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ABSTRACT. Necessary and sufficient conditions have been provided for some standard
regressive transformation semigroups on a poset to be eventually regular. Our main pur-
pose is to generalize this result by characterizing when their generalized semigroups are
eventually regular.

1. Introduction

For a semigroup S, let E(S) and RegS denote respectively the set of all idem-
potents and the set of all regular elements of S. That is,

E(S) {reS|2*=2} and
RegS = {ze€S|x= zyx forsome ye S }.

Then E(S) C RegS. An element a € S is said to be eventually reqular if a™ € RegS
for some positive integer n, and we call S an eventually reqular semigroup if every
element of S is eventually regular. Note that every regular semigroup and every
finite semigroup is eventually regular.

For a set X, let P(X), T(X) and I(X) be respectively the partial transforma-
tion semigroup on X, the full transformation semigroup on X and the 1-1 partial
transformation semigroup on X (the symmetric inverse semigroup on X). It is
known that all P(X), T(X) and I(X) are regular. We denote the domain and the
image of o € P(X) by dom « and im «, respectively. For v € P(X), v is said to be
almost identical if S(«) is finite where S(a) = {z € dom« | za # z}. Let

AP(X) = {a€ P(X)|«isalmost identical },
AT(X) = {aeT(X)|«aisalmost identical },
AI(X {a€I(X) | ais almost identical }.
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It is known that AP(X), AT(X) and AI(X) are regular subsemigroups of
P(X), T(X) and I(X), respectively.

Next, let X be a poset. A point x € X is said to be isolated if for y € X, y <
x or x <y implies x = y, and we call X isolated if every point x € X is an isolated
point of X. An element o € P(X) is said to be regressive if za < x for all € dom
a. Let

Pre(X)
APrgr(X)

{ a € P(X) | « is regressive },
{a€ AP(X) | « is regressive }.

and Trp(X), ATre(X), Irp(X) and Algp(X) are defined similarly. Then
APrr(X) C Prp(X) C P(X) and Prg(X) and APrg(X) are subsemigroups of
P(X) and AP(X), respectively. We obtain similar results for Trg(X), ATre(X),
Irp(X) and AIrg(X). By a regressive transformation semigroup on X and a re-
gressive almost identical transformation semigroup on X we mean a subsemigroup
of Prg(X) and a subsemigroup of APrp(X), respectively.

Some known results of regressive transformation semigroups and regressive al-
most identical transformation semigroups are as follows: A.Umar [3] has shown that
if X is a finite chain, then the subsemigroup S = { o € Tre(X) | |ima| < |X] }
of Tre(X) is generated by E(S) and S is not regular if | X| > 3. A. Umar [4]
proved that if X and Y are chains, then Trp(X) = Trg(Y) if and only if
X and Y are order-isomorphic. To generalize this result, T. Sait6, K. Aoki and
K. Kajitori [2] have given a necessary and sufficient condition for any posets
X and Y so that Trp(X) = Tgre(Y). Y. Kemprasit [1] characterized when
PRE(X)7 TRE<X)a IRE(X>7 flf)RE()()7 ATRE(X) and AIRE(X> are regular and
eventually regular where X is any poset.

Our main purpose is to generalize the result in [1] mentioned above by con-
sidering the semigroup (S(X),0) where X is a poset, S(X) is a subsemigroup of
Prp(X), 0 € S(X) and the operation is * defined by ax3 = aff for all a, 8 € S(X).
We call the semigroup (S(X),60) a regressive generalized transformation semigroup
on X, and it is called a regressive almost identical generalized transformation semi-
group on X if S(X) C APrg(X). To distinguish o™ in the semigroup S(X) and
the product a * -+ - * a (n times) in the semigroup (S(X),*) = (S(X),0) where
a € S(X) and n is a positive integer, we shall use («, #)™ to denote the later product.
For examples, (,6)? and (a, 8)* denote afa and afababa, respectively.

In the remainder, let X be any poset and N the set of natural numbers (positive
integers).

2. Regular regressive generalized transformation semigroups

It is known from [1] that RegS(X) = E(S(X)) for every regressive transforma-
tion semigroup S(X) on X. The first proposition shows that this is also true for all
regressive generalized transformation semigroups on X.

Proposition 2.1. If S(X) is a regressive transformation semigroup on X, then
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Reg(S(X),0) = E(S(X),0) for every 6 € S(X).

