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ABSTRACT. The class of b-open sets in the sense of Andrijevié¢ ([3]), was discussed by
El-Atik ([9]) under the name of y-open sets. This class is closed under arbitrary
union. The aim of this paper is to use A-sets and V-sets due to Maki ([15]) some
topologies are constructed with the concept of b-open sets. b-A-sets, b-V-sets are
the basic concepts introduced and investigated. Moreover, several types of near
continuous function based on b-A-sets, b-V-sets are constructed and studied.

1. Introduction

Andrijevié ([3]) introduced a new class of generalized open sets in a topological
space, so called b-open sets. This type of sets discussed by El-Atik ([9]) under the
name of y-open sets. The class of b-open sets is contained in the class of semi-
preopen sets and contains all semi-open sets and preopen sets. The class of b-open
sets generates the same topology as the class of preopen sets. In 1986, Maki ([15])
introduced the concept of generalized A-sets in a topological space and defined the
associated closure operator by using the work of Levine ([14]) and Dunhem ([8]).
Caldas and Dontchev ([7]) built on Maki’s work by introducing As-sets, Vg-sets,
gAs-sets and gVs-sets. Ganster and et. al. ([10]) introduced the notion of pre-A-
sets and pre-V-sets and obtained new topologies defined by these families of sets.
In [12] Khalimsky, Kopperman and Meyer proved that the digital line is a typical
example of a Ty /o space. Our aim is to introduce the notion of b-A-sets and b-V-sets
to topological spaces and study some of its properties. Also, we prove that the
topology generated by the class of b-open sets contains the topology generate by
the class of preopen (resp. semi-open) sets by using the notions of A-sets and V-
sets. Finally we introduce generalized b-A-sets, generalized b-V-sets, b-A-functions,
b-V-functions and investigate some properties of the new concepts.

Definition 1.1. A subset A of a topological space is called:
(1) Semi-open [14] if A C cl(int(A)).
(2) Preopen [16] if A C int(cl(A)).
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(3) a-open [4] if A C int(cl(int(A))).

(4) B-open [1] [Semi-preopen [5]] if A C cl(int(cl(int(A)))).
(5) b-open [3] if A Cint(cl(A))Uc (mt( ).

(6) Nowhere dense [2] if int(cl(A)) =

The class of all semi-open (resp. preopen, a-set, J-open and b-open) denoted
by SO(X, 1) (resp. PO(X,7), aO(X,7), BO(X, )] and BO(X,T).

The complement of these sets called semi-closed (resp. preclosed, a-closed, (-
closed and b-closed) and the classes of all these sets will be denoted by SC(X,7)
(resp. PC(X,7), aC(X,T), BC(X,7) and BC(X,T)).

Definition 1.2. A topological space (X, 7) is said to be:
(1) Extremely Disconnected (abb. E. D) [2] if the closure of any open set is open.

(2) Submaximal [11] if all dense subset are open.

(3) Resolvable [11] if there is a subset D of X such that D and (X — D) are both
dense in X.

Definition 1.3. A subset A of a space (X, 7) is called:

(1) A-set (resp. -V-set) [15] if it is the intersection(resp, union) of open (resp.
closed) sets.

(2) As-sets (resp. -Vs-sets) [7] if it is the intersection (resp. union) of semi-open
(resp. semi-closed) sets.

(3) pre-A-sets (resp. pre-V-set) [10] if it is the intersection (resp. union) of
preopen (resp. preclosed) sets.

(4) Generalized A-set (resp. generalized V-set) [15] if A(A) C F whenever A C F
and F' € C(X,7)(resp. U C V(A) whenever U C A and U € O(X, 7).

(5) Generalized semi-A-set ( resp. generalized semi-V-set) [7] if A;(A) C F when-
ever A C F and F € SC(X,7) (resp. U C V4(A) whenever U C A and
U e SOX,).

(6) Generalized pre-A-set (resp. generalized pre-V-set) [10] if A,(A) C F when-
ever A C F and F € PC(X,7) (resp. U C V,(A) whenever U C A and
U e PO(X,T).

