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Choquet expected values of fuzzy number—-valued random
variables and their applications
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Abstract

In this paper, we consider interval number-valued random variables and fuzzy number-valued random variables and
discuss Choquet integrals of them. Using these propertics, we define the Choquet expected value of fuzzy
number-valued random variables which is a natural generalization of the Lebesgue expected value of fuzzy random
variables. Furthermore, we discuss some application of them.
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random variables is interesting subject from point of
view of both mathematical theory and its application.

Using these properties, we define the Choquet ex-
pected value of fuzzy number-valued random variables
which is a natural generalization of the Lebesgue ex-
pected value of the Lebesgue expected value of Lebesgue
expected value of fuzzy random variables. Furthermore,
we discuss some application of them.

1. Introduction.

It is well-known that closed set-valued functions had
been used repeatedly in [1, 2, 3]. Aumann first defined
the concept of integrals of set-valued functions(simply,
Aumann’s intgerals) with respect to a classical measure
and the theory about Aumann’s integrals has drawn
much attention as its repeat applications in mathematics
economics, conditional expectation of multi-valued func-
tions and many other fields. But all these are based on

Lebesgue integrals with respect to a classical measure.
Using these ideas, we have studied closed set-valued
Choquet integrals and convergence theorems under some
sufficient conditions in [4,5]. And we also have tried
modifying these conditions in [6,7,8,9].

In this paper, we consider interval number-valued
random variables which are interval number-valued
measurable functions and fuzzy number-valued random
variables which were first introduced by Kwakernaak
and discuss Choquet integrals of interval number-valued
random variables and fuzzy number-valued random
variables. We note that study of fuzzy number-valued
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2. Definitions and preliminaries.

A fuzzy measure on a measurable space (2, 7) is an
extended real-valued function x: T — [0, 0] satisfy-
ing

1) w(2)=0,

#(A) <p(B), whenever A,Be7, ACB.
A fuzzy measure g is said to be autocontinuous from
abovelresp. below] if uw(AUB,) — (A)lresp., u(A~B,)
{B,)C7 and wp(B,) — 0. If
£ is autocontinuous both from above and from below, it
is said to be autocontinuous(see [12]). We note that a
random variable is a measurable function ¥: 2—[0,0).

— u(A)] whenever AsJ,

Definition 2.1 ({10, 14]) Let # be a fuzzy measure on
(2, 3) and ¥ a random variable.

(1) The Choquet integral of a measurable function ¥



with respect to a fuzzy measure x is defined by

(O) [ yau= |~ w{we Bx(w)> )dr
0
where the integral on the right-hand side is an ordinary
one.
(2) If 2 is a finite set 2= {w,, ---, w,}, the Choquet

integral of ¥ can be written as follows:

n

(C)/ ydu = 3 (y(wy) — y(we-n))p(Ay)

where the subscript ( + ) indicates that the indices have
been permited in order to have

=y (W),

()}

y(wa)) < y(we)) <
Ap=1{() -~

and y(wg,) =0, by convention.
(3) A random variable y is called Choquet integrable if
the Choquet integral of f can be defined and its value is
finite.

R

Throughout the paper, will denote the interval

[0, o),

IR™)={[a,blla, b= RT and a<b}.

Then a element in I/(R") is called an interval number.
On the interval number set, we define; for each pair

[a,b],[c,dle(R") and keR™,

[a,b]+[c,di=[a+c b+dl,
{a,8] -[c,dl=[a-cb-dl,
Ha,bl=[ka, kb],

[a,b]=(c,d] if and only if a<c and b<d,
[a,b)"[c,d] if and only if

[a,biElc,d]l and [a, bl#[c, d]
La, b)<[c,d] if and only if either

alc or (a=c and b{d),
[a, bl<[c,d] if and only if

[a,b]<[c,d] or [a bl=Icdl,
[a,b]Clc.d] if and only if

[a,b] is a subset of [c,d].

