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Abstract

In this paper, we show that the category of intuitionistic fuzzy proximity spaces has an initial structure, and
consequently a subspace structure and a product space structure of them.
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1. Introduction

As a generalization of fuzzy sets, the concept of
intuitionistic fuzzy sets was introduced by Atanassov [1].
Recently, Coker and his colleagues [2, 3, 4] introduced
the concept of intuitionistic fuzzy topology which is a
generalization of fuzzy topology.

Katsaras [5, 6] introduced the concept of fuzzy
proximity, and studied the relationship between fuzzy
topology and fuzzy proximity. W. Liu [9] introduced the
concept of L-fuzzy proximity for a lattice L, and Y. Liu
and M. Luo [10] studied the relation between L-fuzzy
proximity and L-fuzzy uniformity. Also, Khare [7]
studied the relationship between classical and fuzzy
proximities.

In [8], the authors introduced the concept of the
intuitionistic  fuzzy proximity and investigate the
relationship among intuitionistic fuzzy proximity and
other structures.

In this paper, we get the initial structure of
intuitionistic fuzzy proximity, and consequently the
subspace and the product space of them.

2. Preliminaries

In this section we recall some of the definitions and
theorems related to fuzzy proximity and intuitionistic
fuzzy topology.

Let X be a nonempty set and I the unit interval
[0,1]. An intuitionistic fuzzy set A is an ordered pair

A= 4V 4)
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intuitionistic fuzzy proximity, initial intuitionistic fuzzy proximity

where the functions p4X—I and v 4 X—I denote the
degree of membership and the degree of nonmembership,
respectively, and u ,+v 4<1 . Let I(X) denote the set of
all intuitionistic fuzzy sets in X.

Obviously every fuzzy set 1, in X is an intuitionistic

fuzzy set of the form (u, 1-u,)

Definition 2.1. ([11) Let A= 4v 1)

be intuitionistic fuzzy sets in X. Then

and B=({pVp)

(1) ACB iff pa,<np and v >V,
(2) A=B iff AcB and BcA.
(3) A=(V 41 ,)

(4) ANB=( 4ARpY 4VV )

(5) AUB=( 4V gV oAV p)

6) 0.=(0,1) and 1.=(1, 0) .

Let f be a map from a set X to a set Y. Let
A=(1,4Y,) be an intuitionistic fuzzy set in X and
B=(WgVy an Intuitionistic fuzzy set in Y. Then

f (B is an intuitionistic fuzzy set in X defined by
FHB = (uphf (v )
and f(A) is an intuitionistic fuzzy set in Y defined by

FA) =(flu D 1-f1-v )

Definition 2.2. ([3) An intuitionistic fuzzy topology on
X is a family 1 of intuitionistic fuzzy sets in X which
satisfies the following properties:

1 o.1.€e1.

(2) f A,A,=17, then A ,NA,E1.

(3) If A,=1 for each i, then UA =T.

The pair (X,1) 1is called an intuitionistic fuzzy
topological space. Any member of 1 is called an
intuitionistic fiizzy open set in X and the complement an



intuitionistic fuzzy closed set.

Definition 2.3. ({31 Let (Xx,1) and (Y,u) be
intuitionistic fuzzy topological spaces. Then a map
fX—Y is said to be continuous if fN(B) is an

intuitionistic fuzzy open set in X for each intuitionistic
fuzzy open set B in Y, or equivalently, f(B) is an
intuitionistic  fuzzy closed set in X for each
intuitionistic fuzzy closed set B in Y.

Definition 2.4. ([8]) An intuitionistic fuzzy proximity on
X is a relation & on I(X) satisfying the following
properties:

(1) A3B implies B5A.
(2) (AUBC if and only if A8C or BSC.
(3) ASB implies A=0. and B0 ..

(4) A¥B implies that there exists an E<I(X) such
that AJE and E UB.

(5) ANB=0. implies ASB.

The pair (X,8) 1is «called an

proximity space.

intuitionistic fuzzy

Definition 2.5. ([8)) Let (X,5,) (Y,8,) be two
intuitionistic fuzzy proximity spaces and f£X—Y a map.
Then f is called a continuous map if Ad,B implies

f(A)B f(B) .

and

Clearly, f
implies f ()8 f “(D)

is continuous if and only if C8.,D

for each C, DeI(Y).

