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ABSTRACT. In this paper a criterion for L' —convergence of a new modified sine sums is
obtained by using Cesaro means of integral and non-integral orders.

1. Introduction

Let
(1.1) glx) = C;—O +Zak cos kz,
k=1
1 n n )
(1.2) gn(z) = e kZ:l;c (Aaj_1 — Aajyq)sinka.

Concerning the L!-convergence of the Fourier cosine series (1.1), Kolmogorov
[5] proved the following well known theorem:

Theorem A. If {a,} is a quasi-convex null sequence, then for the L'-convergence
of the cosine series (1.1), it is necessary and sufficient that lim ay,logn = 0.
n—oo

In [4] a new modified sine sums are introduced and a criterion for L' —convergence
of this modified sine sums have been obtained under a newly defined class K, by
proving the following result:

Theorem B. Let the sequence {a,} belongs to the class K, then g,(x) converges
to g(x) in L*-norm, where K is the class of sequences defined in the following way:

Definition ([4]). If {ar} =0(1), k — oo and

(1.3) > k|A%ag g — Alagya| < oo (ag=0),
k=1
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then we say that {ay} belongs to the class K.

In particular, in [4] an analouge of Theorem A of Kolmogorov have been ob-
tained as a corollary under the class K, by proving the following:

Theorem C. If {a,} belongs to the class K, then the necessary and sufficient
condition for for L'-convergence of the cosine series (1.1) is lim a,logn = 0.
n—oo

We generalize the class K of sequences as follows:

Definition. If ay = o(1), k — oo and
(1.4) Zka ’Aa"’lak,l — AaHakH’ <oo (ag=0) fora>0,

then we say that {a} belongs to the class K®. For o = 1 the class K% is same as
K.

The aim of this paper is to study the L'—convergence of modified sine sums
(1.2) for the class K¢, by using Cesaro means of integral and non-integral orders.

2. Notation and formulae

We use the following notations [7]:

Given a sequence Sy, S1, 52, - - -, we define for every a« = 0, 1,2, - - - | the sequence
Sg, ST, S5, -+, by the conditions

SEL = Sna

Spo= ST AN 4SS et T (a=12, n=0,1,2, ).

Similarly for &« = 0, 1,2, - - -, we define the sequence of numbers Af, A{, AS,---
by the conditions

A, =1,

AL = AT AT AT 4 AT (=120, n=0,1,2,00),

Consider Y a, be a given infinite series. For any real number « the conjugate
Cesaro sums of order « of 3 a,, are defined by

5%(ay) ZA ap—ZAO‘ 'S,

where S, = SO = Dy, and A} denotes the binomial coefficients and are given by
the following relations.
o0 ~
> A%aP = (1 —2)"* ! and S, s are given by
p=0
o0

(2.1) ZS%P =(1—a) Z
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Ay = ) A

p=0

n+a ne
o = ~ —1,-2,-3,---).
a = (M) 2 @A Lenese)

The conjugate Cesaro means T% of order o of 3" a,, will be defined by

(2.2)

(2.3)

(2.4)

- So
T = -2,
The following formulae will also be needed;
Sp(sy) = Syt
ca+1 ca+1 _ Qo o B _ patpB+1
Sott—Sotl = 5o, D AN AT = AYTATL
p=0

75

For any positive integer « the differences of order « of the sequence {a,,} are defined
by the equations

Na, = p — Apt1,
A%, = NA(A“Tla,), n=0,1,2,3,---.

