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Efficiency of Estimation for Parameters by Use of Variance
Reduction Techniques

Chi-myung Kwon

Abstract

We develop a variance reduction technique applicable in one simulation experiment whose
purpose is to estimate the parameters of a first order linear model. This method utilizes the
control variates obtained during the course of simulation run under Schruben and Margolin's
method (S-M method). The performance of this method is shown to be similar in estimating
the main effects, and to be superior to S-M method in estimating the overall mean response
in a given model. We consider that a proposed method may yield a better result than S-M
method if selected control variates are highly correlated with the response at each design
point.
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B A7) ¥ (variance reduction technique)
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y@':ﬁ0+ 2/3]-.’11,';4‘6,',’1::1,2,...,171, (1)
j=1

A7 z,E BEY (oA AR jo FF)H
Foe WA Aol B 1ak4 9 Aol
e,~N(0,0%)e 289 oxs 27 Je
o Ay HEHEEE y= (v, Yo o) Ym )
717k ((p+1)x1)Ql 28 datvlg WEE B,
A WA de 947 BF 1ol1 (4,k+1) W
A D7 guold 277 (mxp)d AYYE
& X, o2 AEE e= (e, ..., €)' 2 7 A
ostd A AL g T FFAoE X
gt

y= Xp + ¢ (2)

7] € ~ N(0,d°I) o)},

H B AlgdHold AFAA Y 5
29l ¢4 A <d(independent random number
streams) & BT FEHA 3o AEHo
A sty gtetuig g9 Hads F3
Z(ordinary least squares estimator: OLS

estimator)®} 2 ¥4+& Zzb o &3 246].

B =(X'X) 1 XY;
Cotr Bppp) = X' X) ™! (3)

S RRHAA AEH oMol CRNE AHE
stel de T wgA Aol o FHAA
Py FEHA AVE AlE
o 4unBA(p)e 712
95l BY RE mEy
g Agste] de WEAE ol st ]
H 69 OLS #4%e 78d 4 @)F 2o

o 4% 69 BAL tre3t 210
Cov( Beow) = &lo G+ (1= o) (X' X)) (4)

714 GE (mxm) FFZ RN HA 7
o ol 1ol YwA Y9 e BF O
A FPoj,

Schruben® Margolin® A AYAL F 7
of Auste B2 Ys £ A $o FEH
o] AlEHol AN G448 AYsle dyor
CRN# AVE FAldl AME3tE WByS Aors}
Aok S-M7IH e (a) 22 E &3l B
T EE A= CRNE 339 AlEojAe
Tt (b) 2 B &3l FEHAE
CRN# dz2d& AVE 339 A g o)A
S FYste dFEIHE AL

S-M7IH o2 RE d& AevE g9 F
A FRAFE F Zov o BYe o
# Zo [10].

a
=N
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Cov( Bsy) = 0'3,[(91 +0,)G/2
+A-p)X 0] 6

setvje FAF 584 BHAN =YF
91 ¥, CRN7I¥W# S-M7)9ge d4adye
Hasd o4 3)-G)2FH §,(=1,2,...,p)
o] FAd ojA CRN7I¥ ¥ S-M71¥e &
&40l BYsH o] F wHe EYHA U
PRy S, 9 5,2 2HaE o
EQHY G5EEFHo] CRN/|HF S-M
71T ¢33 S-M7|Y o] CRN7IHET
2gdott. 4 BAA B,(j=1,2,...,p)%

rir

FAse S-M71¥e] H&4L CRN 93
2E 259 F @A Afold] fESE 4@

A% &(p)odmet 2RAT. BAH S-M
g dgstel CVAEe BeRoz HE
o™ (@) 2e B2 T @gus Ao
dehte gl AuaAe asst cvel o

o A" Wkg¥4(controlled response)E At
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ol ME FAHEL (b) 7 BEHAA wg
W40 BAS ZAAFE H CVY &3l
o= A=At gt & = U

3. CV7I¢ie 88
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gedl BE odE Warh FAMS
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ddoz BRUY. FEY N Qe
) EANSe] WE WHE o2} A B
7 ERAA AFHIM A Aol FE3
agw g Heuse FANSY PF
He oug AFEEE geg()