Lemma 1.1 ([9]). For a space (X,7). IfU CY C X, U € BO(X,7) and
Y € BO(X, 1), then:

(1) U e po(X,7)

(2) U € BO(X,7) if U € BO(X,7) — BO(X, 7).
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2. Topological spaces via Ap-(V;-)sets

In this section we introduced the concept of b-A- (resp. b-V-) sets via the concept
of b-open sets. We define the class of 7 (7V?) and prove that they form topologies.

Definition 2.1. We define A,(A) and V,(A) for a subset A of a space (X, 7) as

Ay(4) = [({G:ACG, GeBO(X,7)} and
vi(4) = (J{F:FcCA, FeBCX,1)}

Example 2.1. Let X = {a,b,c,d}, 7 = {X,¢,{a,b},{b},{b,c,d}}. Then
BO(X,1) ={X, ¢,{b},{a,b},{b,c}, {b,d},{a,b,¢c, },{a,b,d},{b,c,d}} and Ap({a}) =
{a7b}, Ab({c’d}) = {bv C'd}a Ab({b}) - {b}a \/b({aa b}) = {avb}v \/b({bv G, d}) =
{c.d}, vi({a}) = {a}.

Lemma 2.1. For subsets A, B and A;, i € I, of a space (X,T) the following
properties hold:
(1) ACAy(A),
(2) If AC B, then Ay(A) C Ay(B),
(3) Ap(Ap(A)) = Ap(A4),
(4) If A€ BO(X, 1), then A= Ay(A),
(5) Ap(U{Ai:iel}) =U{Au(As) si e I},
(6) Ap(MfAiziel}) S {As(Ai) i},
(7) Ap(X\A) = X/Vy(A4).

Proof. (1), (2), (4), (6) and (7) are immediate consequences of Definition 2.1. To
prove (3), firstly from the Definition 2.1, Ay(A) € Ap(Ap(A)). For the converse
inclusion, let x ¢ Ap(A). Then there exists G € BO(X,7) such that A C G
and z ¢ G. Since Ap(Ap(A4)) = {G : Apy(A) C G, G € BO(X,7)}, so we have
X ¢ Ab(Ab(A)) Thus Ab(Ab(A)) = Ab(A)

To prove (5), let A = U{A; : i € I}. By (2) Since A; C A, then Ay(A4;) C
Ap(A) and so J{Ap(A;) : i € I} C Ap(A). To prove the converse inclusion, let
x ¢ U{Ap(4;) : i € I}, then for each i € I there exists G; € BO(X,7) such that
AiCGiandz ¢ G; . It G =J{G; : i € I} then G € BO(X,7) with A C G and
x ¢ G. Hence z ¢ Ap(A) and so (5) holds. O

Lemma 2.2. For subsets A, B and A;, i € I of a space BO(X,T) the following
properties hold:

(1) Vo(A) € A,
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2
3

(2) If A C B then Vy(A) C Vy(B),
(

4

(

(6

Ve(Vpp(A)) = Vi(A),

If Ae BC(X, 1) then A= V,(A),

Vo((M{Ai i € I}) = ({Vo(Ai) s i € T},

) Utve(Ai) i e I} C Vi (UfAi s i € 1),

Proof. Obvious by Lemma 2.1 (7). O

)
)
)
5)

Remark 2.1. We note, in general for any subsets A, B of (X,7) Ay, (AN B) #
Ap(A) N Ap(B) and V(AU B) # Vp(A) U Vp(B), as in the following example.

Example 2.2. In Example 2.1, if A = {a}, B = {b,¢,d} then, Ay({a} N{b,c,d}) =
Ap(9) = &, A({a)} N As({b, ¢,d}) = {b}. Also, Vi({a} U{b,c,d}) = Vi(X) =
Vp{a} UVp{b,c,d} = {a} U{c,d} = {a,c,d}.

Definition 2.2. A subset A of a space (X, 7) is called b-A- (resp. b-V-) set if
A = Ap(A) (resp. A = Vp(A)). The class of all b-A-sets (resp. b-V-sets) will be
denoted by 74 (resp. 7V?).

Example 2.3. Let (X,7) be the same as in Example 2.1, the class of all b-
A-sets is {X, ¢, {b},{a,b},{b,c},{b,d},{a,b,c},{a,b,d}, {b,c,d}} and b-V-sets is
{X, 0. {a},{c}.{d},{a,c},{a,d} {c,d} {a,c,d}}.