For these differences we have

(2.5)

(e

S
«a —a—1 —a—1
A%y = E Am An+m = § Am An4m,
m=0

m=0

since 4,271 =0 form > o+ 1.
If the series (2.5) are convergent for some « which is not a positive integer, then
we denote the differences

(2.6)

o0
A%y = A Yy, n=0,1,2,3--

m=0

The broken differences AfYa, are defined by

(2.7)

n—p

« _ —a—1
Ava, = E AL apgm.

m=0

By repeated partial summation of order «,

(2.8)
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If « is positive integer then we have

(2.9) D aphy = S5 ap) A%, + Y Sy ap) AL,
p=0 p=0 p=n—a+1

3. Lemmas
We need the following Lemmas for the proof of our result:
Lemma 3.1 ([3]). Ifa >0, p >0,

(i) en =o(n™?),
(ii) > AYP|Atle,| < oo, then

n=0
(ili) > AP [AMe,| < oo, for —1<A<a and
n=0

(iv) AMPAXe, s of bounded variation for 0 < X < o and tends to zero as
n — oo.

Lemma 3.2 ([1]). Let r be the real number > 0. If the sequence {€,} satisfies the
conditions:

(i) e =0(1) and

[e]
(ii) > n"|ATe,| < oo,

n=1

then NPe, = S AT BA™ e, ., for B> 0.

m=0

Lemma 3.3 ([2]). If0 <0 <1 and 0 < m < n, then

m

E Afl__isi < max |SI‘§|.
o 0<p<m

i—

Lemma 3.4 ([7]). Let S, (x) and T be the n'" partial sums and Cesiro means
of order o > 0, respectively, of the series

sinx +sin2x +sin3z +--- +sinnx + - - .
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Ty

(i) [ dx remains bounded for all n.
0
4. Main Result
The main result of this paper is the following Theorem:

Theorem 4.1. Let the sequence {an} belongs to the class K%, where o > 0 be a
real number. Then g,(x) converges to g(x) in L*-norm. If we take o = 1, then this
Theorem reduces to Theorem B.

Proof.
1 n n )
(4.1) gn(x) = DyST. Z (Aaj_1 — Aajq)sinkx
k=1 j=Fk
1 < -
= 5o > (Lag_y — Dagyr) Di(x)
1 < -
= 5o D (Lagoy — Dags) Sk(2).

Part I. Let a be integral. Applying Abel’s transformation of order « to g,(z), we
have
1 n—o

o) = (> (A" e = A a) i)

87

+ (Akan,k — Akan—k+2) S'kaﬂ(x)}-

k=1
Then
(4.2) g(x) = lim g,(z)
1 - « « Qo
" 2sinz Z (A a1 — A agia) 5§ (@).
k=1

Thus, by (4.1) and (4.2),

T

/ 19(&) — gu(2)| de

0
™

1 > -
- /‘ 2sinz Y (AMapoy = A ap) 57 ()
0 k=n—a+1

— Z (Akan_k - Akan—k+2) Sﬁ—k-u(x) | d
k=1
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< / Z (Aa-l-l N +1ak 1)51 ( )
k=n—a+1
+/ > (AFan—k — AFan_yy2) S5y (2)| da
0 k=1
= C Z / Aole 7Aa+1ak+1)}
k:nfomtlo
+CZ/ e q( ) x‘(Akan,k—Akan,kJrg)‘
k=17

= (C Z Aa Aa+1a,k 1—A +16Lk+1 |/‘Tk d

k=n—a+1

+CZAn k+1|(A an—t, — DFan_j40) |/ n—kt1(T )}dm

k=1

- Y At - AT )
k=n—a+1

+ Z Al [(OFan— — AFan_kys)| (C1 is an absolute constant)
k=1
= o) +o(1) = o))

by Lemma 3.1, 3.4 and hypothesis of the Theorem 4.1.
Hence

T

(4.3) lim [ |g(x) — gn(x)| dx = o(1).

n—oo

0

Part II. Let « be non-integral. Let o = 7 + 6, r is the integral part of «, and §
is the fractional part, 0 < § < 1.
Case (i). Let r=0.
Applying Abel’s transformation of order —4§, we have by (2.8)

