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GENERALIZED FUZZY WEAK VECTOR
QUASIVARIATIONAL-LIKE INEQUALITIES"

BYUNG-S00 LEE

Abstract. In this paper, we introduce a Stampacchia type of
generalized weak vector quasivariational-like inequalities for fuzzy
mappings and consider the existence of solutions to them under

non-compact assumption.

1. Introduction

The vector variational inequality has grown to be the central part
of nonlinear functional analysis in the academic and professional com-
munities since the path-breaking paper [14] introduced it firstly. And
then Chen and Cheng [9] published the first primary existence result for
the following Stampacchia-type of weak vector variational inequality for
single-valued mappings:

Find a vector T € K such that

<T(E>ay _—f> ¢ —int Ca Yy € K,

where K and C are a subset and a closed convex cone of Hausdorff
topological vector spaces X and Y, respectively, and T : K — L(X,Y)
is a mapping from K to the set L(X,Y’) of all linear continuous mappings
from X to Y.
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Konnov and Yao [19] considered the following Stampacchia-type of
weak vector variational-like inequality for set-valued mappings:
Find 7 € K and s € T(Z) such that

(s,n(Z,y)) € —intC, yeK,

where 7 : K x K — X is a mapping, T : K — 2L(XY) i 4 set-valued
mapping and C : K — 2Y is a set-valued mapping such that C(z) is a
closed and convex cone with C(z) # Y and int C(z) # 0.

Chen and Li [11] considered the following weak vector quasivariational
inequality for set-valued mappings:
Find 7 € K(Z) and s € T(Z) such that

(s,y—Z) ¢ —intC, ye€ K(T),

where K : Xo(C X) — 2% and T : Ky — 2EXY) are set-valued
mappings.

Lee et al. [27] considered the following weak vector quasivariational
inequality for set-valued mappings:
Find T € S(z) and § € T(Z) such that

T/J(T,@’x) - w(iyya _‘f) € —int Ka TE S(T),

where C, D are subsets of a locally convex Hausdorff topological space
X, K is a cone of a Hausdorff topological vector space Y, and T :
C — 2%, 8§ :C — 2° are set-valued mappings and ¥ : C x D x
C — Y is a mapping. Also they considered the following weak vector
quasivariational-like inequality for set-valued mapping:

Find ¥ € 5(z) and y € T(Z) such that

(M(z,7),n(z,Z)) € —int K for x € S(z),

where M : C x D — L(X,Y) and n: C x C — X are mappings.
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Besides, many other vector variational-like inequalities and vector
quasivariational inequalities were considered on topological vector spaces
in [1, 4, 8, 11, 27, 32-33] and [16, 18, 27, 34], respectively.

Very recently, Qun [31] obtained existence theorems for the following
vector variational-like inequalities for set-valued mappings:

Find 7 € K such that there exists 5 € T(Z) satisfying

(5,n(y,7)) ¢ —int C(T), yeK,
under both the compact and non-compact assumption of K, where X,
Y are Hausdorff topological vector spaces, K is a subset of X and 7 :
K x K — X is a mapping. Especially, in the non-compact case, by using
the concept of escaping sequence, he obtained the existence theorem of
solutions.

On the other hand, since Chang and Zhu [7] introduced a variational
inequality problem for fuzzy mappings, some authors [4, 5, 17, 20, 22, 24-
25] considered vector variational inequality problems for fuzzy mappings.
In particular, Chang et al. studied vector quasivariational inequalities
[4-5] and vector variational-like inequalities [3] for fuzzy mappings and
Lee et al. [20] obtained a fuzzy extension of Siddigi et al.’s results [32] for
vector variational-like inequalities. In [17], the authors considered the
existence of solutions to generalized fuzzy vector quasivariational-like
inequalities (F-VQVLI) under the compact assumption.

In this paper, we introduce a Stampacchia type of generalized weak
vector quasivariational-like inequalities for fuzzy mappings (F-WVQVL
I) and consider the existence of solutions for them under the non-

compact assumption. Our results generalize the existences of solutions
for (F-VQVLI) studied in [17].

2. Preliminaries

Let X, Y be topological spaces and T : X — 2¥ be a multivalued
mapping. Let T~ : Y — 2% be a multivalued mapping defined by

ze€T (y) ifandonlyif yeT(x).
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DEFINITION 2.1 [9].

