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ABSTRACT. Clones are sets of operations which are closed under composition and contain
all projections. Identities of clones of term operations of a given algebra correspond to
hyperidentities of this algebra, i.e., to identities which are satisfied after any replacements
of fundamental operations by derived operations ([7]). If any identity of an algebra is
satisfied as a hyperidentity, the algebra is called solid ([3]). Solid algebras correspond to
free clones. These connections will be extended to so-called generalized clones, to strong
hyperidentities and to strongly solid varieties. On the basis of a generalized superposition
operation for terms we generalize the concept of a unitary Menger algebra of finite rank
([6]) to unitary Menger algebras with infinitely many nullary operations and prove that
strong hyperidentities correspond to identities in free unitary Menger algebras with in-
finitely many nullary operations.

1. Menger algebras with infinitely many nullary operations

Generalized hypersubstitutions were introduced in [4] on the basis of a gen-
eralized superposition operation which is defined as an (m + 1)-ary operation
S™ m € Nt := N\ {0}, on the set of all terms of type 7. Here we consider
terms of type 7, defined by using of operation symbols f;,i € I, where f; is n-
ary for every i € I and by elements of the alphabet X = {x1, -+ ,2,, -+ }. Let
W, (X) be the set of all terms of type 7,,. Then for any n > 1,n € N*, we define
S W, (X)"H — W, (X) inductively by the following steps:

Definition 1.1.
(i) ft=a;,1<i<n, then S™(x;,t1, -+ ,t,) :=t; for t1, - ,t, € W, (X).
(ii) If t = x;, n <i, then S™(z;,t1, - ,tn) = @;.

(iii) If t = fi(s1,- -+ ,8n), then

Sn(tatla"' 7tn) = fi(Sn(Shth'" atn)a"' 7Sn(8’n7tla"' 7tn))
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34 Klaus Denecke

Then we may consider the algebraic structure
clonegr, = (Wy, (X); 8™, (2;)ien+)

with the universe W, (X), with one (n + 1)-ary operation and infinitely many
nullary operations. This algebra is called a generalized clone. Now we prove

Theorem 1.2. The algebra cloneyt, satisfies the following identities:

(Cgl) Sng ) :n(F17T17"' 7Tn)7"' 7Sn(FnaT17"' aTn))
%Sn(sn(T7F17 7Fn)aT17 7T’I’L)
(Cg2) S‘n TaAla"';An):T-

(
(ng) Sn()\i,Tl, tee ,Tn) = Ti fOT 1<t <n.
~n()\j,T1,‘ .. ,Tn) = >‘j fO?”j >n.

(Here S’”, Ai are operation symbols corresponding to the operations S™ and x;, i €
N*, respectively and T, T;, F; are new variables.)

Proof. (Cgl) We give a proof by induction on the complexity of the term ¢.
(i) Ift==x;,1<j<mn,then
Sn(’rjv Sn(slatla e 7tn)’ e Sn(Sn,t17 e 3t71))

Sn(8j7t17.'. ytn)
Sn(Sn(xj,sly"' 7Sn)7t17"' 7tTL)

(i) If t =z, > n, then

S™(x;, 8™ (s1,t1, 0y tn)y - S (Sny b1y te))
= xj
= Sn(l‘j,tl,"'7tn)

S"(S"(xj,sl,--- 7Sn),t1,"' ,tn).

(i) If t = fi(¢},--- ,t),) and if we assume that our proposition is satisfied for
t] !, th
177 by, then

S”(fi(t’h... ,t%)7sn(817t1’... 7tn)7... ,S”(Smth... ,tn))
= fi(Sn(tll,Sn(Shh"' tn)s o S (St yta))y
STt S™ (151, s tn)y s S (Spytry e s tn)))
— fi(S"(S”(t’l,Sl’... 75n)7t1;"' ’tn)7... ,S"(S"(t;l,sl,~-~ ,Sn),tl,"' 7tn))
= 5”(5”(fi(t’1,-~-,t;),817~-~,sn),t1,~-,tn)
= S™(S"(t,s1, " ,Sn) b1, ).
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(Cg2) If t contains variables from the set {z1,--- , 2y}, then we substitute in ¢ for
these variables the same variables and obtain t. If ¢ contains a variable which does
not belong to the set {x1, - , 2, }, then this variable will not be replaced by another
term. Therefore the result is t.

