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THE STABILITY OF HILBERT SPACE
FRAMELETS AND RIESZ FRAMES

JEONG-GON LEE AND DONG-MYUNG LEE

Abstract. We consider the stability of Hilbert space framelets
and related Riesz frames. Our results are in spirit close to classical

results for orthonormal bases, due to Mazur and Schauder.

1. Introduction

The classical Banach’s Basic Sequence Theorem states the following
: Let (fi)ier be in the Banach space B. Then in order that (fi):cr be
a basic sequence, it is both necessary and sufficient that there exists a

constant A > 0 such that for all scalars ¢;(1 = 1,2, - ,m) we have

I ZcifiH < Al| zcifiHa (n < m).
i=1 i=1

The conditions imply that there exist bounded expansion operators
P, from Span(fn,) to itself such that P,(3_cif:) = 3.5, i fj, each of
whose operator norms is < A; it follows immediately that each P, has
a continuous extension.

The above formulation is due to Diestel(cf. [17]). The Banach’s Basic
Sequence Theorem is useful in order to apply that a frame ( f;);c; admits
of a Riesz frame for a Hilbert space, so the result is sometimes used in
wavelet analysis(([1,3,6,7,11,15]).
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Our aim here is to show that a similar criterional problem holds for
unconditionally framelets Cauchy frames. Our approach is motivated
by the results in [2,10] about stabilities of basic sequences concerning

abstract Banach spaces.

2. Preliminaries and Notation

Let H be a separable Hilbert space, with the inner product < >
linear in the first entry. L(H) denotes the set of bounded linear operators
on H. I and J will be countable index sets and sometimes the natural
numbers N used as the index set. ¢y denotes the space of scalar null
sequences with the property that each of the coordinate maps p; : a — a;
is continuous and possess the finite section property.

The needed facts about frames and framelets can be found in the
paper ([4,8,12,14]).

The framelets of MRA version as a specifically modified frame sys-
tem introduced by Petukov et. al. [16] was concentrated essentially
on wavelet frames and their construction via multiresolution analysis
(MRA). The redundant representation offered by framelets using asso-
ciated with given refinable functions has already been put to good use
in wide range of applications of wavelet theory [8,9]. We give here, by
obvious modifications of [16], some functional intrinsic characterizations
of coefficient framelets which are associated with coherent frames, i.e.,
frames of the form (g;(f:))ier -

Recall that if g; :=< f;,- >; f; is the conjugate element [13] to f;, is
a uniquely determined, bounded framelets-linear form in the topology
of uniform convergence on H associated with weighted norm bounded
frame (f;)ier for H such that > ,;|g:(fi)| < oo, then defining the
weighted framelet mapping S € L(H); Sf = 3 \igi s(£i), () € co,
which converges unconditionally for all f € H; equivalently by tensor-
ing § = > ;Mg ® fi, we obtain an isomorphism on H, and S is
invertible, self-adjoint. This leads to the following; from
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1S £Il = supy g, <1 19: (22 Xiga,g (fi)| < (sup; | Aigs,£]) supyig, <1 225 19: (i)

follows ||S|| < [|Alleo SUP)g11<1 2 |9i(f)], which implies that every lin-
ear mapping of finite rank is weighted framelet mapping and that every
weighted framelet mapping associated with framelets is compact as the
norm-limit of mappings of finite rank.

We define the weighted framelet norm associated with framelets by
15|l = inf [[Alloo sup > 1g:(f:)l,
lg:ll<175

where the infimum is taken over all weighted framelet representations
described above.

The preceding framelets result allows us to set up the following :

Theorem 2.1. S € L(H) is a weighted framelet mapping associated
with coefficient framelets (g;) if and only if S satisfies an inequality of

the form
ISFIl < Moo ”31|1|Iilz|gi,f(fi)|a lim||g:]| = 0. (1)
gills i

Moreover, || S|y = inf [|Al|oo SUp||g,)1<1 225 19i(fi)], where the infimum is
taken over all framelets g; € H satisfying (1).

3. Stability of framelets related Riesz frames

Let N denote the family of all finite subsets of the natural numbers
N directed under inclusion. We recall that a weighted norm-bounded
frame (f;)ies for H is said to be "unconditionally framelets Cauchy”
if supg,|1<1 2_; 19:(fi)] < oo; and has a finite section property if and
only if suppc g [| 2oner full < oo

We say that (fi)icr is a Riesz frame if every subfamily (f;)ies is a
frame for its closed linear span, with the same frame bounds A, B for
each subfamily. So if (f;):es is a frame for H and J C I is finite, then
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(fi)ier-s is a Riesz frame. The following theorem in [5] gives one of the

characterizations of Riesz frames.
Theorem 3.1. Every Riesz frame for H contains a Riesz basis.

Our first application concerns the factorization of weighted framelet

mapping through the classical space (1 < p < 00).

Theorem 3.2. Let S € L(H) be a weighted framelet mapping as-
sociated with coefficient framelets (g;);c; of unconditionally framelets
Cauchy (f:)ier for H with finite section property. Let 1 < p < oo, % +
é =1,€ > 0. Then S factors through £° and ||T|| < k(||S]|w+¢€)7, |R]] <
L(11S]lw + €)%,k > 0, where T € L(H, £?), R € L(¢?, H).