(1) T is said to be upper semicontinuous (in short, u.s.c.) at z € X if|
for every open set V in Y containing T'(z), there is an open set U
containing x such that T'(u) C V for all u € U;

(2) T is said to be u.s.c. on X if T is u.s.c. at every point of X.

(3) T is said to be lower semicontinuous (in short, l.s.c.) at z € X if,
for every open set V in Y with T'(z) NV # §, there is an open set
U containing z such that T(u) NV # @ for all u € U;

(4) T is said to be l.s.c. on X if T is L.s.c. at every point of X.

(5) T is said to be continuous at z if T is both u.s.c. and ls.c. at z.

(6) T is said to be compact if T(X) is contained in some compact
subset of Y,

(7) T is said to be closed if the graph of T, G, T = {(z,y) € X x Y :
y € T(z)}isclosed in X x Y.

(8) T is said to have open lower sections if for any y € Y, T~ (y) is
open in X.

LeMmMA 2.1. T isls.c. at x € X if, and only if, for any y € T(x) and
for any net {z,} in X converging to z, there is a net {y,} such that
Yo € T'(z,) for each «, and y, converging to y.

Let X, Y besets and F : X — (YY) be a fuzzy mapping. We denote
a fuzzy set F'(z) by Fp in Y for z € X, where $(Y) is the collection of
all fuzzy sets in Y.

DEFINITION 2.2 [3-5, 7].
(1) F is said to be convex on a set X if Y is a convex subset of a

topological vector space and for any z € X, y, z € Y and X € [0, 1],
Fo(Ay + (1= A)z) > min{F;(y), Fx(2)}.

(2) F is said to be closed fuzzy set-valued if for each y € Y, Fy(y) is
u.s.c. on X x Y as a real ordinary function.

(3) F is said to be topologically open fuzzy set-valued if, for each
zo € X and for each open subset V of Y with F, (y) > v for some
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y € V (v € (0,1]), there is a neighborhood U of zp in X such that
if z € U, then F,(y) > v for some y € V.
(4) F is said to be weakly open fuzzy set-valued if for each y € Y,

F.(y) is Ls.c. on X x Y as a real ordinary function.

LEMMA 2.2 [3]. Let K be a nonempty closed convex subset of a
real Hausdorff topological vector space X, D a nonempty closed convex
subset of a real Hausdorff topological vector space Y and §: K — (0,1]
a ls.c. function. Let F : K — (D) be a fuzzy mapping with the cut set
(Fi)pw) ={d€D:Fy(d) > B(z)} #0 foranyz € K. Let F : K — 2P
be a multivalued mapping defined by F(z) = (F;)p(z). If F is a convex
fuzzy mapping with closed fuzzy set-values, then F is a closed mapping

with nonempty convex-values.

LEMMA 2.3 [4]. Let X and Y be topological spaces, and F : X —
(YY) be a fuzzy mapping such that for any x € X, the cut set (Fy) =
{y € Y : F(y) > 7} is nonempty for v € (0,1]. Let F : X — 2¥ be
a multivalued mapping defined by F(z) = (F;),. If F is convex and
topologically open fuzzy set-valued, then F is a lLs.c. mapping with

nonempty convex-values.

LEMMA 2.4 [5]. Let K be a nonempty closed convex subset of a
real Hausdorff topological vector space X, D a nonempty closed convex
subset of a Hausdorff topological vector space Y and f : X — (0,1]
a u.s.c. function. Let F : K — (D) be a fuzzy mapping such that
for any x € K, the strong cut set [F;lg;) = {d € D : F(d) > p(z)}
is nonempty. Let F : K — 2P be a multivalued mapping defined by
F(s) = [Pl oge)-

(1) If F is convex, then F' has nonempty convex-values.
(2) If F is weakly open fuzzy set-valued, then F has open lower sec-

tions.

DEFINITION 2.3. Let X, Z be two vector spaces, K C X be a
nonempty convex set and P C Z a pointed, closed convex cone with

apex at the origin and nonempty interior int P. A multivalued mapping
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H: K x K — 22 is said to be P-convex with respect to the first variable
if, for z1, 29, y € K, u1 € H(x1,y), ug € H(za,y) and X € [0, 1], there
exists u € H(Azy + (1 — M)z, y) such that

/\’I.L1+(1—/\)UQEU+P.