D Si@) (A% agy — A ag)
k=1
n _ n—k
- Se(w) Y AL A ap iy — A g xg1).
k=1 m=0
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Also by Lemma 3.2, we have

k=1
= Z Sk(x){ (Dag—1 — Dagyr)
k=1
_ Z Af;l(A5+1am+k 1— A am+k+1)}
m=n—k+1
= Z Sk(@) (Aak—1 — Nags1) — Ru()
k=1
where
Bo@) = 3 Su@) AL, (A% ayg — A7a,)
k=1
+Aiillc+2(A6 Yapiz — AN ap )+ )
Therefore

and consequently,

gn(x) = ! {Z S9(x) (Aé"'lak,l - A5+1a;€+1) + Rn(x)} .

2sinx
k=1

1 (-
When r = 0, then o = ¢ and g(z) = { > S (x) (A ag_y — A6+1ak+1)} .
k=1
Therefore,

(4.4) / 19(2) — gu ()| do
0

]

0

1
2sinx

dx

{ Z gg(ﬂ?)(A5+lak—1 - A5+1ak+1) — Rn(x)}
k=n-+1

oo

< C Z ‘(A6+1ak,1—A6+1ak+1)’/‘S’g(w)‘dx—i-/mn(x)\dx
k=n+1 0 0
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Cq > AL ay —A5+1ak+1)’/‘fg(m)‘dﬂc+/|Rn(x)|dx
k=n+1 0 0

< O Z Ai|(A5+lak—1*A5+1ak+l)|+C/|Rn(x)|dx
k=nt1 0

o(1) + C/ |R,(z)|dz, by Lemma 3.1 and 3.4.
0

Now for the estimate of [ |R,(x)|dz, we have
0

e

[ 1Rute)] da

0

= [1(E s @ 250
r k=1
n ~
+ (Z Sk(x)AfL_lch) (A a3 — A a, )+ | da
k=1
< /’(A‘H‘la 4o — Nt )| ng(x)Aiill€+1 dx
5 k=1
+/|(A5+1a 3 A + an+1)| ZS}C(:E)A(;__%C_'_? d1'+
0 k=1
< 5+1 _ASH1 ’%5 ’
< /’(A Opy2 — D an)|0<r;127>l<+1 Sy(x)|dx
0
541 A+ &5
+/|(A apts — A an+1)‘0<151<a§+2 Sp(x)‘da:—&— , by Lemma 3.3.
0
- |A6+1a"+2 - AMlan)| Ai+1 /0<I;l<af+1 ‘Tg(z)‘ de
0 I N
541 5+1 5-1 =5
+ (A a3 — A lang)| An+2/0<11§12§+2 T, (55)‘ do + -

0
CAfH-l ’(A(Hlan-i-z — A6+1an)| + C’A?H_2 |(A6+1an+3 — A5+1an+1)| NI
= o(1)+0o(1) = o(1), by Lemma 3.1 and 3.4.



On Ll—convergence of Certain Trigonometric Sums with Generalized Sequence K* 81

Thus, by (4.4),

™

(4.5) lim | |g(z) — gn(z)|dx = o(1).
0

Case (ii). Let r > 1.
Applying Abel’s transformation of order r,

n

1 ~
(4.6) gnlz) = 5o— > (Dag_1 — Dagsr) Sk(z)
1 n—r B
= S (e - A ) Si(@)
k=1

T

+ (AFap_g — AFay_ky0) SE_, (o))
k=1

Again applying Abel’s transformation of order -8, we obtain

n

1 -
2sinz Z SR @) (A ag g = A ag )
k
1 n B n—k
T 2sing Z Si(2) Z AN A a1 — A g ).
k m=0
By Lemma 3.2,
1 = Qo a+1 a+1
.7 2sinx S (@) (A% ay, A agyq)
k=1
1 nooL
- QSinx{Z Sp(@) (A lag-y — A agsr) — Ra(2)},
k=1
where
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Replacing n by n — r in (4.7), we have