(A~maf(4) (2 %)) @

o 7] A ;= E(y), p.= E(c), o,,= Cou(y,, c)
oltj X.= Cov(c)olt}, 919l 7}Hol At
B, mAe EEFAA A vHE¥H(cont-
rolled response)
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y,r(ai)=y,'—a,-'(ci—ﬂc) (7

€ mud ATEEE dad D 84

sWar WE wewss] BUEA o4l

(& (DA a;= CV—4 A WEY), wehA

ARy (2o} vlxdA FA A=
ged ge AYRYoE s & Ao

y(A)=XB + ¢, @®)

A7 y(A) = (% (@), Ym(an)) 01T €

£ olg dEoln ¢ ~ N(0, X)& marh
A (DelA wrgRSFe] Babe Haz e
cvel A4 9E ok

o, = X710, (9)

ol FA w3 o3 2]

Fol wae

Var(y(a,)) =(1— R})J, (10)

71N R H&%‘?‘;ﬁ‘—%
9] tF FFAFY AFot vY Cve AF
HE a7} gl g0 S-M7IY e drEd
HEe sty 28 Q)M 89 715 H2AS
F A 2k (weighted least squares estimator:
WLS)® 1 248 7474 Fatd gS3 2
Aoz FolA(Ae] FHE EE FX).

FAUS WY Aol
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4. AlZd 0ol MY F AT 4
4.1 Al EeolHd =¥

AolA AFH F
71980 13 A¥RYY
gl S-M7I®o] nj$ &axxoz Az Y
A W EEA10E ez AEHoIH A
g MAAsA Y. Schruben® Margolino] A
Algt Wz wiREAE heEFd] A4t
W maEstE e E&AE0] 33%/d9d
Poisson £¥& mav T3 3xe] 75%%E
Intensive Care(IC)Z %31 YWz 25%<
Coronary Care(CC)E et} IC AH]A Al
Ha2 F4to] ztz 349 359 lognormal
BEE w29 ICE g8% 49 27%e ¥
4S5 Wy 73%+ Intermediate Care(InC)Z2
o] &3t InCollA el AMula AIZbe Fda &
2bo) Z}zh 150, 7.091 lognormal EXE 3o}
CCe Myl A+ Had Eabe] Zhzt 383
169! lognormal #X& w23 CC A& 32}
9] 20%+ WS WU 80%= InCE o} F3t
W InColX 8] Mujx AZHe Had #4ko] Z+
7} 1705 3.0¢ lognormal E£X& 3t =%
e WY AHo] REFSIE A|AHE olgs)
H(balking), 3714 FF< HY ALS od 5
ToE ZAserb wE ¥Yd 5848 F
Ae Tt digt A2 olgd FFo] gl
t}. Schruben® Margoling #<9 olg H|&(i
SR S vAE AAZ Y9 3714
AgArAdel A71E Moy A 7EA AR
9] #2929 (main effect)d} F A=A} Alo)] 3717
A} 3. 24 (pairwise interaction) & 289 E¢W
F2 EYste 22890 AlEdHolA A¥E
SIATHE 1 #&=).

A4y 27 28909 o7 A5 g a3 A
of FAIE 4 glo] AA FF(5)F F 82 &
by, By, G3)RHE BEFO EFAHC <F 1>
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s

o] FEA ¢ 9o e IC, CC, InCY FF&
oulsle] 23 ¢te] T£E reparameterizationS
58] AL Qe FFo|th EE 13 29 ¥
B2Ho tigdte dANEL AuPEYL ¢
T ey FAASE szt WY =370 A
& BFFst ALEsl Y. o] 28-S AweSim
o2 mdysy zt FEFPo A EdolA Azt
2 1500¥ =2 &t

<E 1> 2°29 Ay HEAH

E&4 IC CC InC
1 13(-1) | 4(-D 15(-1)
EZ | 2 | 13- | 6(+1) 17(+1)
1 3 | 15(+1) | 4(-1) 17(+1)
4 | 15(+1) | 6(+1) 15(-1)
5 | 13- | 4(-1) 17(+1)
£ | 6 | 13- | 6(+1) 15(-1)
2 7 | 15(+1) | 4(-1) 15(-1)
8 | 15(+1) | 6(+1) 17(+1)
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won Aty JYLe thEF -0239404 -0.19
Atol9l oz JEelgt <E 2>+ ¥We A9
WA AE3 F U|HoZRE dL T
gulele] FAHX 9} 1 Bae Zz 2o
o ALY 1ML (@) 59 FAC sldME
S-M7I¥u $3H9e8 (b) F2U9&
Qe He S-M7IHHY v £F9 &
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AE Holx Yt}