Proposition 2.1. In a space (X, T), the class of all b-A- (resp. b-V-) sets is a
topological space.

Proof. Tt is obvious from Definition 2.1 that X, ¢ and the intersection of b-A-sets
is b-A-sets. To prove the union of b-A-sets is b-A-sets, let {A; : i € I} be a fam-
ily of b-A-sets in (X,7) and A = [J{A4; : @ € I}. Then by Lemma 2.1 we have
A =J{Ap(4;) : i € I} = Ap(A) which complete the proof. O

Remark 2.2. Since 7% (resp. 7Y¢) is closed under arbitrary intersection, then
such class is Alexandréff space. Then 72 (resp. 7V*) contains all b-open sets (resp
b-closed sets). Also, T8¢ (resp. 7*) containing 7%+ ([7]) and 7*# ([10]) (resp. 7V°
([7]) and 7Ve ([10])), but Andrijevié¢ ([3]) proved that the topology generated by
b-open sets equal the topology generated by preopen sets.

Now, we investigate some properties in the class of 74 (resp. 7V7).

Proposition 2.2. In a space (X, 72%) the following statements are verified:

1) If every A C X is nowhere dense then 75 = 78,
Y

(2) If (X,7) is an indiscrete space, then each b-A-set is pre-A-set but not semi-
A-set.

Proof. (1) Since every A is nowhere dense, then SO(X,7) = BO(X, 7). So 74 =
Ths,
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(2) Obvious, since each b-open set in indiscrete space is preopen but not semi-
open. O

Theorem 2.1. If 7™ is quasi-discrete and for any A € ™ then A € ™ and
Ab _ AS
The = 7hs,

Proof. Since A € 7™ and X — A € 7, then A is Ay-open set and closed. Therefore
AC({B:BC Aand B isbopen} C ({cl(int(B))Uint(cl(B))} = (N{cl(int(B))U
int(B)} = N{cl(int(B)) : B C A}. So A € 7. O
Theorem 2.2. In a space (X, 7), any b-A-set A is pre-A-set if one of the following
condition hold:

(1) (X,7) is E.D.

(2) (X —A) is dense in X.
Proof. (1) Since A is b-A-set, then A is b-open set or the intersection of b-open
sets. If A is b-open set and (X,7) is E.D then A C cl(int(A)) U int(cl(4) C
int(cl(int(A))) Uint(cl(A)) = int (cl(A)). Therefore A is preopen set. So A is
pre-A-set . When A the intersection of b-open sets and every b-open set in E.D
space is preopen. Then A is the intersection of preopen set. So A is pre-A-set.

(2) Since A is b-A-set and (X — A) dense in X, then int(4) = ¢ and A C
cl(int(A)) Uint(cl(A)) = int (ci (A)). Hence A is preopen and pre-A-set. O
Theorem 2.3. In a space (X, 7), the following statements are verified:

(1) Every B-open and closed is b-A-set.
(2) If (X, 7) is Submazimal and E.D, then every a-open set is b-A-set.
(3) If U € 7 and A is b-open then ANU is b-A-set in Ty.
(4)

4) For U CY C X and U is b-open set in 7y and Y is b-open set then U 1is

b-A-set if U ¢ [BO (X, 1) — BO (X, 1)].

Proof. (1) Since if every A C X is f-open and closed then it is b-open. Therefore
A is b-A-set.

(2) If (X, 7) is Submaximal and E.D, then 7* = b(X, 7). So a-open set is b-A-set.

(3) Since UN A C int (cl (int (U))) N (int (cl (A)) Ul (int (A)))
(int (el (int (U))) Nint (cl (A))) U (int (cl (int (U))) Nl (int (A)))
int (int (cl (int (U))) Nint (cl (A))) Ul (int (cl (int (U))) Nint (A))
int (cl (int (U)) Nint (cl (A))) Ul (cl (int (U)) Nint (A))
int(cl (int (U)) Nint (cl (A)))
(U nint(cl (int (U)) Nint (el (A
inty (cl (int (U)) Nint (cl (A)))
inty (cl (int

U
Udl (cl (int (U) Nint (A)))

) U U N el (int (U) Nvint (A)))
Udy (int (U) Nint (A))

Nint (cl (A))))) U cly (int (U) Nint (A))

Nel (A))) Uey (int (U) Nint (A))

U
U

NN NNNNN

)
)

inty (cl (int
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C inty (c (c (int (U) N A)))) Udly (int (U) Nint (A)) .
Then
UNA CintygUnN(c (int (U)N A))Udy (inty (int (U) Nint (A)))
C inty (cy (int (U) N A))) Uy (inty (U N A))
C inty (ClU (U N A)) Ucly (intU (U M A)) .