We note that (I(R™),d;) is a metric space, where dy
is the Hausdorff metric defined by

dy(A, B)=max{ sup ,c,inf cdx—3l, sup ,epinf .o lx— 31}

for all A, BEI(R").

A fuzzy number V is a fuzzy set on R 7, satisfying
the following conditions([9,10,11,13,16]):

(i) (normatity) V(z) =1 for some z € R™,

(ii) (fuzzy convexity) for every A € (0,1],
[VI'={ze R*| V(z) =X} e I(R"),
[V]O = Cl{flt e R+| V(.’I}) > 0} S I(R+), where
clA is the closure of 4 in the usual topology of R,

(iii)

Let F(R") denote the class of fuzzy numbers. We
define; for each pair V, W € F(R"),
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[V+ W =[VI*+[M*, for all A=[0,1]
[Vl '=[VITLWM* for all A=[0,1]

[V =H V1%, for all A=[0,1]

V<W if and only if [ VI’<[W* for all A=[0,1]
VEW if and only if [ VI'"&[ W, for all A=[0,1]
VCW if and only if [ VI*C[W*, for all 1€[0,1]
V<KW if and only if [VIK[W*, for all A={0,1]
V<W if and only if [V]14<[W]* for all A=[0,1]
VCW if and only if [VI*C[W]1%, for all A=[0,1].

We also note that (F(R™),D) is a metric space,
where D: F(R") <X F(R")—[0,0] is defined by

D(V7 W) = Sup{dH([V]/\> [WT) [ A e (011] 2

Let C(R*) be the class of closed subsets of R¥.
Throughout this paper, we consider a closed set-valued
function Y: £ - C(R")\{®} and an interval num-
ber-valued function Y: 2 — KR")\{@}. We denote
that d,;— l,,i_,r{.loA"ZA if and only if llLch}odH(An,A)ZOy
where AeIRY) and {A,JCIKR*). We say that a
closed set-valued function Y is a closed set-valued

random variable if it is measurable, that is, for each open
set O CR™,

Y "HO) = {we 2 Y(w)NO=D}eT.

Definition 22 ([1,23]) Let Y be a closed set-valued
random variable. A random variable y: £ — R* sat-
isfying

wWwye Y(w) for all we

is called a random selection of Y.

We say v: 2 — R* isin L) if and only if v is
random variable and (C) f y duoo, We note that ”

we p—a.e.” stands for "wef pg-almost every-
where”. The property P(w) holds for wef® pg—a.e.
means that there is a measurable set A such that
#(A)=0 and the property P(w) holds for all weA°,
where A€ is the complement of A.

Definition 2.3 [89,17] Let
random variable and Ae7.
(1) The Choquet expected value E.(Y) of ¥ on A is
defined by

Y be a closed set-valued

EV)=(O) | Ydu={(O) [ ydu | y=S(1))

where S(Y) is the family of ux—a.e. random selections
of Y, that is,

S(V={yeL(w | vw)eY(w) we p—a.e.}.

(2) A closed set-valued random variable Y is said to be
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Choquet integral existing if (C) f Ydu+ @, and it is said
to be Choquet integrable if (C) / Ydu exists and does

not include ©©.

(3) A closed set-valued random variable Y is said to be
Choquet integrably bounded if there is a function
g=L(y) such that

[ Y(a)ll = sup eyl A<g(w) for all wef.

We remark that if Y is Choquet integrable, then we
have S(Y) € Li(1). This implies that Definition 2.3 is

equal to the definition of closed set-valued Choquet in-
tegrals in [4,5,6,7,89].

Theorem 2.4 (1) If Y: 2 —>I(R") is an interval num-
ber-valued random variable and if we define

y*(w) = sup{Hr= Y(w)}
and

Yy (w) = inf{Are Y(w))

for all we®, then y* and y, are random variables.
(2) If Y: 2 —I(R") is a Choquet integrably bounded

interval number-valued random variable, then then y*
and y, are random selections and E.(Y) is bounded

and nonempty set.