(Cg3) and (Cg4) correspond to (i) and (ii), respectively, in the definition of S™. O

Algebras (M;S™) of type 7, = (n+ 1), n > 1, which satisfy the so-called
superassociative law

(C1) S™(2, 8" (21,91, s ¥n), s S (0o Y1, 5 yn)) & S™(S™ (2, 21, o+, Zn), Y1,

-+, yn) are called Menger algebras of rank n (see e.g. [6]). An algebra

(M; 8™ A1, , A\p) of type 7, = (n+ 1,0, ---,0) is called a unitary Menger

algebra of rank n (see [6]) if (M;S™) is a Menger algebra of rank n and if the
nullary fundamental operations Aq,--- , A\, satisfy the identities

(CQ) Sn()‘ivxlv"' 71'”) = Zy.
(C3) S™(2, A1+, An) = o

The set of all terms of a given type built up by variables from an n-element
alphabet X,, = {x1,--- ,x,} together with an (n + 1)-ary superposition operation
which is defined by (i) and (iii) from Definition 1.1 forms a Menger algebra of rank
n. If we add the variables z1,--- ,x, as nullary operations, we have a unitary
Menger algebra of rank n. Another example is the Menger algebra of all n-ary term
operations of a given algebra A together with the superposition. Generalizing the
concept of a Menger algebra we define

Definition 1.3. An algebra (M;S", (e;);en+) where S™ is (n+1)-ary and e;,7 € N*
are nullary, is called unitary Menger algebra with infinitely many nullary operations
if (Cgl), (Cg2), (Cg3), (Cg4) are satisfied.

The class of all unitary Menger algebras with infinitely many nullary operations
forms a variety Vs and the algebra clone,, belongs to this variety. In [6] Menger al-
gebras were characterized by semigroups. If (M;S™) is an algebra of type 7,, = (n+
1), then on the cartesian power M™ one can define a binary operation * : (M™)? —
Mm by (:Ch' o 71'71) * (yh' o ,yn) = (Sn(gjhyla T 7yn)a e aSn(In7y17’ o ,yn))
Then an algebra (M;S™) of type 7, = (n + 1) is a Menger algebra if and only if
(M™; %) is a semigroup. This can be generalized to unitary Menger algebras with
infinitely many nullary operations.

Let Vis be the variety of all unitary Menger algebras with infinitely many nullary
operations. Let {X; | 7 € I} be a new set of variables. This set is indexed by the
index set I of the set of operation symbols of type 7,,. By S™ we denote an (n+1)-ary
operation symbol and let (\;);en+ be an indexed set of nullary operation symbols.
Let Fv,,({X; | i € I}) be the free algebra with respect to the variety Vi, freely
generated by {X; | i € I'}. Then we have:

Theorem 1.4. The algebra cloneyT, is isomorphic with the free algebra Fy,, ({X; |
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1 € I}) and therefore free with respect to the variety of unitary Menger algebras with
infinitely many nullary operations.

Proof. We define a map ¢ : W, (X) — Fy,,({X; | i € I}) inductively as follows:
(i) o(x;) == A;j,j € NT,
(i) @(filtr, - tn)) = 8™(Xi, p(t1), -+, (tn))-
We prove the homomorphism property
W(Sn(toatla t atn)) = Sn(@(tO)a Qp(tl)7 e 750(tn))
by induction on the complexity of the term ty.
t():xjv]-gjgn: (P(Sn(xjatlv"'7tn))
= o(t))
- Sn(Aj7¢(t1)7"' ,(p(tn))

to =T,k >n: o(S™(xp, 1, L))
= (k)
= S"(k,p(t1), ( n))

= S"(p(z )w(tl) ,e(ta)) by (Cgd).

Inductively, assume that to = f;(s1, -+ ,s,) and that o(S™(s;,t1, -+ ,tn)) =
S™(p(s4), p(t1), -, @(ty)) for all 1 < j < n. Then

(5" (fils1, - ,sn),t1,~--,tn))
= @(fi(S™(s1,t1, s tn), S (Sns b1y 1 t0)))
(X (81t st (S sty )
= 5%, 8M(p(s1) (tn) o p(tn), 5 8™ (p(sm p(ta),  p(tn)
= S"(8™M( X p(s1),- -, @(sn)), o(t1), -+ p(tn))
= ~”(</9(fz‘(81,~" ssn))yp(ta), -5 o(tn)).

Thus ¢ is a homomorphism. It maps the generating set F,, := {fi(z1, -, 2n) |
i € I} of the algebra cloneyT, onto the set {X; | i € I} since

e(fi(zr,- @)
= %’"(tho(xl),--- ()
= Sn(Xi7)\1’... 7>\n)
= X; by (Cg2).