Therefore U N A is b-open set in 77 and it is b-A-set in 7.
(4) Obvious from Lemma 1.2. O

Remark 2.3. The condition U ¢ [BO (X,7) — BO (X, )] in Theorem 2.3.(4) is
necessary as shown by the following example.

Example 2.4. Let X = {a,b,¢,d} with topology 7 = {X, ¢, {b}, {a, c},{a,b,c}}
and Y = {b,c,d} .The subset A = {c,d} € 7" while A ¢ BO(X, ).
Definition 2.3. A space (X, 7) is said to be:

(1) B — T, space if each singleton is either b-open or b-closed set.

— T3 space if for each pair of distinct point z and y o there exist two

2) B-T: if f h pair of disti i d y of X th i
b-open sets U, V such that c € U, y ¢ U and y € V, z ¢ V. Clearly a space
(X,7) is B — Ty if each singleton is b-closed.

Lemma 2.3. The space of b-open set is b — T} /5 space.

Proof. Since each singleton of each space is either preopen or preclosed ([10]) and
each preopen set is b-open set. Then each singleton is either b-open or b-closed.
This complete the proof. (I

Theorem 2.4. For a space (X, 1) the following are equivalent:
(1) (X,7)1is B—"1Ty.
(2) Ewvery subset of X is b-A-set.
(3) FEvery subset of X is b-V-set.
(4) Ewvery preopen and semi-open subsets of X is b-V-set
Proof. Clearly (2) < (3).

(1) = (3) Let A C X. Since A = |J{{z} : © € A}, then A is a union of b-closed
sets. Hence it is b-V-set.

(3) = (4) Obvious.
(4) = (1) Since each singleton is either preopen or preclosed. Let z € X. If

{z} is preopen then, it is b-V-set and so is b-closed. If {z} is preclosed then it is
b-closed. For semi-openness,it is obvious from [7] Theorem 2.6(4). O

Proposition 2.3. Let (X, 1) be a topological space. Then
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(1) (X,7%) and (X, 7V*) are always T /s.
(2) If (X,7) is B — Ty, then (X,7%) and (X,7V") are discrete space.

Proof. Obvious from Theorem 2.4 and Lemma 2.3. O

Corollary 2.1. If (X,7) is resolvable, then (X, %) and (X,7V?) are discrete.

Proof. Since (X, ) is resolvable, then (X,7%%) and (X,7'P) are discrete ([10]).
Also, since (X, 747) and (X, 7VP) are subset of (X,7%) and (X, 7"*) respectively,
then (X,7%) and (X,7V?) are discrete. O

3. Generalized b-A- (b-V-) sets

In this article, we introduced a new concepts of generalized b-A- (resp. b-V-)
sets and study its connection with b-A- (resp. b-V-) sets.

Definition 3.1. A subset A of a space (X, 7) is called:
(1) A generalized b-A-sets (abb. g-Ap-sets) if Ay(A) C P whenever A C P and
P e BC(X,T).

(2) A generalized b-V-sets (abb. g¢-Vj-sets) if V' C Vy(A) whenever V' C A and
V € BO(X, ).

Proposition 3.1. Let A be a subset of a space (X, 1) :
(1) A is generalized Ay-set if and only if A is Ap-set.
(2) A is generalized Vy-set if and only if A is Vp-set.

Proof. (1) Clearly, every Ay-set is generalized Ap-set. To prove the conversely, let
A be a generalized Ajp-set and there exists © € {A;(A) — A}. Observe that {x} is
b-open or b-closed and that A C {X — {z}}. If {z} is b-open, then {X — {z}} is
b-closed . So Ay (A) C {X — {«}},which gives a contradiction. If {z} is b-closed,
then {X —{x}} is b-open and so Ay, (A) C {X —{z}}, which also gives contradiction.
Hence A is Ap-set.

