrier Interference in
OFDM-CDMA with Random Sequences

Won Mee Jang, Lim Nguyen, and Pooja Bidarkar

Abstract: In this paper, we analyze the performance of code divi-
sion multiple access (CDMA) systems with orthogonal frequency
division multiplexing (OFDM) that employ random spreading se-
quences in an additive white Gaussian noise (AWGN) channel. We
obtain the probability density function (pdf) of the multiple access
interference and extend the results to OFDM-CDMA systems to
determine the pdf of multiple access and inter-carrier interference
in terms of the number of users, the spreading length, the num-
ber of sub-carriers, and the frequency offset. We consider the syn-
chronous downlink of cellular multi-carrier CDMA and derive a
Gaussian approximation of the multiple access and inter-carrier
interference. Overall the effect of frequency offset is shown to vary
with the system loading. The analysis in this paper is critical for
further development into fading channels and frequency selective
multipath channels.

Index Terms: CDMA, frequency offset, inter-carrier interference,
OFDM, random sequences, spread spectrum.

I. INTRODUCTION

The multiple access interference (MAI) in CDMA has been
studied extensively in the literature [1]-{3]. CDMA systems
with random spreading sequences have received special inter-
est in [4]-[7], since random spread spectrum affords a conve-
nient way of analysis due to its statistical symmetry, and can
provide an upper bound on the MA]J performance. In practice,
random spread spectrum can be approximated in uplink asyn-
chronous CDMA systems such as 1S-95, Wideband CDMA, and
CDMA 2000, that employ long codes as found in [8]-[10]. Ran-
dom spreading sequences can also be employed in the analy-
sis of synchronous downlink OFDM-CDMA systems to obtain
an upper bound on the effect of frequency offset in practical
systems. It has been shown that OFDM-CDMA outperforms
direct sequence code division multiple access (DS-CDMA) in
radio channels in terms of spectral efficiency [11]. However,
inter-carrier interference (ICI) due to carrier frequency offset in
OFDM can degrade the system performance significantly. The
source of such frequency offset can be found in the frequency
mismatch between the transmitter and receiver oscillators, a
Doppler shift due to the vehicle motion, or the complex fad-
ing envelope and phase variations in the received signal due to
multiple scatterings by buildings and other environmental struc-
tures. The main problem with the frequency offset is that it
introduces interferences from other carriers since they are no
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longer orthogonal to the matched filter. Another problem is the
reduction of the signal amplitude at the outputs of the filters that
are matched to each of the carriers.

In this paper, we determine the pdf of the MAI in syn-
chronous downlink CDMA systems with equal power and verify
the analytical calculations with the simulation results. We em-
ployed random spreading sequences for analysis purpose that
can provide an upper bound on the performance of the orthog-
onal downlink. We extend the analysis to synchronous OFDM-
CDMA systems with random spreading sequences in AWGN
channels. Such applications may be found in the downlink of
a cellular OFDM-CDMA systems in open area where fading is
not a critical issue. In particular, we examine the impact of the
carrier frequency offset on the system performance. We obtain
the pdf of the MAI and ICI in OFDM-CDMA systems in terms
of the number of users, the spreading length, number of sub-
carriers, and the frequency offset. To reduce the computational
complexity in calculating the bit error rate (BER) using the pdf
of the MAI and ICI, we derive a Gaussian approximation that
can provide an accurate estimation of the BER in a rather con-
venient way.

In summary, our principle contribution is the detailed anal-
ysis of the effect of frequency offset in OFDM-CDMA with
random sequences in AWGN channels. The theoretical results
presented in this paper are critical for further development into
fading channels as well as frequency selective channels. In Sec-
tion II, we propose the system model and then analyze the MAI
and ICI in Section III. Section IV compares the analytical results
to the numerical results and Section V concludes the paper.