DEFINITION 2.4. Let X, Z be vector spaces. A mappingn: X xX —

Z is said to be linear if

n(A(z1,91) + (22, ¥2)) = An(z1,v1) + n(z2, y2)

for all (zy,z2), (y1,y2) € X x X and A € R.

DEFINITION 2.5 [36]. A point zp in a nonempty subset C of Z is
called a vector maximal point of C if the set {z € C : 29 <p 2,z #

20} = @, which is equivalent to

CN(zg+ P)={z0}.

LEMMA 2.5 [28]. Let C be a nonempty compact subset of an ordered
Banach space Z. Then maxC # (), where max C denotes the set of all

vector maximal points of C.

3. Main results

Throughout this section, X denotes a Hausdorff topological vector
space, Y is a topological vector space and Z is an ordered topologi-
cal vector space. Let K be a nonempty convex subset of X, D be a
nonempty subset of Y and {C(z) : z € K} be a family of solid con-
vex cones in Z, that is, for any z € K, int C(x) is nonempty and
Clx) # Z. Let F: K — (D) and G : K — $(K) be two fuzzy
mappings, M : K x D — 2L(X.Z) and H : K x K — 22 be two multi-
valued mappings, n: X x X — X be a mapping, 8 : X — (0,1] be a
function and v be a constant in (0, 1].
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An ordering < with respect to the cone C in Z is defined as y Lintc =
if and only if z —y & —int C for z, y € Z.

We consider the existence of solutions to the following Stampac-
chia type of generalized weak vector quasivariational-like inequalities

for fuzzy mappings:

(F-WVQVLI) Find Z € K such that there exists 5 € (Fz)g(z) satisfy-

ing the following inequality:
max(M(Z,3),n(z, 2)) + u & —int C(Z)
for any z € K, z € (Gz), and u € H(z, T), where

max({M(Z,3),n(z, z)) = serglﬁ;g)(s, n(z, z))

and (s,n(z,z2)) denotes the evaluation of continuous linear operator s
from X into Z at n(z, z).

In addition, we obtain the existence of solutions to the following Stam-
pacchia type of generalized vector quasivariational-like inequalities for

fuzzy mappings:

(F-VQVLI) Find Z € K such that, for any = € K, there exists § €
(Fz)p(z) satisfying the following inequality:

max{M(Z,3),n(z, z)) + u & —int C(Z)
for any z € (Gz), and u € H(z, Z).

Replacing $(K) and (D) with 2K and 2P, respectively, in (F-
WVQVLI) and (F-VQVLI), we obtain the following Stampacchia
type of generalized weak vector quasivariational-like inequalities and

vector quasivariational-like inequalities for multivalued mappings:

(WVQVLI) Find z € K and 5 € F(Z) such that

max{M(z,3),n(z,2)) + u ¢ —int C(Z)
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forany z € K, z € G(Z) and u € H(z, Z).

(VQVLI) Find Z € K such that, for any z € K, that cxists 5 € F(z)
satisfying the following inequality:

max(M(Z, 5),n(z, 2)) + u & —int C(Z)

for any z € G(z) and v € H(z,Z).

Deleting a topological vector space Y and a fuzzy mapping F, first,
and then replacing Z with an ordered topological vector space Y, H :
KxK—-2?withH: KxK —Y,and M : K x D — 2LX.2) with
S : K — 2LXY) in (F-WVQVLI) or (F-VQVLI), respectively, we

obtain the following vector variation-like inequality for fuzzy mappings:
(F-VVLI) Find z € K satisfying the following inequality:
max(S(%),1(z,y)) + H(x, 7) & —int C()

for any z € K and any y € (Gz)s(z), where {C(z) : z € K} is a family

of closed convex cones in Y.