Proof. Let o € Reg(S(X),0). Then a = aff0a for some 5 € S(X) and thus for
x € doma, za = zalfbfa = (zabf)fa < xabf = (xa)ff < za which implies that
za = xaldf for every x € dom «. Hence ra = (zaffB)fa = zaba = z(a, 0)? for all
r € dom «a. But domafa C doma, so a = (a,0)? € E(S(X),0). O

The following two lemmas from [1] are useful to characterize regular regressive
generalized transformation semigroups in the next two theorems.

Lemma 2.2 ([1]). Let S(X) be Prp(X), Irp(X), APrg(X) or Algrg(X). Then
S(X) is regular if and only if X is isolated.

Lemma 2.3 ([1]). Let S(X) be Trp(X) or ATrr(X). Then S(X) is regular if and
only if |C| < 2 for every chain C of X.

Theorem 2.4. Let S(X) be Prp(X), Irg(X), APrr(X) or AlIrp(X) and 0 €
S(X). Then (S(X),0) is reqular if and only if 6 =1x and X is isolated.

Proof. Assume that (S(X),0) is regular. But Reg(S(X),0) = E(S(X),0) by
Proposition 2.1, so (S(X),0) = E(S(X),0). Since 1x € S(X),1x = 1x01x, so
0 = 1x. Then (S(X),0) = S(X). It thus follows from Lemma 2.2 that X is
isolated.

The converse follows directly from Lemma 2.2. O

Theorem 2.5. Let S(X) be Trp(X) or ATrr(X) and 6 € S(X). Then (S(X),0)
is regular if and only if 0 = 1x and |C| < 2 for every chain C of X.

Proof. Using Proposition 2.1 and Lemma 2.3, the proof of the theorem can be given
similarly to that of Theorem 2.4. O
3. Main results

To obtain the first main result, the following two lemmas are required.

Lemma 3.1. Let § € Prp(X). If there exists a positive integer n such that every
chain of X of the form

T1 2310 > 20 > 120 > -+ > 1y > T 0

with x; € dom 0 has length at most n, then for every a € Prp(X), (a,8)" 2

€ E(Prp(X),0).
Proof. Let a € Prg(X) and x € dom(af)"!. By assumption, the chain

ra > zad > zaba > - > z(af) o > z(af) T
has length at most n, so its subchain

ral > x(af)? > - > z(ah)" !
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has length at most n. This implies that z(af)’ = z(ad)*™! for some i €
{1,2,--- ,n}. But z € dom(af)"™!, so z(ah)’ € dom(af)"T17¢. We then de-
duce that z(af)"! = z(ad) (af)" 17" = 2(af) 1 (af)" 171 = 2(ah)" 2. Since
x is arbitrary in dom(af)"*! and dom(af)"*? C dom(af)"*!, it follows that
(af)"*! = (af)"*2. Thus (o, )" "2 = (af)"ta = (af)"2a = (o, )" 3. Con-
sequently, (a, 0)""2 € E(Prg(X),0). O

The following corollary is a direct consequence of Lemma 3.1.

Corollary 3.2. Let (S(X),0) be a regressive generalized transformation semigroup
on X. If there exists a positive integer n such that every chain of X of the form

x1 2210 > 13 > 90 > - > Ty > T 0

with x©; € dom 6 has length at most n, then (S(X),0) is eventually regular. In
particular, if im0 is finite, then (S(X),0) is eventually regular.

Lemma 3.3. Let S(X) be Pre(X), Tre(X) or Irp(X) and 0 € S(X). If X
contains a sequence of pairwise disjoint finite chains Cy,Cs,C3,- -+ such that each
C; is of the form

X1 > 10 > 29 > T2l > - > xp, > X%, 0,

with x; € dom 0 and ky < ko < ks < ---, then (S(X),0) is not eventually regular.
Proof. For each i € N, let

C; = {$i1,$i19,$i27$i297"‘,fik“lﬂik,;@}

where x;1 > ;10 > xj0 > w00 > - > Tik, = xikiﬁ.

We assume that k; > 2, otherwise we consider the sequence Cs,C3,Cy,--- in-
stead. To show that (S(X),0) is not eventually regular, define o from the set
U;’il{x“G, Iige, e ,xiykj_lﬂ} onto the set Uzl{xig,zig, cee 7xi7k:i} by

(ij0)a = 2541 for i€ N and je{1,2,--- k —1}.

The map « is well-defined because Cy,Cs,C3, -+ are pairwise disjoint. Then « €
Igp(X). Let n € N. Since the sequence ki, ko, ks, -+ of positive integers is strictly
increasing, k., > 2n for some m € N. We then deduce that

(xm10)(, )" = (xmlﬁ)((w)"_la = Tm.nt1

> Tpontt = (Tm10)(a,0)%".