< E 2> gevE A9 £

s} & S-M #4 Agte 714
wy | 3R | 24 | 234 [ 2
By 45722 | 0472 | 45670 | 0.200
o -0.291 | 0003 | -0.290 | 0.003
By -0.378 | 0005 | -0.378 | 0.005
B3 -1.805 | 0001 | -1.805 | 0.001
5. 38
2o B2 &Lae F EEAHNA CRNE
gdsle] dojrls F ub$Hg Alolo] A
AT Fgol F AL S-M7HE QA F3¢
£ Yelde dengE FAHsed ¢ &
S0t} o3 SHAA HAAAYuE 2
< S-M7iye ERAHoE HEFHE B
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golt} olgF ZHAME AgH VYL A
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= E7<l]t‘1 9| ﬂ?—"‘ %
EAN F EEHAAM FFITY i%}%“ﬂ u}
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§- S-M7|{el| FAWT ?é}

Hol S-M7I1YetE Abg-3te 7)\&‘4 ST
Aoz wod
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HE2: A (11)e 39
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¥ (@), y (o) Abole] BAFS

A wgRs
o053 2o4]

Var(y;(a;), y(ey)) = Var(y, 3 ) — Cou(y,

a'c,) — Cov(y, ac;) + o;Cov(c,, ¢ )y (Al)

F ERY i bt 2e B A A4S T
EEH CRNS &832dozH

Var(y, yi) = p17, (A2)

CO’U (yk7 ai’ci) = CO’U(yi, ak’ck) = UycIZc_ lay(:
(A3)

O]U—" P‘E?} aizakz“j: layc‘o’] ‘:Hol:]‘?”}' );]l (6)
o 2 H¥E

a,Cov (¢, ¢ )y, =

0,2, o, (A4)

ojt}, watA 4 (A2)-A(4) ez RH

Couv (y,(a;), %(e)) =pol—0,/5; 'o,,
=(p — R})d: (A5)

olth(e71M R2e 2 (10)e] Fo RAA 2
o). g2 F EEAH 9 k7 AZ e
=80 e B BEH ke EEH 9
AVE #3go2A FA¥S 9 & ¢
g 9ty dFHe FEW °]‘:}
AVl o3 AdHE T 0gEse FEAL

Cov (y;, yi) = po0, (A6)

ol® Couv(y, ¢;) = Cou(y, ¢;) = 0,2 3t

*

COV'U (yi’ cklak) = ayc

Ty, (A7)

olty, zdlx Coul(c, ) = X2 T
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! - ’ 1y*y—1
aiCov(c,-,ck)ak——ayCZ; zX. o,

oIt} 4 (AB)-(A®E A (Alel et

R,.)o

4

Cov (y;(a;), 4 ()= (py — (A9)

oltl(&t R,, =20,.%; 'o,—0, /L. ' T 5 o

ye=ic ¢ yc)-

o FRAYTL o8

Couly(A))=(1- R ) (r— ) XGX'/2
+(r+q)z'2/2+ (1 - »1] (Al0)

o 7] 4 r=(0,— RDI(1-RY), a=(p,— R}/
(1=R)elx, #BGE 4 @AA B8 R
3 gow, z= AM B %3=(CRNE
gdets) BEYA WgIE e loln B
A B %sE(AVE ¥FHE) R
& -1 a7k (mx)Y Wl ol
£ (mxm) ©9dPot},
FRANG] 4 (AlOFH Z& AHE 7
£ A%, WSL 3% OLS 335 94
Beow =(XX) 'Xy(A)ol22

=A% Beond FEAPZ L o3

Cov( Bors) = (X'X) 'X’'[ Cov(y(a) 1 X(X ' X) !
=(1-R)A(r—GR+(1- X' X)™1]
(Al11)
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