Strongly Solid Varieties and Free Generalized Clones 37

Furthermore, since {X; | 7 € I} is a free independent set we have
Xi=X; = i=j = filz1, - ,z0) = fi(z1,-  20).

Thus ¢ is a bijection between the generating sets of clone,7,, and Fy,, ({X; | i € I}).
Altogether, ¢ is an isomorphism. O

2. Generalized hypersubstitutions and endomorphisms

In [4] the concept of a generalized hypersubstitution was defined with the aim
to consider strong hyperidentities and strongly solid varieties.

Definition 2.1. A mapping o : {f; | i € I} — W, (X) is called a generalized
hypersubstitution of type 7,. If o maps n-ary operation symbols to n-ary terms of
type 7, it is called a hypersubstitution of type 7,. Generalized hypersubstitutions
can be inductively extended to mappings & defined on W, (X) by

(11) &[fi(tla"' 7tn)] = Sn(g(fi)aé—[tl}"" aa—[tn})

Let Hypg () be the set of all generalized hypersubstitutions of type 7,, and let
Hyp(r,) be the set of all (arity-preserving) hypersubstitutions. We denote the
hypersubstitution which maps the operation symbol f; to the term f;(z1, -+ ,2,)
for every i € I by 0.4.

(For arity-preserving hypersubstitutions see e.g. [3])

Proposition 2.2. The extension of a generalized hypersubstitution is an endomor-
phism of the algebra cloneyt,,.

Proof. Let S™ be the (n + 1)-ary fundamental operation of the algebra cloney,.
Then we show by induction on the complexity of the term t that

&[Sn(tatla o 7tn)} = Sn(&[t]a (}[tlL e a&[t7lD' (*)
Ift = s, 1 S ) S n, then &[S"(:ci,tl, ce 7tn)] = &[tl] = S"(&[xz},fr[tl]), ce ,6’[tn])
Ift = fi(s1, -, sn) and if we assume that equation (x) is satisfied for s1,- - , sy,

then
Sn(fz S1y0 75n)at1a"' 7tn))}

[ (
= 6[fi(5n(517t17"' 7tn)7"' ,Sn(Sn,t1,"' ,tn))]
= S™(o(fi),6[S™(s1,t1, - s tn)],- -
)

( G v O[S (Sny 1, tn)])
= S™(o(fi),S™(6[s1],0[t1], - ,0[tn]), -+, S™(6[sn], 0[t1], -+, O[tn]))
= S™(S™(o(f:),6[s1), -+, E[sn)),t1], -, 6 tn])
= S™6[fi(s1,+ ,sn)l 6t Gtn))
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For the nullary operations we have &[z;] = ;. O
The converse is also satisfied, i.e.,

Proposition 2.3. Every endomorphism of cloneyt, is the extension of a general-
ized hypersubstitution.

Proof. If ¢ : cloneyt, — cloneyr, is an endomorphism, then we consider the re-
striction of ¢’ of ¢ to the set F, := {fi(x1,- - ,2zn)| ¢ € I} and form the mapping
@ ooig:{fi|iel} - W, (X). This mapping is a generalized hypersubstitution.
We prove that ¢ is equal to the extension (¢’ ocg;4) ~ of this generalized hypersubsti-
tution. Indeed, p(x;) = x; = (¢’ 0 044) “[x;] for every variable z; and for composite
terms f;(t1,- - ,t,) we have:

o(filte, - ,tn))
— o(S™(fil@r, - @)ty )
S™(p(filwr, -y n),o(ta), -+ (tn))
S™((¢" 0 aia) (fi)(¢" 0 0ia) “[ta], -+, (¢" 0 7ia) “[tn])
= (¢ ogia) "[filtr, -, tn)]. O

It is easy to see that the set Hypg(7,,) together with the binary operation og
defined by o1 oG 02 := 61 0 09 and o4 forms a monoid (Hypg(7,); oG, 0ia). Let
End(cloneyt,) be the endomorphism monoid of clone,7,. Then we have:

Proposition 2.4. The monoid (Hypa(m,);0a,0iq) of all generalized hypersubsti-
tutions is isomorphic with the endomorphism monoid End(cloneyy,).