II. SYSTEM MODEL
We consider a multiuser system with K + 1 users (K inter-

ferers) sharing the channel, with the received signal given by

r(t) = z(t) + n(t), m

where n(t) represents AWGN with two-sided power spectral
density 0. The transmitted signal is specified by

oo K41

Z Z Aksf(t)bf7

i=—00 k=1

z(t) = )

where T}, is the bit duration. The signature waveform of the k-th
user, s¥(t) is a binary random sequence defined in T, < t <
(i + 1)T and consists of n = T3 /7, antipodal random binary
chips where T is the chip duration. Ay is the amplitude of the k-
th user, b¥ represents the data bit of the k-th user during the i-th
bit interval, and b € [~1,1], Vk, 4. It is assumed that signature
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Fig. 1. OFDM-CDMA transmitter and receiver.

waveforms have unit energy

(i+1) T
/ sk (0)dt = 1,
1Ty

V ki 3)

The output of the matched filters (MF) matched to the k-th
user signature waveform during the i-th bit interval is

(l+1)Tb
yi = / r(t)sfdt, @
Ty
and
K+1 o
g = Akbf+ Y A;RIH 4, ©)
J=1.j#k

where 7 is an independent Gaussian random variable with vari-
ance equal to 0. The crosscorrelation of user & and user j dur-

ing the i-th bit interval is
(i+1)T, )
/ s¥(t)sl(t)dt.
i

Ty

R = (6)

R}
1)/2 crosscorrelations of R are pairwise independent but not
jointly independent [12]. The receiver under consideration in
this paper is suboptimal because it treats the multiuser inter-
ference as noise without attempting to exploit possible knowl-
edge of the codebooks of the interfering users. The multiuser
detections of direct sequence spread spectrum multiple access
(DS/SSMA) systems with random sequences are detailed in
[13].

Fig. 1 shows the block diagram of OFDM-CDMA. The K +1
sequences of symbols obtained by BPSK modulation, are spread
and added together. We have used random spreading sequences
under assumption of perfect synchronization. v,, is the summa-
tion of K + 1 users’ m-th chip during the i-th bit interval

are independent for all j for given k, and the K(K +

K41

k Kk
U = E bici’m,

k=1

0<m<M-—1, 7N
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where cf, . is the k-th user’s m-th chip in the i-th bit interval.
Then the sequence is serial-to-parallel (S/P) converted and its
inverse discrete Fourier transform (IDFT) is taken. The IDFT of
U, corresponding to a block of M symbols is

1 M h
= — O — <h<M-1. (&
wh Mmzzovmexp{jQﬂ'mM}, 0<h<M-—1. (8

The P/S conversion and zero-th order interpolation give the
continuous-time signal

M-1
w(t) =Y whq(t — hTo), ©)
h=0

where ¢(t) is the unit rectangular pulse over a chip interval. Let
the normalized frequency offset € be f,/Af, where f, is a fre-
quency offset and Af = 1/MT,. At the receiver input, the
received signal impaired by the frequency offset is

M-1M-1

r(t) = % Z Z v q{t — hT.) exp {j27r(m + e)—]\hz} (10)

h=0 m=0

The sampled values of the noiseless component of the received
signal at the output of the receiver filter are

1 (h-‘rl)Tc

Yh ==

r(t)ct, q(t — hT,)dt,
T Jur, ’

0<h<M-1, (11)

where cf,m is the desired user’s m-th chip in the ¢-th bit interval.
The frequency offset included in (10) produces ICI. Thus, the
h-th noiseless DFT input is

M-1
1 . m+te
Y= 97 Z Vpy, €XP {]27rh i }, (12)
m=0
where v, = ZK+1 c? bhck . The M sampl
m = 2ik=1 Cim0 Cm- ples of y, cor-

rupted by the AWGN samples are fed to the discrete Fourier
transform (DFT). Thus, the decision variable 2,4 is

M—-1

2= 3 yhexp{—j%rh%} +n, 0<g<M-—1, (13)
h=0

where 7, is the noise variable that is still Gaussian since a phase
rotation due to frequency offset does not change the statistics of
a complex Gaussian process [14]. It is easy to see that z, =
vg + 1, without the frequency offset. The DFT output can be
written as

M-1M-1

9= 30 3 vngg e {rgim o}t a9
h=0 m=0

III. MULTIPLE ACCESS AND INTER-CARRIER
INTERFERENCE

Random variables characterizing various aspects of the MAI
are described using the random spreading sequences, the data
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bits, and the correlation functions of the spreading sequence.
The MAI is discussed conditioning on an appropriately selected
set of random variables. Conditioning on the correlation pa-
rameter for the specific spreading sequence is important in the
analysis since it provides conditional independence for a set of
random variables {12]. The conditional characteristic function
of the MAT is the basis of our derivation. In (5), the MAI term is
Z;ﬂil] p AiR; *7b7. We begin with the two-user system. Then
the crosscorrelatlon in (6) can be written as

iy (41T )
mﬂ:/ ok (t)s] (£)dt =

Ty m=1

as)

where cf is independent identically distributed (i.i.d.) with

Pr(cf,, = 1/y/n) = Pr(cf,, = —1/vn) = 1/2, Vi,k,m.
Here we assume that the random sequence is dynamically
changing every bit interval though the result can be applied to
static random sequences. Then the crosscorrelation is