1 n—r _
(4.8) TenT S,?( )(AQ—HGIC 1= A +1ak+1)
k=1
1 n—r B
= 2sing { Slz(x)(ATHak—l —A"agy) — R, r(ﬂf)}
k=1

(49)  gale) = s—— 3 S@)(A apy — A ay)
k=1

Therefore

410/\9 x)| dx

/ gl Y SE@A o — A a)

2sinx
k=n—r+1

r

— R () — Z(Akan—k - Akan_k+2)§£_k+1(x)} | du

k=1
< C Z ‘(Amrlak,l—Aa+1ak+1)]/‘§fj(x) dx
k=n—r+1
/|Rnr |dx+Z| Ry — NFa,, k+2)|/Sn pt1( )‘dl’
- C Z A;:|(Aa+1ak,1—Aaﬂakﬂ)\/’ﬁg(@‘dx
k=n—r+1
/|Rn @t 30 A5 (B~ B0 )] [ [T )] e
k=1 0
< Z AR (A agy — A gy

k=n—r+1

+C/|Rn o )\dm+CIZAn ki1 | (DFan_i — AFay o)
k=1
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o(1) +o(1) + C/ | Ry — ()| dx

1) —|—C/|Rn_r(a;)|dx,
0

by the hypothesis of the theorem and Lemma 3.1. But

dzx

<Z ~£( )Ai 1 k+1> (Aa+1an—r+2 - Aa+1an—r)

+/ (Z Sz(x)Aiik+2> (Aa+1anfr+3 - A(H_lanfﬂrl) dx
o | \k=1
* / ( Sg(z)Ai_erS) (A ay s — A lay o) | da + -
o | \k=1
S ZAfLiT—k+l ;/’Tk( )‘d{E|(Aa+ Ap—r4-2 _Aa+1an r)’
k=1 0
+ZA21L,€+2A2/‘T,€( )dx} (AT, g — ATla, )]

k=1

0
n— 7T N
+ Z Afz 1r k+3 2/ ‘ z?(ﬂ?)‘ dx }(AaJrlan—H—S - AOurlan—r—&-QH +
k=1 0

< ZAH . k+1 |( 1(1n—r+2 — Aa+1an_r)|
+ C4 Z An AP |(A°‘+1an7r+3 — Aaﬂan,rﬂ)]
+ CVl Z Ai:i_k_i_gAz |AOH_1 (anfrJrS - AO(—‘rlaﬂnfr+2>’ + -
k=1
n+l—r
< O AT A (A s — A% ay )

k=1
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n+2—r
6—1 1 1
O S AL AL (A g — Ay
k=1
n+3—r

+ Cl Z An+3 r— k: ’(Aa—i—la’ﬂ*’l‘“rS - Aa+1an7T+2)| —+ -

< CQAZi(Sl ” |(Aa+1an—r+2 - Aa+1an—r)’

+ OQA:::; r |(Aa+1an—r+3 - Aa+1an—7'+1)|

+ CQA:A:_% r ‘(Aa+1an—r+5 - AOc—i_la7z—7'-‘,-2)| 4
< 02 n+1 r |(A Jr1an—7'+2 - A()Hklafn—r)’

+ CQAn-i—Q r ‘(Aa+1an—r+3 - AO(—i_lan—7'-&-1)|

+ CoAY g, (A ay g5 — Ay o)+
= o(1) +o(1) + -
= o(1), by the hypothesis of the theorem.

Hence (4.10) implies

(4.11) lim [ |g(z) — gn(x)| dz = o(1).

n—oo

Thus by (4.5) and (4.11)
(4.12) hm /|g x)|dx = o(1), when « is non — integral.

Hence by (4.3) and (4.12)

lim [ |g(z) — gn(x)| dx = 0o(1), for any a > 0.

n—oo

0

This gives g, (z) — g(x) in L'-norm. This proves the theorem. O
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