This proves that (a,0)" # (a,0)*" for every n € N. Thus (a, 0)" ¢ E(Prp(X),
0) for every n € N. By Proposition 2.1, « is not eventually regular in (S(X), ) if
S(X) is PRE(X) or IRE(X)

Next, assume that S(X) = Trg(X). Then 0 € Trr(X) C Pgrp(X). Let 8: X—
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X be defined by 20 = za if z € dom« and 28 = z if z € X \ doma. Then § €
Tre(X).If n € N, from the above proof, there exists an element y € doma such that
y(a, )™ > y(a, 0)?", that is, y(ad)" Lo > y(abh)?"~La. Consequently, y(30)"~13 =
y(af)"ta > y(ah)*la = y(30)?" 13 which implies that (3,0)" # (3,0)*". We
therefore have from Proposition 2.1 that [ is not eventually regular in (Trg(X),0).
O

Lemma 3.3 gives a remarkable result as follows :

Corollary 3.4. Let S(X) be Pre(X), Tre(X) or Irp(X). If X does not have a
minimal element, then (S(X),0) is not eventually regular for every 6 € S(X) with
domf = X.

Proof. Let z1 € X. Thus x7 > z160. By assumption, 16 is not a minimal element,
80 x10 > xo for some x5 € X. Then z1 > x10 > xo > z260. By this process, we
obtain a sequence

$12$19>$22$29>$32$39>“'.

Let (k,) be a strictly increasing sequence of positive integers such that k1 > 1 and
let I; = k1 + ko +---+ k; for all i € N. Define the chain C; for i € N as follows:

Cl = {3}'1,1’19,"‘ ,xh,xlle}
CQ = {xll-‘rlaxll—&-lga'” 7xlz7xl20}
C; = {xlz-‘rl’ Ty 410, ,1‘13,33139}

Then each C; is a finite chain of X, C;NC; = ¢ if i # j and each Cj is of the form
Y1 > Y10 > yo2 > y2b > -+ > yi, > yr, 0. Therefore we have from Lemma 3.3 that
(S(X),0) is not eventually regular. O

Now we are ready to give the first main result.

Theorem 3.5. Let S(X) be Prp(X), Tre(X) or Irp(X) and 6 € S(X). Then
(S(X),0) is eventually regular if and only if there exists a positive integer n such
that every chain of X of the form

(1) r1 2110 > 10 2 220 > -+ > Ty 2> T

with x; € dom 0 has length at most n.

Proof. If there is an element n € N such that every chain of X of the form (1) has
length at most n, then by Corollary 3.2, (S(X),0) is eventually regular.

It is clear that the chain (1) can be revised as follows : If there is an ¢ € N
such that z; = ;6 = 2,41 in (1), then we can replace z; = ;0 = x;41 by x;41
and the revised chain is still of the form (1). Also, if there is an i € N such that
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;0 = x;y1 = x;410 in (1), then this can be replaced by z;0 and the revised chain
is still of the form (1). Hence (1) can be considered as
(2) T1 > 310 > 39 > 90 > - > Ty > Xy

with z; € dom 6 and any three consecutive terms not identical.
To prove necessity by contrapositive, assume that

(3) for every n € N, there is a chain of X of the form (2)
of length greater than n.

In the remainder of the proof of all x; and x;; which we use always belong to dom 6.
First suppose that

(4) X does not contain any chain of the form x1 > x160 > x5 > x56.

Let C) be a chain of X of the form (2). If C™ contains a chain x; > x10 >
o > x26, then by (2) and (4), z1 > x10 = xa > x20. If C®M contains a chain
1 > 10 > a9 > 190 > -0 > @y > a0 with m > 3 then by (2) and (4),
x1 > x10 = xo > 120 = x3 > w36, and so x1 > x10 > x3 > x36 which is contrary to
(4). Hence |C(M)| < 3. This shows that every chain of X of the form (2) has length
at most 3 which contradicts (3). Then X contains a chain

Cr = {z11, 7110, 212, 7120} where x11 > 2110 > 212 > 2120.
Next, consider the subposet X ~\ C; of X and suppose

(5) X \ Cj does not contain any chain of the form
T1 > 110 > 20 > 200 > 13 > 130.