Proof. S has a representation

o0

SF= Xigis(fi), DIl < [IS|l +e
=1

i=1
since (f;) is unconditionally framelets Cauchy and ¢; is cg-invariant. We

define T by

1

Tf= (lwxir%gi(f)»e,, feH M >0

JFrom [ITf|| < g (MDAl < ([ISllw + €)7 - 2&-11f1| follows the
assertion for T.
Let the operator R be defined by

o0
Rp = Zpi’AilEfiy p=(p:i) € L.
i=1

Then by the finite section property for norm-bounded frame (fi) and
Holder’s inequality, we have

IRl < Y MeloilInil < (3 1o 7 (3 Il)7 Mo
< ”(pi)Hp(”SHw +€)%M2, M2 > 0.
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Hence, it follows that R € L(¢?, H), Sf = RT'f, and

181 < IRINTY < (18110 + 3 (ISl + O3k,

1

v k, M = max(M,, Ms).

Using the projection method in connection with coherent framelets
we have, in analogy with [10], the following characterization of uncon-

ditionally framelets Cauchy:

Theorem 3.3. Let (f;);c; be an unconditionally framelets Cauchy
for H with weighted framelet mapping S. Then (f;)ier is an uncoditional
Riesz frame if and only if there exists a number A > 0 such that for any
choice of associated framelets (g;)icr on H with > |Migi(fi)| < oo we
have

1Y Xgi® ST A< Al Xgi®@ STl (n<m).

=1 i=1

Proof. Let first (f;)ics be a weighted unconditional frame for
Span(f;);cs with corresponding coherent framelets (g;);cs and using or-
thogonal projection method, consider Py : Span(f;)ics — Span(f;)ics
by

k
Pk(Z Migif(ST)) =D Xigis(STM i), f € Span(fiicy.

i=1

Since each of the coefficient framelets g;(1 < i < k) is continuous, we
have Pif — f = Yoo Migi,f(S71fi) for k — oo. Thus, a standard

uniform boundedness argument shows that sup; ||P;|| < co.
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Now, let n <m and ), Mgk, s (S~ fi) € H, then
1D Mg s (ST = 11P2 D Megi, (S )
k=1 k

= |[PaPrm Y Mg s (ST = 1P Y Megr, s (S fi)l
k

k=1

<SP Aegr, s (ST < sup ([Pl > Aegr, s (S72fi)
k=1 m

k=1

Hence, the "only if ” part follows by setting A = sup,, ||Pnl|-

Suppose conversely that the above inequality holds as described when-
ever n < m. Since for any j,k € I, ||Ajg; @ S7f5]| = [Xigs s I1S7 (I <
Al Y12 Xigi ® S™1fi|| implies that [;g;f] < Tl < Migi ®
S~=1£]|, hence an f € H can be represented as the form ;

f - Z)‘ngn b2y S_lfn = hﬁnz/\igi ® S_lfi'
n i=1

Now we show that every f € Span(f;);cs has a representation in the

form

f=lm) Xgi®57 ;=) Mgn® S fr.

i=1
Let f € Span(f;)ics and € > 0 be given. Then for some i(¢), there is a

g € Span{fi, -+, fi(e }ies for which [|f —g|| <e.
Thus, let m > i.. Then

Pmf=Fll < I f=gll+]l9— Pogl|+||Pmg—Pufll < e+]|Pmlle < (1+A)e.
So that, it follows that

m m
Pnf— f=1m) Xg;s(S7'f;) =lim) XS5, @ f;
=1 j=1

and the proof is complete. a
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Remark. As corresponding counterparts for unconditionally frame-
lets Cauchy, our results for coefficient framelets version can be used
to modify the classical basic sequences [10, P.42], which leads to the

following :

Corollary 3.4. Let (f;);er be an unconditionally framelets Cauchy
for H. Then (f;)icsr admits of a Riesz frame.

Proof. We proceed, following a suggestion of Bessaga-Pelczynski Se-
lection Principle [10]. Let 0 < ¢; < 1(¢ > 0)(i = 1,2,---) be given such
that (1 —¢;)" > 1 — €9 and suppose we may choose f;,, -, fi, With
i <idg <o < .

Letting hy,-- -, h, be in the closed unit ball Bm{fl,m i} 5O that
each g € B%{fw-,fik} lies within £ of any of {h;,---,hyn}. Since,

there are correspondingly, associated coherent framelets hq,--- , hy, in
(gi)ier for which h;h; > 1 — % fori=1,2,---,n, so that an f;,, (ix <
ik+1) can be chosen such that for each j;j =1,--- ,n,0 < Iﬁjfik+1f <

. Again, since either Span(fi);e; = H or (fi)ics can still be a frame for
the subspace Span( f;)ier, so by applying of Mazur’s construction of basic
sequences [10], we are done if we can show that for a g € Bsgam o fir}
and any choice of associated framelet h € (h;)1<i<n, (1 — &)|lg]] <

”g + }_li,ffik+1||'
First we assume that |h; f| < 2. Then by choosing h;,--- ,h, such

that ||g — h;|| < %(1 <9 < n), we have

“g + h‘i_,ffik+1” > |}—2’1(g + Bi,ffik+1)|
> |hshi| = [Ri(g — ha)| = thi(hi £ firr)|
€k -
>(1- Z) —lg = hill = 2|hifir i} = (1 — €x)llg]l-

Now assume that |h; ¢| > 2.
Then it follows that

g + i fivarll 2 TR gl firys I = gl > (1 = ex)llgll-
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Remark. It is a classical result, cf.[1, Theorem 3.2], that if X is
a Banach space, then each series ) . a;z; converges uncoditionally for
some coefficient scalars (a;) so that (z;) is an unconditional basis for
its closed span if and only if X does not contain a subspace isomor-
phic to cg. Therefore, using such terminology, the associated coherent
framelets version states as follows : if a normalized frame ((f;);es for H
is unconditionally framelets Cauchy if and only if H contains no copy of

Co.
Consequently, we have :

Corollary 3.5. Every Riesz frame with action of unconditionally

framelets Cauchy is equivalent to the unit vector basis of c;.
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