3. The initial intuitionistic fuzzy proximity

Let FProx be the category of all fuzzy proximity
spaces and proximity maps and IFProx the category of
all intuitionistic fuzzy proximity spaces and continuous
maps. In [8] we already found a categorical relationship
between FProx and IFProx. In this section, we are
going to show that the category of intuitionistic fuzzy
proximity spaces has an initial structure.

Let {(X,,8.)} be a family of intuitionistic fuzzy
proximity spaces and X a set, and let f;:X—X, be a
map for each al. For A ,B€I(X), we define A8B if
and only if the following condition is satisfied: If
A=A,U--UA, and B=B,U-~UB, (A,B,eI(X)),
then there exist ij such that for each a«&l' we have
FAADB LB .

ecl
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Remark 3.1. A8B if and only if for any A’cA and
B’c B, there exists a such that f.(A")8f(B") .

Theorem 3.2. The relation & on X defined above is
the initial intuitionistic fuzzy proximity on X with
respect to the family {f.} ;. That is, for any
intuitionistic fuzzy proximity space (Y,5,)
function f(Y,8)—=(X,8) , f is continuous if and only if

and a

the composition f.°f is continuous for all «a.

Proof. First, we will show that & is an intuitionistic
fuzzy proximity on X.

(1) Clearly, A8B implies BSA.

(2) Note that if ASB and ACE then ESB. So ABC or
B8 C mmplies (AUB)SC. Suppose that AYC and B¥C.
Since AJC, there are A,-,A, , Cy,C, such that

A=4,U--UA, , C=C,U-~-UC, and for each pair
(i,j), 1<i<k, 1<j<n, there exists a such that

FalCOB fulA) .

Since BYC, there are B,--,B,., D.-,D, such that
B=B,U---UB,,, D=D;U---UD, and for each pair (i,j),
1<i<l], 1<j<m, there exists B such that

FoD B fy(B)).

It is clear that C=U ;;(C;ND;) and

AUB=A,U--UA,UB,U-~UB,, .

Let 1<i<k, 1<j<!l. If 1<r<n, then for this «€T, we
have f.(C)8 f(A.), and hence f.(C;ND B fo(A,).
Similarly, if n+l<r<n+m
then for this B&l, we have [ (C,ND B fs(B.,) .
Therefore C¥(AUB).

(3) Let A8B. Then for each a€T, f,(A)8 f.(B)

hence f.(A)=0_. and f.(B)=0.. Thus A=0.
B=0._.

and
and

(4) Consider the set V of all pairs (A4,B) such that
AYB and for every E€I(X) we have either ASE or
E“6B. We claim that V is empty. Suppose (A,B)eV .
We first show that f.(A4)8 f.(B) for all asT. Take any
acT and KeI(X,). Put L=f,' (K)€I(X) . Then ASL
or L%B. If A8L, then f(A)8FJ(L). Since
folD)=fo(FHENCK |, fa(A)8 K. LB
implies K f.(B). Since &, is a fuzzy proximity on
X o, it follows that f.(A4)8 f.(B) . Now since A§B, there
exist positive integers km and A, Ay, BB,
such that A-A,U-~UA, , B=B,U-~UB,
each pair (ij), 1<i<k, 1<j<m, there is an a€T with

Similarly,

and for
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falADB fa(B;) . If k+m=2 then k=m=1 and hence
folA)B fo(B) . This is a contradiction. So k+m>2. Let
n=k+m We call such a number n the integer
corresponding to (A,B). Of course n is not uniquely
determined by (A,B) and we have n>2 Let K be the
set of all integers corresponding to members of V and
let n be the smallest member in K. Choose a pair

(A4,B)eV with the corresponding integer n. We also

choose A A.,, B, B, 1In I(X) such that
n=k+m>2 , A=A,U-~-UA, , B=B,U---UB, and for
each par (ij) there exists an «ael  with
FalADB fo(B;). Assume that k>1 Let

C=A;U-+-UA,; . One of the following should be true:
(A) For every E<I(X), either CSE or BSE°.
(B) For every E<I(X), either A ,8E or B3E°".