Let C@ be a chain of X ~ C; the form (2). If C® contains 21 > 210 > xo >
2ol > x3 > x30 > x4 > x40, then by (5), there are at least 2 of 160 > xo, 2960 > x3
and x30 > x4 must be equalities. If 1 > 210 > 9 > 290 > --- > x,,, > x,,,0 With
m > 5 is a chain in C®, then 2,60 > x5 and 2360 > x5 since any three consecutive
terms of the chain cannot be identical, and hence x1 > x10 > x3 > 230 > x5 > x50
which contradicts (5). Thus |C®)| < 6. We therefore deduce that every chain of
X N Oy of the form (2) has length at most 6. Consequently, every chain of X of
the form (2) has length at most |Cy| + 6 which is contrary to (3). Thus X \ C;
contains a chain

Co = {w21, 2210, 222, ¥220, 23, w230}

where xo1 > 2910 > x99 > T90f > Loz > .’E230‘

Thus C;NCy = (). For one more step, consider the subposet X \ (C; UCs). Suppose
that

(6) X \ (Cy U(Cy) does not contain any chain of the form
T > 210 > 19 > 290 > 13 > 230 > 14 > 240.
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Let C®) be a chain of X \ (Cy U Cy) of the form (2). If C® contains a chain
x1 > 2160 > xo > 2o > x3 > 230 > w4 > 240 > x5 > 250 > 16 > 260, then
by (6), there are at least 3 of x10 > xo, 290 > x3, 230 > x4, 240 > x5 and
x50 > xg must be equalities. If 1 > 210 > x5 > a00 > -+ > x,,, > x,,0 with
m > 7, then z160 > x3, 30 > x5 and =50 > x; since any three consecutive terms
of the chain cannot be identical. This implies that X \ (Cy U C3) contains a chain
x1 > 2160 > x5 > w30 > x5 > x50 > x7 > w70 which contradicts (6). Hence
|C®)| < 9. Hence every chain of X \ (C; UC5) of the form (2) has length at most 9,
and thus every chain of X of the form (2) has length at most |C1| + |C2| + 9. This
is a contradiction because of (3), and therefore X \ (C} U Cs) contains a chain

Cs = {31, 2310, T32, ¥320, X33, £330, T34, T340}
where x37 > 1310 > x30 > T300 > x33 > 1330 > X34 > T340.

Then C;, Cs and Cj are pairwise disjoint. By this process, we obtain a sequence of
pairwise disjoint finite chains C7, Cs, Cs,--- of X such that each C; is the chain

Ti1 2> X310 > Tjg > 00 > -0 > x40 > T 41 0.

We then deduce from Lemma 3.3 that (S(X),6) is not eventually regular.
Hence the theorem is completely proved. O

It is easily seen that the following two statements on X are equivalent.

(i) There is a positive integer n such that every chain of the form z; > xo >
.-+ > X,y has length at most n.

(ii) There is a positive integer n such that |C| < n for every chain C of X .
Hence the following result given in [1] becomes our special case.

Corollary 3.6. Let S(X) be Prg(X), Tre(X) or Irg(X). Then S(X) is eventu-
ally regular if and only if there is a positive integer n such that |C| < n for every

chain C of X .

It was proved in [1] that every regressive almost identical transformation semi-
group on X is always eventually regular. Our second main purpose is to show that
this is also true for regressive almost identical generalized transformation semi-
groups. It then follows that the known result mentioned above is a consequence of
our second main result.

Theorem 3.7. If S(X) is a regressive almost identical transformation semigroup
on X , then (S(X),0) is eventually regular for every 6 € S(X).

Proof. Let o € S(X). Then af € S(X), so S(af) is finite, say |S(af)] =n. Let = €
dom ()" 2. Then

z(ab) > z(ab)? > - > z(ah)" 2.
If 2(af) > z(ab)? > - > z(af)""2, then {z(ab),z(ad)? - - x(af)" 1} C
S(af) and |{z(ah),z(ab)? - z(af)"}| = n + 1, a contradiction. Thus
z(af)t = x(af)*? for some i € {1,2,--- ,n + 1}. Since € dom (af)" 2, x(ah) €
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dom (af)" 274 so z(af)"+? = x(af)" 3. But z is arbitrary in dom (af)"*2 and
dom ()2 C dom (af)"+2, so we have (af)"2 = (af)"+3. Hence (a,0)"+3 =
()" 2a = (af)"Ba = (o, 0)" T, and thus (o, 0)" T3 € E(S(X),0).

Therefore the proof is complete. (|

Corollary 3.8. If S(X) is a regressive almost identical transformation semigroup
on X , then S(X) is eventually reqular. In particular, APrp(X), ATrr(X) and
Alrg(X) are all eventually regular.
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