RFI = (n

0 —2[)/7?,, l=0, »y Ty (16)
where Pr(l = i) = (3)(3)'(3)" " = (})(3)™. | denotes the
number of chip positions that differ: (=0 if the two spreading
sequences are the same and | = n if they are exactly opposite.
The pdf of the sum of MAI and noise in CDMA is given in

Appendix A as

fCDMA

=55, (1)

x exp{—[z — A(K — 2i/n)]?/(20®)}. (17

We compare with Gaussian approximation with the same vari-
ance derived in Appendix B as

Oepma =0+ KA /n. (18)
This result agrees with the result in [15].

The MAI and noise variable at the g-th sub-carrier can be
written as

M-1
Yo = Z U Sm—g + 7y
m=0
M-1

=S+ Y UmSm—g + 7, (19)

m=0
m#g

where [16], [17]

sin{m(m — g+ ¢€))
M sin({7(m — g + ¢€))

X exp (j{ﬂ(l - %)(m -9+ e)}) ;

Sy =
(20)

and u,, is defined in (37). The pdf of the sum of MALI, ICI, and
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noise in OFDM-CDMA is given in Appendix C as

2nKM Z Z

10—0 ’LM 1—0

9 (nK) ( nK ) 1
0/ N fargr S S

X exp (—([x - A{K i Sk —2( Z_: i%Sk)/n}?)

2]‘/1_1 2
/(25% 3 52)).
k=0

fOFDM CDMA

D

Itis easy to see that (21) is reduced to (17) for zero frequency
offset. The computational complexity of (21) can be reduced
using a Gaussian approximation with the same variance derived
in Appendix D as

M-—1
U(Q)FDM—CDMA =0’ Sl%
k=0
M-1 M—-1M-1
+42{ (K 3 8P+ K2 Y Y S8,
k=0 h=0 g#h
K M1
el 2
+—(nK +1) kzzosk}. 22)

We can see that (22) is reduced to (18) for zero frequency off-
set. The pdf of the OFDM-CDMA is the weighted sum of nK M
Gaussian pdfs. Heuristically, the effect of frequency offset is
to increase the number of Gaussian pdfs with different means.
With zero frequency offset, the number of Gaussian pdfs is re-
duced to nK in (18).

In fact, (21) does not include the self-interference from other
sub-carriers. The self-interference is introduced from its own
data in other chip intervals. We can easily modify (21) to include
the self-interference as

R 1 1
forpm—cpoma(z) = onK on(K+1)(M—1)
nK n(K+1)  n(K+1)
n(K +1)
¥ ()
ig=0 i;=0 ia—1=0

_ (n(K + 1)) 1
s ) ooy 1

M-1

X exp(—([ac - A{(K+1) Z Sk
k=0
M-—1
—So —2( Y ikSk)/n}?)/ (207 Z 52) ) (23)
k=0 k=0

and the corresponding variance is
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Fig. 2. Example BER calculation of CDMA for one, two, and five interferers ~ Fig. 3. Comparison between example calculation and simulation of CDMA for

(n = 31,63). one, two, and five interferers (n = 31, 63).
M-1
DM —CDMA =0 S? IV. NUMERICAL RESULTS
k=0
M-1 M-1M-1 Fig. 2 shows the example probability of bit error calculation
+A2{ (K+1) Si)? + (K +1)? Z Z ShSq from (17) for two or three users with 31 chips/bit and six users
k=0 h=0 g#h with 63 chips/bit. Fig. 2 shows that Gaussian approximation
K41 M-1 M—1 becomes poorer at high SNR [4], [6]. The Gaussian approxima-
+——( (K+1)+1) Z S —2(K+1) Z SoS% tion is close to the probability of error calculated from (17) for
k=0 k=1 Ey/N, < 10 dB for all three cases. Fig. 3 shows the simulation
M-1 results for two or three users with 31 chips/bit and six users with
2(K +1)82 - —SO +2(K +1)Sy Z Sk} (24) 63 chips/bit. We can see that the simulation results agree well
k=0 with the analytical results.