Replacing a fuzzy mapping G : K — $(K) with a multivalued map-
ping G : K — 2K defined by G(z) = K for z € K and putting H =0 in
(F-VVLI), we obtain the following vector variational-like inequalities

for multivalued mappings:
(VVLI) Find z € K such that
max(S(z),n(z,y)) ¢ —int C(z), z,y €K,

which is a generalized form of the following vector variational-like in-
equalities for multivalued mappings introduced and studied by Chang,

Thompson and Yuan [6]:
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(VVLI) Find 7 € K satisfying the following inequality:
max(S(z),n(z,z)) ¢ —int C(Z) z € K.

Putting Z = Y, n(z,z) = z — 2z, H = 0 and replacing M : K x
D — 2L%2) with § : K — L(X,Y) in (WVQVLI) or (VQVLI),

respectively, we have the following variational inequality:
(VVI) Find z € K such that
(S(z),z—2) ¢ —intC(z), z€K,ze€GZ).

Putting C(z) = C for z € K and n(z,y) = z — y in (VVLI)’, we
obtain the following vector-valued variational inequality considered by
Lee et al. [26]:

Find 7 € K such that there exists § € S(z) satisfying

(s,e—72)¢g —-intC, z€K.

Putting Z = R, L(X,Z) = X*, the dual of X and C(z) = R™, the
positive orchant for z € K in (VVLI)’, we obtain the following scalar-
valued variational inequality considered by Cottle and Yao [12}, Isac [15],
and Noor [29]:

Find z € K such that

sup (u,n(z,%)) 20, z€K.
u€S(Z)

Replacing S : K — 2M(%2) with § : X — L(X,Z) and putting
n(z,z) = = — g(z), respectively, where g : K — K is a mapping, then
(VVLI)' reduces to the following vector variational inequality (VVI)’
considered by Siddiqi et al. [33]:

(VVI) Find 7 € K such that

(S(z),z — g(z)) & —int C(z), z€K.
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Putting G(z) = {z} for £ € K in (VVI) or g(z) = z for z € K
in (VVI)’, we obtain the following vector-valued variational inequality
considered by Chen [8]:

Find z € K such that

(S(z),z—z) ¢ —int C(z), forz € K.
Putting C(z) = C and g(z) = = for z € K in (VVI)’, we obtain the

following vector-valued variational inequality considered by Chen et al.
[8-10}:
Find Z € K such that

(S(Z),z - %) ¢ —intC, zeK.

The following particular form of the generalized Ky Fan’s section
theorem which is due to Park [30] will be used in dealing with (F-
WVQVLI) for the noncompact set case.

THEOREM 3.1 [30]. Let K be a nonempty convex subset of X and
A C K x K satisfy the following conditions:
(i) (z,z) € A,z € K;
(i) Ay ={y € K : (z,y) € A}, z € K, is closed;
(@) AY = {z € K : (z,y) & A}, y € K, is convex or empty;
() there exists a nonempty compact subset B of K such that for
each finite subset N of K there exists a nonempty compact convex

subset Ly of K containing N such that
LnN{y€ K:(z,y) € Aforanyz € Ly} C B.
Then there exists a yyg € B such that K x {yo} C A.

In particular, if K = B, that is, K is a compact convex subset of X,
then the condition (i) is obviously true and thus we obtain Ky Fan’s
section theorem [13], which will be used in considering (F-VQVLI)

under compact assumption.

Now, we consider the existence of solutions to the Stampacchia type
of (F-WVQVLI) for non-compact set case.
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LEMMA 3.2 [35]. Let X be a paracompact Hausdorff topological
space and Y be a topological vector space. Let F : X — 2Y be a
multivalued mapping with nonempty convex-values. If F has open lower
sections, then there exists a continuous function f : X — Y such that
f(z) € F(z) for any z € X.

PROPOSITION 3.3. Let K be a nonempty convex subset of X and D
be a nonemtpy subset of Y. Let f : K — D be a continuous function
and G : K — 2K be a Ls.c. multivalued mapping with convex-values.
Let M : K x D — 24%.2) be g multivalued mapping, and a multivalued
mapping W : K — 2% defined by W(z) = Z\{—int C(x)}, =z € K, be
closed. Let n: X x X — X be linear, y — n(-,y) be continuous and
H : K x K — 22 be P-convex with respect to the first variable and Ls.c.

with respect to the second, where P = (| C(xz). Suppose further that
reK
(i) max(M (ya, Sa),n(xT, 24)) converges to max{M(y,s),n(z, z)) pro-

vided that y, — vy, s — s and z, — z;