Proof. We consider the mapping ¢ : End(clonegr,) — Hypgt, defined by
¢ +— @ o 0;q which maps each endomorphism of cloney7,, to a generalized hyper-
substitution. Clearly, 1 is well-defined and injective since from ¢ o 0, = ¢’ 0 0;4
by multiplication with O'i_dl from the right hand side there follows ¢ = ¢'. The
mapping v is surjective since for 0 € Hypa(7,) the extension & is an endomor-
phism and ¢(6) = 6 0 0y = o. Therefore, ¢ is a bijection. Let idw,_ (x) be
the identity mapping on W, (X), then ¢ (idw,_ (x)) = idw, (x)© dia = 0ia and
P(p10op2) = (P1092)00id = p10(p200ia) = (p100ia) "o(p200ia) = (1) "oPh(p2) =
Y(p1) og ¥(p2). Here we used that o1 is equal to the extension of the hypersubsti-
tution ¢1 o o4 (see the proof of Proposition 2.3). O

The algebra cloneyr, = (W, (X); 5", The algebra cloneyr, = (W, (X);S",
(z;)ien+ ) is generated by the set F,, = {f;(x1, -+ ,2,) | ¢ € [}. Any mapping from
F.. to W, (X)is called a generalized clone substitution. Since clone,, is free, every
generalized clone substitution can be uniquely extended to an endomorphism of the
algebra cloneyT,. Let Substg be the set of all generalized clone substitutions. We
introduce a binary composition operation ® on this set, by setting 71 ® ne :=n10n2
where o denotes the usual composition f functions. Denoting by idr, ~the identity
mapping on F;, we see that (Substq; ®,idF, ) is a monoid. Further we have:
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Proposition 2.5. The monoids (Substg;®,idr, ) and (Hypa(T);oa,0id) are
isomorphic.

3. Strong hyperidentities and identities in generalized clones

Generalized hypersubstitutions can be used to define strong hyperidentities in
algebras or in varieties ([4]).

Definition 3.1. Let V be a variety of type 7, and let Id V be the set of all
identities satisfied in V. An identity s =t € Id V is called a strong hyperidentity in
V ([4)) if 6[s] ~ 6[t] € Id V for all generalized hypersubstitutions o € Hypg(7,).

We consider the following example: Let Rec be the variety of semigroups which
is defined by the following identity: xjzox5 = 2123, i.e., Rec := Mod{x,(zex3) =
(r122)x3 ~ x123}. We want to prove that the associative law is a strong hyperiden-
tity in Rec. We introduce the binary operation symbol F' and write the associative
identity in the form F(x1, F(x9,23)) ~ F(F(x1,22),23). Arbitrary n-ary terms
over the variety Rec have the form z; or z;x;,%,7 € N*. Then we have

&wi [F(l‘l,F(l‘g,xg))} =T = 5'“ [F(F(xl,.%‘g),l‘;;)] = &w [F(xl,.%‘3)] if 4 7& 2
and
Gay[F (21, F(22,23))] = 3 = 0a, [F(F (21, 22), 23)] = 60, [F(21, 23)].

Actually, if ¢, € {1, 2}, we can use that the variety Rec is solid and therefore its
identities are closed under any application of arity-preserving hypersubstitutions.
Then the following cases are left:

&Iirj [F(xlvF(wan3))] = 52(xixj’$17S2(xi$jax23x3))
T1T4 le:].,j>2,

T3T;T 5 if i = 2,5 > 2,

= x;T1 if j=1,i> 2,

Ti;T;T3 if j= 2,1 > 2,

and further we have

6’35”” [F(F(.’L‘h.’lfg),xg)] = Sz($i$j7 52($i$j,$1, 372), 373)
T1T5T 5 if 1 = 1,7 > 2,
T3 ifi=2,5>2,
= TiT; T if j=1,1>2,
;T3 lf]:2,l>2,
TiTj if i, > 2.

Because of z1x; = 2172, T3%,T; X T3Tj, TiT1 R TiTiT1, TiT;T3 ~ T;x3, this
shows that the associative law is a strong hyperidentity in Rec.
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If every identity of a variety V is satisfied as a strong hyperidentity, the variety
is called strongly solid. Tt is not difficult to check that the variety Rec is a strongly
solid variety of semigroups. Indeed, we have

Guia, [F(1,23)] = S*(wiwj, o1, 3)
T1T5 ’LfZ:].,j>2,
x3x; if1=2,5>2,
= x;T1 if j=1,i>2,
XT3 if j=2,1>2,

Because of zizjz; ~ xizj, zir;z1 ~ x;21 the equation F(F(z1,x2),23) ~
F(zq1,x3) is a strong hyperidentity. This proves that the variety Rec is strongly
solid since it is enough to consider the identities from a basis.