=o’S + A’T1 (25)  Fig. 4 displays the Gaussian approximation of OFDM-
where = = S°"M-1 g2 .0 CDMA channel for two users with 31 chips/bit. The number
of sub-carriers is equal to the spreading length. Notice that the
M-1 M-1M-1 performance degrades as frequency offset, €, increases as ex-
O=—((K+1) Y Se)*+(E+1)> Y >SS, pected. At 10 dB SNR, the BER with € = 0,0.1,0.2,0.3 are
k=0 h=0 g#h 2.4x1074,4.2 x 1074, 0.002, 0.0173, respectively. We can see
K+1 M-1 similar results for the three and six-user cases shown in Figs. 5—
+———(n(K+1)+1) S,% 7. The effect of frequency offset becomes less significant as the
n k=0 MAI increases as shown in Fig. 6 with six users and the same
M-1 1 spreading length. In the comparison of Figs. 5 and 7 that have
—2(K +1) Z S8y, — 2(K +1)S3 — =52 the same ratio of the number of users to the spreading length,
k=1 n the effect of frequency offset is shown to be similar. The ef-
M-1 fect of frequency offset is more considerable for small number
+2(K +1)S, Sk. (26) of users. For a larger number of users, MAI is dominant and
k=0 frequency offset has smaller effect on the performance. Overall

Then, the Gaussian approximation BER of the OFDM-CDMA the effect of frequency offset is proportional to the ratio of the
can be written as number of users to the spreading length (K /n) that is the mea-

sure of the MAI in a random spread spectrum system. Fig. 8
< 5242 shows the simulation results of OFDM-CDMA for two users
(

By =4 ;1_221'[) and 31 chips/bit and 31 sub-carriers for ¢ = 0,0.05,0.1,0.2.

5 - The Gaussian approximation is precise for e = 0,0.05,0.1, and
= Q 255 By 1 27) 0.2. Thus, Gaussian approximation represents the performance

N, (E+ 2TEZ’H) of OFDM-CDMA accurately for the range of interest in practi-
cal applications.

where the Q function is Q(z) = \/__ [ e~ /2dy.
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Fig. 4. Example BER calculation of OFDM-CDMA for one interferers (n =
31), frequency offset= 0,0.05,0.1,0.2,0.3.
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Fig. 5. Example BER calculation of OFDM-CDMA for two interferers (n =
31), frequency offset= 0, 0.05, 0.1, 0.2, 0.3.

V. CONCLUSIONS

In this paper, we have analyzed the BER performance of
OFDM-CDMA systems that employ random spreading se-
quences in an AWGN channel. The pdf of the MAI in down link
CDMA was obtained and the BER calculations were verified
with the simulation results. We extended our result to the pdf of
the MAI and ICI in a downlink OFDM-CDMA to determine the
BER performance in terms of the number of users, the spread-
ing length, the number of sub-carriers, and the frequency offset.
To reduce the computational complexity involved in calculating
the BER, we have derived a Gaussian approximation which can
provide the approximate BER that compares well with the sim-
ulation. The effect of frequency offset has been shown to vary
with the ratio of the number of users to the spreading length.
The analysis in this paper is critical for further development into
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Fig. 6. Example BER calculation of OFDM-CDMA for five interferers (n =
31), frequency offset= 0,0.05,0.1,0.2,0.3.
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Fig. 7. Example BER calculation of OFDM-CDMA for five interferers (n =
63), frequency offset= 0,0.05,0.1,0.2.

fading channels and frequency selective multipath channels.

APPENDIX A
Pdf of MAI and noise in CDMA.

The MAI conditioning on the specific spreading sequence is
characterized by a binomial distribution. Conditioning the de-
cision statistic on the specific spreading sequence such as the
first user’s spreading sequence is necessary for conditional in-
dependence of each pairwise interference. Assuming a two-user
system with spreading factor n and equal power A?, the discrete
characteristic function is

n

Y § n—i .
Z(l)pq” exp{jwz;},

=0

®1(w) = (28)
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Fig. 8. Comparison between example calculation and simulation of OFDM-
CDMA for one interferers (n = 31), frequency offset= 0, 0.05, 0.1, 0.2.

where p = ¢ = 1/2 and z; = (n — 2i)A/n. Notice that the
random variable x; represents the correlation between spread-
ing signal of the interferer and the spreading sequence of the
desired user. Therefore, :z:f is the MAI power at the output of
the matched filter. Then,