(i) (M(z,-),n(z,-)) =0 and H(z,z) = {0} for all z € K,

(ii) there is a nonempty compact subset B of K such that for each
nonempty finite subset N of K, there is a nonempty compact con-
vex subset Ly of K containing N such that, for y € Ly\B, there
exist ¢ € Ly, z € G(y) and u € H(zx,y) such that

max(M (y, f(y)),n(z, 2)) + u € —int C(y).
Then there exists T € K such that
max(M(z, f(z)),n(z, 2)) + u € —int C(Z)

foranyz € K, z € G(Z) and v € H(z, 7).

Proof. Let A = {(z,y) € K x K : max{M(y, f(y)),n(z,2)) + u ¢
—int C(y) for any z € G(y) and u € H(z,y)}. It is easily shown that
(z,z) € A for x € K from the condition (i). And A, = {y € K :
(z,y) € A}, z € K, is closed. In fact, for any net {y,} in A, converging
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to y, we have max(M (ya, f(¥a)), (%, 2a)) + e & —int C(y,) for any
2o € G(Yo) and u, € H(z,y,). From Lemma 2.1 and the condition
(i), max(M(y, f(y)),n(z,2)) + u ¢ —int C(y) for any z € G(y) and
u € H(z,y), so that we have y € A,, which shows that A, is closed for
r€ K. And AY = {z € K : (z,y) € A}, y € K, is convex. Indeed, let
z1, 22 € AY and X € [0,1]. Then, from the fact that (z;,y) & A for any
s € F(y), there exist z; € G(y) and u; € H(zy,y) such that

max(M(y, s),n(z1, z1)) + u1 € —int C(y)

and from the fact that (z2,y) ¢ A for any s € F(y), there exist zo € G()
and ug € H(z3,y) such that

max(M (y, s),n(z2, 22)) + uz € —int C(y).

On the other hand, from the convexity of G, G is convex-valued due
to Lemma 2.4(1). Hence, for any s € F(y), there exist u € H(Azq + (1—
A)z2,y) and z := Az + (1 — N)zz € G(y) for A € [0,1] such that

ax(M(y, s),n(Az1 + (1 = N)za, 2)) + u
= max(M(y, s),n(Az1 + (1 — Nz, Az1 + (1 = Nzp)) +u
= max(M(y,s), (Vi(z1, 1) + (1 = N(za, z2)) +
< Amax(M(y, s),n(z1,21)) + (1 — A) max(M(y, s), n(z2, z2)) + u
€ Amax(M(y,s),n(z1, 21)) + (1 — A) max(M(y, s), n(z2, 22)) + Aug +
(I1—=XNug—P
= XNmax(M(y, s), n(z1, 21)) +u1) +
(1 = A)(max(M(y, s), (22, 22)) + uz) — P
C —intCy) —int C(y) — C(y)
= —int C(y).

7

Thus Az; + (1 — A)zz € AY, which shows that AY is convex. Further,
note that the condition (i) implies that, for y € Ly\B, there exists
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z € Ly such that y € A,. Hence the condition (i) of Theorem 3.1 is
satisfied. Thus there exists Z € K such that

max(M (Z, f(z)),n(z, 2)) + u & —int C(Z)

for any x € K, z € G(Z) and u € H(z,Z). This completes the proof. [

Now, we show the existence of solution for the problem (F-WVQVLI).

THEOREM 3.4. Let K be a nonempty paracompact convex subset
of X and D be a nonempty closed convex subset of Y. Let F': K —
$(D) be a convex fuzzy mapping with weakly open fuzzy set-values and
nonempty strong cut set [F]p(g) for a u.s.c. function 8 : X — (0,1],
G : K — $(K) be a convex fuzzy mapping with topologically open
fuzzy set-values and nonempty cut set (Gy), for vy € (0,1], a multivalued
mapping W : K — 2% defined by W(z) = Z\{—int C(z)}, = € K, be
closed, and M : K x D — 2MX:2) be a multivalued mapping. Let
n:X x X — X be linear, y — n(-,y) continuous and H : K x K — 2%
be P-convex with respect to the first variable and l.s.c. with respect to

the second, where P = (1} C(z).
zeK
Suppose further that

(i) max{M (ya,Sa),n(x,24)) — max{M(y,s),n(z,z)) provided that
Yo — VY, Sa — S and z, — z,