Theorem 25 Let # be a continuous fuzzy measure. If
Y:2—I(R*) is a Choquet integrably bounded inter-
variable, then

val number-valued random

E.(Y) € I(R"), that is,

E(Y)=(C)] wedu, (C)] y*du),

3. The Choquet expected value of fuzzy
number-valued random variables.

Definition 3.1 (1) A mapping Y: 2—F(R") is called a
fuzzy number-valued random variable if for each
ae[0,1], [Y]*: 2—I(R") is an interval number-val-
ued random variable.

2 Y is called Choquet integrably bounded if [¥]° is
Choguet integrably bounded.

Let Y:0-F (R") be Choquet integrably bounded
fuzzy number-valued random variable. We define the

Choquet expected value(denoted by EC(Y/)) of Y as that

element V € F(R™) which satisfies

100

[VI* = (C) [I7P'du, for all A€ [0,1].

We should prove that effectively the family

{(C)/ [Y]*dp | A € [0,1]} defines a fuzzy set for

this purpose, we using the following lemma:

Lemmma 3.2 ({13], Lemma 2.1) Let {{a*, b*]| A € [0,1]}
be a given family of nonempty interval numbers. If (i)
for all 0 <A <X <1, [a", b"] Dla™, b*] and Gi) for
any nonincreasing sequence {A} in [0,1] in converging
to A, [a}, 0] = Ni=1[a™ 8], then there exists a unique
fuzzy numberV € F(R™) such that the family [a”,b"]
represents the A-level sets of V.

Conversely, if [a,5*] are the the A-level sets of a
fuzzy number V € F(R™), then there the conditions (i)
and (ii) are satisfied.

In order to see that {(C)/ [(Y]*dpl A & [0,1))de-

fine a fuzzy number in F(R™), we check (i) and (i) as
in the following:

(i) if (P VRPN then we have
(Y1 (w) [(Y]*(w), for al we 2. That is,
ye S ([?]Ag) implies ¥ € S([?]Al). Thus, we have

(€) [I¥ P dp  (C) fIT1Mdu, and

(i) let {An}with A,TA which means a monotone in-
creasing sequence, we have to see that

(C) [I¥]dp = N30 (C) f1F ] du.
Therefore, we can obtain the following:

Theorem and Definition 3.3 Let Y:2—F(R") be
Choquet integrably bounded fuzzy number-valued ran-
dom variable. Then there exists a uniquely fuzzy number

E.(Y) with A-level sets E, (] Y1), E.(Y) is called the
Choquet expected value of 57.

4. The Choquet expected fuzzy
number—valued utility function.

Expected utility theory combines linearity in proba-
bilities and a utility function, which is either concave or
convex if a dicision-maker is risk averse or seeking.
However, maximization of expected utility as a criterion
of choice among the alternatives involving risk fails to
explain the existence of both insurance and lotteries. In
the paper [14,15), given an utility function %, such that



u: 2—R* 3 fuzzy measure # on J and a set X of
comonotonic prospects Z: 85— such that ¢, ' € X
are comonotonic if and only if there are no w, wy € S
such that z(w) > z(wy) and Z(w) < z'(w,), the
Choquet integral permits the evaluation of the Choquet
expected utility function as in the following theorem:

Definition 4.1
fined by
(1) > is a complete and transitive, that is,
for Vo,y e X; z >y or y >z and
forVz,y,ze X; z>yandy>2z —z> 2

The preference relation > on X is de-

(2) > is continuous, that is,
for Vz,y,2€ X, Va € (0,1),
z>yandy > z2— Jea,6 € (0,1) such that
az+(l—a)z > yandy > pz+(1—05)z
(3) > is comonotonic independence, that is,

for Vz,y,2€ X, Va € (0,1),
z>y— az+(l—a)z > ay+(1—a)z

Representation Theorem 4.2 ([14]) Let v be a utility
function, then we have the following preference relation
on X; for every 2,2’ € X,

z> 3 « Ulz)=U(z)
where U is defined as U (z) = (C)/s u(e(s))du (s)

(Choquet integral with respect to ).
Finally, we discuss a fuzzy number-valued utility
function as in the following:
uw: 2—F(R")
We note that [’[L]'\ is an interval number-valued utility

function for all A € [0,1]. Then by Theorem 2.5, we
have the Choquet expected fuzzy number-valued utility

function U as in the following:

[T]*(=)

(C)/s [4]*(2(5)) du (5)

=10 @) s), (©)f ) (e ()du (5)]
and

<0)/5 w(z(s))du(s).