D (w) = exp{jwA} (p exp{—2jwA/n} + q) . 29)
For K interferers, the characteristic function is
K
By (w) = {<I>1(w)}

nkK
=> (nz'K>piqu‘iexp{ij(K — 2i/n)}.

i=0

(30)

The probability of the crosscorrelation value A(K — 2i/n) is
(1/27%) (") for i = 1,--- ,nK. In an AWGN channel, the
characteristic function of MAI and noise is

| B(w) = B (w) x Bawan(w)
_ o (K i nK—i
> (")
x exp{jwA(K — 2i/n)}exp{—0cw?/2}.  (31)

The corresponding probability density function can be obtained
by its inverse Fourier transform

nk
1 nKkK 1
fepma(®) = 5 ;( ; )m

x exp{—(z — A(K — 2i/n))?/(20%)}. (32
The pdf of the MAI and noise is the sum of Gaussian pdf with
the mean equal to A(K — 2i/n) weighted by (27"%)("K) for
i=0,--- ,nK.
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APPENDIX B
Variance of MAI and noise in CDMA.

The variance of the MAI and noise can be written as the second
moment,

o 1 &K\ [® , 1
E[X]—Q,I—K;@)/wa —
x exp{—(z — A(K — 2i/n))? /20 }dz.

(33)

By a change of variable, y = x — z where 2 = A(K — 2i/n),
the variance is

nK
1 nkK & 1
2 — 2
ICDMA = oK ;( i )/_oo(erZ) org?

x exp{—y?/20°}dy (34)
1 ok nkK .
=o?+ GnK 2 < ; ){A(K — 2/n)}?
2
=0+ EA™ (35)
n

APPENDIX C
Pdf of MAIL, ICIL, and noise in OFDM-CDMA.

Without loss of generality, consider the MAI, ICL, and noise at
the zero-th sub-carrier. The MAI and noise variable g can be
written as

M-1
Y =uoSo+ Y UmSm + o, (36)
m=1
where
K+1
Um = > b, 0<m<M-1, (37
k=1
k#d

where subscript d denotes the desired user. u,, is the summation
of K interferers’ m-th chip during the ¢-th bit interval matched
to the desired user’s m-th chip in the 4-th bit interval. S, are
normalized with respect to the receiver signal to noise ratio in
the following analysis. The real part of S,,, have been taken
since we assume real signature waveforms and real binary data.
The pdf of g is

forpm—coma(z) = |S_10|f(—5’$_0> X ﬁf(sﬁl)

|Spr—1]" \Sm-1/’

where f(-) is the pdf defined in (32) and = indicates the con-
volution. |S;,| is the magnitude of .S,,,. Substituting (32) into

(38)
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(38),

1
fOFDM—CDMA (113) = W

XZ Z( ) (ﬁi){m

10=0 iM—1—
x exp{—(z — ASo[K — 2io/n])*/2(So0)}

1
. —(x — ASw
Kook =Y exp{ (z M1

x[K — 2iM_1/n])2/2(SM_10)2}}

- s 8 (0) ()

10=0 iar—1=0 tM-1
1 M—-1
X exp{—{ax ~ A[K Z Sk
\/ 2702 ML 62 k=0

M-1 M-1
~2( Y wSu)/nlY2 /(207 Y SD ),
k=0 k=0

that is the weighted sum of Gaussian pdf with the mean equal to
AlK ZM LSy~ Q(ijv[:;l i%S%)/n] and the variance equal to

a’ Zk:O

APPENDIX D
Variance of MAIL ICI, and noise in OFDM-CDMA.

The variance of the MAI, ICI and noise can be written as the

second moment,

[XQ]_anMZ Z ( )(nK)

IM—
100 lMl—O M-1

> 1
x/ z? exp{ {z - AKZSk
M-

2mo? z

(szSk)/n}/QJQ 52) } (41)

k=0 k=0
Applying the same procedure in Appendix B, the variance is
M-

2 _ 2 2
COFDM—-CDMA =0 E Si
k=0

e £ () ()

TAf—
ig=01p 1= M
M—1

{ (K Z Sk — 2 Z szk)/n]}Q 42)

M-—1 M-1
=o? 3 sp+ a{-(K Z Si)?
k=0 =

M-1M-1

+K2 ST 518, + —(nK+ 1) Z st} @3

h=0 g#h
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