On the set W, (X) of all terms of type 7,, the operation symbols f;,i € I, we
define operations of type 7,, by

Ji: Wr (X)" = Wo, (X) with fi(tr,--- ,tn) i= filtr, -+ ).

Together with these operations one obtains the absolutely free algebra F,, (X) :=
(W, (X); (fi)ier) of type 7,,. If V is a variety of type 7, then IdV, the set of all
identities satisfied in V, forms a fully invariant congruence on F, (X), i.e., a con-
gruence which is closed under all endomorphisms of F. (X). Now we prove that
Id V is also a congruence relation on the unitary Menger algebra cloneyr, with
infinitely many nullary operations.

Theorem 3.2. Let V be a variety of type 1, and let Id V be the set of all identities
satisfied in V.. Then Id V is a congruence relation on cloneyT,.

Proof. At first we prove by induction on the complexity of the term ¢ that for
every n € Nt from t; ~ sy, --,t, ~ s, € Id V follows S"(t,t1, - ,t,) ~
S™(s, 81, ,8n) €1d V.

(a) t = x;,1 < i < m: Then S™(t,t1, - ,tn) = t; = s; = S"(¢,81, -+ ,8n) €

Idv.
(b) t=2xj,5 >n: Then S"™(t,t1, -+ ,tn) =2z = x; = S"(t,51, - ,8,) €I V.
(c) Assume now that ¢t = f;(l1,--- ,1,) and that for I;, 1 < j < n we have already

Sn(lj,tl,'~- ,tn) ~ S"(lj,sl,--- ,Sn) eldV, 1 <j<n. Then

Sn(tat17"' 7tn)
fi(Sn(llatla”' 7tn)a"' 7Sn(ln7t17"' 7tn))
fi(Sn(llasl"' P 7571)5"' aSn(lna517"' ,Sn)) eldV

since Id V' is compatible with the operations of F. (X).



Strongly Solid Varieties and Free Generalized Clones 41

The next step consists in showing
tas = S"(t,s1, 0 ,8n) = S"(s,81, ,8,) €EIdV.

Since Id V is a fully invariant congruence on F. (X) from ¢ ~ s € Id V we obtain

S™(t, 81, ,8n) ~ S™(s,81, - ,8,) € Id V by substitution if ¢ and s contain
only variables from X = {z1,---,z,}. Variables x;,7 < n, will not be changed.
Therefore in all cases we get S™(t, 81, ,8n) &= S™(s, 81, , Sn)-

Assume now that t ~ s,t1 = s1, -+ ,t, = s, € Id V. Then

Sn(tath' T atn) ~ Sn(t7817"' 7371) ~ Sn(S,Sl," : ,Sn) ~ Sn(s7t17"' 7tn>) cldV.

The compatibility with the nullary operations of cloney, is also clear. O

Further we have:

Theorem 3.3. Let V' be a variety of type 1,,. Then V is strongly solid if and only
if Id 'V is a fully invariant congruence relation on clonegyt,.

Proof. Let V be strongly solid, let s =~ ¢t € Id V and let ¢ : cloneyr, — clonegT,
be an endomorphism of cloneym,(p € End(cloneyt,)). Then we have

p(s) = (pooia) [s]=(poaia) [t] = () eldV

since ¢ o 0,4 is a generalized hypersubstitution with ¢ = (p 0 g,4) " (see Proposition
2.4 and the proof of Proposition 2.3). Therefore Id V is fully invariant. If conversely
Id V is fully invariant, s = t € Id V and let 0 € Hypg(y,), then 6[s] = 6[t] € Id V
since by Proposition 2.2 the extension of a generalized hypersubstitution is a clone
endomorpism. This shows that every identity s &~ ¢t € Id V is satisfied as a strong
hyperidentity and then V is strongly solid. ]

Since Id V is a congruence relation on cloney7,, we may form the quotient
algebra clone,V := cloney7,/Id V. The operations S™ of this algebra are defined
as usual by

S™([tlra vs[talra vs - [talra v) i= [S"(tt1, - s tn)l1a v

The nullary operations are [x;]74 v,i € NT. Since for a strongly solid variety V
the relation Id V is fully invariant on clone,7,, it corresponds to a fully invariant
congruence on the absolutely free algebra of the type of unitary Menger algebras
with infinitely many nullary operations (see [1]). Fully invariant congruences on
absolutely free algebras of a given type correspond to equational theories, i.e., to
sets of identities of certain varieties. Therefore we have:

Theorem 3.4. Let V' be a variety of type 1, and let s =t € Id V. Then s ~ t is
a strong hyperidentity in 'V iff s =t is an identity in cloneyV .