Therefore, we can obtain the following theorem for fuzzy
number-valued utility functions:

Representation Theorem 4.3 Let % be a fuzzy num-
ber-valued utility function, then we have the following
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preference relation on X; for every z, 7' € X,

> 2 < U(z) 2 U()

where U is defined as 0 () = (C) [ u(x(s))du(s)

5

Remark 44 If S is a finite set S={s;, - , 8.}, then
we have the Choguet expected fuzzy number-valued
utility function as in the following: -

n

U(z) =33 *lulz(sy)) —u(z(si)k(4w)

=1

= i o)) ()~ 1 (A

where E* is a fuzzy sum operation of fuzzy num-

bers and A= {(i), -~ ,(n)} for all i=1,2, -+ n—1

and Ay =9 .

Example 4.5 Let a fuzzy number A= (a,b,¢) be de-
fined by

Then we consider the following operations;

for two fuzzy numbers A= (a,b, ¢), B=(d/ ¥, '),
AC Beoa<a,b<b,c<
ABB=(a+a, b+ ¥,c+c),
ABB=(a—a',b—"b,c—c'),
A@QA =(Aa, Ab, Ac).

And we consider a fuzzy measure ¢ defined by
p(A)=[#)

where #(A) is the number of elements of 4. Now we

consider a decision problem involving 4 cars, evaluated
on 3 criteria as shown in Table 1: price, consumption
and comfort.
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Table 1 (81 ten million won, & km /1)

price(s;) | consumption(s,) | comfort(s;)

Carl (z) 1 10 Very Good
Car2 (y) 1 12 Good

Car3 (2) 3 8 Very Good
Card (w) 3 10 Good

In this case, suppose that we have the following fuzzy
number-valued utility function ;

u(z(s)) = (0.8,1,1.2) =u(z(sy))
u(z(s))=(0.7,0.9,1.1) = u(z z(s2)))
u(z(s,)) = (0.5,0.7,0.9) = u(z(sy))
W(y(s) = (0.8,1,12) =4 (y(s0)
i(y(8) = (1,12, 1.4) =i (y(s0))
u(y(s))=(0.9,1.1,1.3) = u(y(sy))
u(z(s))=(0.9,1.1,1.3) = u(2(sy)))
u(z(%)) = (0.8,1,1.2) = u(2(s0)))
u(z(s)) =(1,1.2,1.4) = u(z(s;)))
u(w(s)) =(0.7,0.9,1.1) = u(w (s3)))
u(w(s)) =(0.8,1,1.2) =u(w(s))
w(w(s)) =(0.5,0.7,0.8) = ~(u)(s(l))),
where ( + ) indicates a permutation on {1,2, 3}

such that 1) = Sp) < §33).

Then we can calculate the Choquet expected fuzzy
number-valued utility function as in the following:

Ulz) =@ u(z(5)) [1(Ap) — 1 (Au))]
=50(0.5,0.7,0.9)P30(0.7,0.9,1.1)
$10(0.8,1,1.2)
=(54,72,90),
and similarly we have

Uy) =(7.7,9.5,11.3),
U(z) =(7.7,9.5,11),
U(w)=(54,7.2,8.5).

Thus we can think that the consumer(decision maker)
has the following preferences :

U(e) 2 U(y) <2<y and
U(w)c U(z) o w < 2

That is, we can think that if price increases, so does the
important of comfort and that it is more useful tool
whenever some utility function is not clear. Furthermore,
Example 4.5 is a decision problem for intertemporal pref-
erences under an uncertain utility function.
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