To prove this, suppose that neither (A) nor (B) holds.
Then there exist E ,E,€I(X) such that C¥E, BIE],

ABE, and B¥ES Let E=E,NE,. Since C¥E, and
A WNE,, CYE and A JFE and hence A¥E. Also BYE S and
BYE 5 implies BY(ESUES)=E°. Hence A§E and BYE®
which contradicts our assumption that (A,B) is in V.
Assume (A) holds. Since CcA and A¥B, we have
CVB and hence (CB)EV. Thus (k-+m=n-1

belongs to K which contradicts our choice of n. Assume
(B) holds. Since A,SA and AYB, we have A, B and

hence (A B)eV . Thus 1+m<k+m=n This is a
contradiction.

(5) Suppose ANB=0_.. Let A=A ,U--UA, and
B=B;U--UB,,. Then there are ij such that
ANB;=0_. So for any a€T,

FlADNFo(B)2f (A NB)=0_

and hence f.(A )8 f(B;) . Thus ASB.

In all, & is an intuitionistic fuzzy proximity on X. It is
clear that f (X8)—(X,.8, is continuous for each

acT,

Finally, let (Y,8,) be an intuitionistic fuzzy proximity
space and f(Y,06,)—(X,5)
is also continuous. Conversely,
suppose that f,°f 1s continuous for each a&l. Let
ABeI(Y) and A% .,B. Take any f(A4)=A U--UA,
and fiB)=B,U--UB,, . Then

a map. It is clear that if f is
continuous then f,°f

Acf (A) =f (A, U-~UA )
=f YA DU--UF AL

and
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Bef (B) =f"M(B,U-~UB,)
= HBU--Uf UB ).

Put Ag=f HADU-UF A and
Bo=f " (BpU-Uf'B,) . Then ACA, and BSB,
Since Ab B, we have A8 ,B, Hence there exist i,/

such that f7'(4 )8 f(B;) . Since f.°f is continuous,

Folff A DSBS (B )

and hence f,(A;)8.f.(B;)
that f(A)8f(B) . Therefore f is continuous.

for each a=l. This proves

Definition 3.3. Let (X,5)
proximity space and YcX. Let &y

be an intuitionistic fuzzy
be the initial

intuitionistic fuzzy proximity on Y with respect to the
inclusion map iY—X. Then (Y,86,) is called a

subspace of (X,6).

Directly from the property of an initial structure, we
have the following result.

Theorem 3.4. Let (Y,8,) be a subspace of (X,8) and

i'Y—=X the inclusion map. Let fZ—Y be a map
between intuitionistic fuzzy proximity spaces. Then the
map f is continuous if and only if the map i°f is
continuous.

In fact, the structure of subspace 1s described as
follows:

Theorem 3.5. Let (Y,8y) be a subspace of (X,8) and
iiY—>X the inclusion map. For A,BEI(Y), the
following statements are equivalent:

(1) As,B.
(2) ASB y, where A wX—IXI is defined by

Alx) = 400,V 4(x)) if
0,1 - if

xX€eY,

A‘Y(X)z{ x€Y.

(3) For all C and D in I(X) whose restrictions to Y

are A and B, respectively, we have C8D.

Proof. (1) — (2) Let A8,B. Since (Y0 y)—(X,8) 1is
continuous, we have i(A4)8i(B). Clearly i(A)=A x .

(2) — (3) Let ¢,pel(X) with Cly=A and Dly=5B.
Since A 8By, we have (Cly) x8(Dly) x. Note that

(Cly) x=i(Cly)=i(CeD=i(i MO =

Since C2(Cly) y and D2(Dly) x, we have C8D.



(3) — (1) Take any A=A,U--UA, and

B=BIU"'UBm. Since (Ax)| Y:A and (Bx)l y=B y
we have A x6B ;. Note that

A=(A) yU-U(A,) y
and
BXz(Bl)XU.“U(Bm)X .

So there are jk such that
i(A8i(B ). Thus A8:B.

(A;) x8(B ;) x and hence

Definition 3.6. Let {(X.84}
intuitionistic fuzzy proximity spaces and X=1I X, .

be a family of

Let & be the initial intuitionistic fuzzy proximity on X
with respect to the family of canonical projections
{n g X—X ) Then (X,8) 1is called the product

Intuitionistic fuzzy proximity space.

acl *

Directly from the property of an initial structure, we
have the following result.

Theorem 3.7. Let fy—1II . X,
intuitionistic fuzzy proximity space to the product
Intuitionistic fuzzy proximity space. Then the map f is
continuous if and only if the map n.°f Is continuous

be a map from an

for all a.
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