(2) In the same manner of 1. O
Definition 3.2. Let Y be a subset of topological space (X, 7). A subset A of Y is
a g-Ap-set (resp. g-Vjp-set) relative to Y if A is a g-Ap-set (resp. g-Vp-set) of the
subset space (Y, 7y) of (X, 7). For a subset A of Y. We define a subset Ay (Ay) by
Ay (Ay) = ﬂ{UﬂY 2 Ue B)O()(,T)7 ACUNY } Then A, (Ay) =N\ (A)ﬂY

Proposition 3.2. Let Y be a b-A-set of a topological space (X,7) and A C Y.
Then A is g-Ap-set in (X, 7) if and only if A is g-Ap-set relative to Y.

Proof. Obvious from Definition 3.2 and Proposition 3.1. O

4. Ap-functions and V,-functions
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Definition 4.1. A function f: (X,7) — (Y, 0) is called:
(1) Ap-function if f(U) € BO(Y, o) for all U € 740,
(2) Vp-function if f(G) € BO(Y,0) for all G € 7Vs.

Remark 4.1. We note that Ap-functions and Vy-functions are independent as in
the following example.

Example 4.1. Let X = {a,b,c,d} with the topology 7 = {X,¢,{a}} and Y =
{u,v,w} with the topology o = {Y, ¢, {u}, {w}, {u,w}}. Then the class of b-open
set are BO(X,7) = {X,¢,{a},{a,b},{a,c}{a,d},{a,b,c},{a,b,d},{a,c,d}} and
BO(Y,0) = {Y, ¢, {u}, {w}, {u,v},{u,w}, {u,w}}. Define fi, fo, f3 from (X,7)
into (V,) as follows fi{a} = fi{c} = {0}, fi{b} = fi{d} = {u}, fola} = fo{b} =
{u}, fofct = fold} = {w}, fa{a} = {v}, f5{b} = {u}, fs{c} = fs{d} = {w}. Then
f1 is Ap-function but not V,-function. Also, fo is Vp-function but not A,-function.
Also, f3 are Ap-function and Vy-function.

Now, we state some results on such types of functions.
Theorem 4.1. For a map f : (X,7) — (Y,0). The following are equivalent:
(1) [ is Ap-map.
(2) For all BCY, F € 7V with f~1(B) C F, there exists O € BO(Y, o) with
BCO and f~*(O) CF.

Proof. (1) => (2) Let BCY, F € V¢ with f~! (B) C F and put O [f (F9)-,
since f is Ap-map, f (F°¢) € BC(Y,0). Hence O € BO(Y, o). Since f~ ( ) C F, we
have f (F°) C B¢. Then B C [f (F°)]° = O. Moreover f~1(0) = f=1[f (F¢ )}
[Fe]=F.

(2) = (1) Let A € 7™, 5y € (f (A))° and let F = A°. Since F € 7V and
by (2) when B = {y}, there exists O, € BO(Y,0) with y € O, and f~}(O,) C F.
Soy € Oy f7HO,) C Fandye€ O, C (f(A))°. Hence (f(A))° = {0,
(f(A))°} € BO(y,o). Thus f(A) € BC(y,o0). Therefore f is Ap-function. O

Theorem 4.2. For a map [ : (X,7) — (Y, 0) the following are equivalent.
(1) f is Vp-function.

(2) Forall BCY, O € 7" with f~1(B) C O, there exists F € BC(Y, o) with
BCF and f~1(F) C O.

Proof. Similar as Theorem 4.1 and using Lemma 2.1 in [7]. O

Theorem 4.3. Let f: (X,7) — (Y,0) and g : (Y,0) — (Z,0) be functions such
that go f : (X,7) — (Z,0) then:

(1) go f is Ap-function if f is Ap-function and g is Vy-function.
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(2) gof is Vp-function if f is Vp-function and g is Ap-function.

Proof. (1) Let G € 7. Since f is Ap-function, then we have f(G) € BC(Y,0).
Consequently f(G) € o¥*. Since g is Vp-function, then g(f(G)) € BO(Z,9).

(2) Similarly to part 1. O
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