Proof. Assume at first that s &~ t is a strong hyperidentity of V. This means that
for each ¢ € Hypg(r,) we have 6[s] = 6[t] € Id V. Let v : {fi(z1, - ,zn) |
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i € I} — cloneyt, be a valuation mapping and let ® be a choice function which
chooses from each block with respect to Id V' exactly one element and from the
class [x]rq v the variable ;. Then the mapping 7 := ® o v is a clone substitution
of cloneyT,,. Let nat(Id V') be the natural mapping which maps each term ¢ to the
class [t]rq4 v. Under the isomorphism between clone substitutions and generalized
hypersubstitutions from Proposition 2.5 the generalized hypersubstitution which
corresponds to 7 is 1 o 04q. Since cloneyT, is free, freely generated by F,, =
{fi(x1,--- ,zp) | i € I}, the extension 7 is an endomorphism of cloneyr, and is
uniquely determined. Therefore, we have 7 = (0 0;4) ~. A consequence of the
freeness of cloneyT, is that from v = nat(IdV') o n there follows 7 = natId V o 7.
Then we obtain from s~t e Id V

o(s) = (nat(IdV)om)(s)
= nat(Id V)((no o) [s]) = nat(Id V)((nooiq) " [t]) = 0(t).
This shows that s ~ ¢ is an identity in clone,V .

Conversely, assume that s ~ t is an identity in clonesV and let o be a gen-
eralized hypersubstitution. Then nat(Id V) oo o del is a valuation mapping

and nat(Id V)(6[s]) = (nat(Id V) o (co00;,'))(s) = nat(Id V)oooa;'(s) =
natld Voo oo, (t) = nat(Id V)(5[t]) using o o o;;'. This means 5s] ~ &[t] €

Id V and s =t is a strong hyperidentity. O

Corollary 3.5. Let V be a variety of type 7,,. Then V is strongly solid iff clone,V
is free with respect to itself, freely generated by the set {[fi(x1, - ,xn)]1a v |7 € I},
meaning that every mapping from {[fi(x1, - ,zn)]1a v | © € I} to the universe of

cloneyV' can be extended to an endomorphism of cloneyV .

Proof. If V is strongly solid, then by Theorem 3.3, Id V is a fully invariant con-
gruence relation on cloney7,. The algebra cloneyT, is the quotient algebra of the
absolutely free algebra F({X; | i € I}) of the type of unitary Menger algebras with
infinitely many nullary operations . Using the “Correspondence Teorem” (Theorem
6.20 in [1]) the fully invariant congruence relation Id V on cloneyr, corresponds
to a fully invariant congruence 6 on F({X; | ¢ € I'}) and then the quotient algebra
F({X; | i € I})/0 is free with respect to itself ([1], Lemma 14.7) and is by the
isomorphism theorem isomorphic to clone, V.

For the converse direction we use Theorem 3.4, and we will show that V is
strongly solid if every identity s ~ t € Id V is also an identity in cloneyV.
Suppose that clone,V is free with respect to itself, freely generated by the set
{[fi(z1, - y2n)]ra v | i € I}. Let s & t be any identity in Id V. To show that s & ¢
is an identity in clone,V, we will show that ©(s) = v(t) for any valuation mapping
v F., — cloneyV. Given v, we define a mapping o, : {[fi(z1, -+ ,zn)|1av |
i € It — cloneyV by a([fi(z1, - ,2n)lra v) = v(filz1,---,zpn)). Since
cloneyV is free with respect to itself and is freely generated by the independent
set {[fi(z1, - ,xn)]ra v | 7 € I}, we get
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fi(ze, - sz)llav = [fj(@, - zn)lra v
- 1 =]
B fi($17"' 7xn) — fj(l'l;"' ’xn)
= o(fi(@1, -+ @) = v(fi(z1, -, 20))
= ay([fi(z1, - ,2n)]rav) = a1)([fj(33la"' Zn)]1d v),

and the mapping «, is well-defined. Since the set F,, generates the free al-
gebra cloneyT,, the mapping v can be uniquely extended to the homomorphism
v : cloneygT, — cloneyV. Then we have

st — [S][d v = [t]jd v — av([s]jd V) = av([t][d V) - E(S) = @(f),

showing that s ~ t € Id(clone,V). O
(For algebras which are free with respect to itself and for free independent sets
see e.g. [2] and [5])
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