(i) (M(z,),n(z,-)) =0and H(z,z) = {0} forallz € K,

(@) there is a nonempty compact subset B of K such that for any
nonempty finite subset N of K, there is a nonempty compact con-
vex subset Ly of K containing N such that for any y € Ly\B,
there exist * € Ly, z € (Gy) and u € H(z,y) such that

max{M(y, s),n(z, z)) + u € —int C(y)

for any s € (F)a(y)-
Then the problem (F-WVQVLI) is solvable, i.e., there exist T € K
and 5 € (Fg)p(z) such that

max(M(z,5),n(z,2)) + u ¢ —int C(Z)
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foranyz € K, z € (Gz), and u € H(z,%).

Proof. Define two multivalued mappings F : K — 2P and G : K —
2K by F(z) = [Filpw) and G(z) = (G,),, for z € K, respectively.
It follows from Lemma 2.3 that G is L.s.c. and has nonempty convex-
values and, from Lemma 2.4, that F has nonempty convex-values such
that F~(y) is open in X for y € D. Thus, by Lemma 3.2, there exists a
continuous function f : K — D such that f(z) € F(z) for z € K. So,
by Proposition 3.3, there exists Z € K such that

max(M(Z, f(Z)),n(z, 2)) + u & —int C(Z)

for any x € K, z € (Gz), and v € H(z,Z). Letting 3 = f(Z), we obtain
the desired conclusion of Theorem 3.4. This completes the proof. ]

From Theorem 3.4, we obtain the following theorem for Stampac-
chia type of the generalized weak vector quasivariational-like inequalities
(WVQVLI) for multivalued mappings.

THEOREM 3.5. Let K be a nonempty paracompact convex subset
of X and D be a nonemtpy closed convex subset of Y. Let F : K —
2P be a multivalued mapping with nonempty convex-values and open
lower sections, G : K — 2% be a multivalued ls.c. mapping with
nonempty convex-values, a multivalued mapping W : K — 2% defined
by W(z) = Z\{—int C(z)}, z € K, closed, and M : K x D — 2L(X.2)
be a multivalued mapping. Letn: X x X — X be linear, y — 7(-,y) be
continuous and H : K x K — 2% be P-convex with respect to the first

variable and Ls.c. with respect to the second, where P = (| C(z).
zeK
Suppose further that

(i) max(M(yq,sa),n(z,2za)) — max{M(y,s),n(z,z)) provided that
Ya — Y, Sq¢ — s and z, — 2,

(i) (M(z,-),n(z,-)) =0 and H(z,z) = {0} for all z € K,

() there is a nonempty compact subset B of K such that, for any
nonempty finite subset N of K, there is a nonempty compact con-

vex subset Ly of K containing N such that, for any y € Ly\B,
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there exist x € Ly, z € G(y) and u € H(z,y) such that
max(M(y, s),n(z,2)) +u € —int C(y), s€ F(y).

Then the problem (WVQVLI) is solvable.

For the compact set case, by using Ky Fan’s section theorem [13], we
obtain the following existence of solutions for the vector variational in-
equalities (F-VQVLI), (F-VVI), (VQVLI) as special cases of (WVQ
VLI).

COROLLARY 3.6 [17]. Let K be a nonempty compact convex subset
of X and D be a nonemtpy closed convex subset of Y. Let F' : K — (D)
be a convex fuzzy mapping with closed fuzzy set-values, G : K — S(K)
be a convex fuzzy mapping with topologically open fuzzy set-values,
M : K x D — 2L1%2) be a multivalued mapping and a multivalued
mapping W : K — 2% defined by W(z) = Z\{—int C(z)}, = € K, be
closed. Let n: X x X — X be linear, y — 7(-,y) be continuous, and
H : K x K — 22 be P-convex with respect to the first variable and Ls.c.

with respect to the second, where P := () C(z).
€K
Suppose further that

(i) there exist a Ls.c. function §: X — (0,1] and a constant v € (0, 1]
such that for any x € K, the cut sets (Fy)g(;) and (Gz), are
nonempty;

(i) U (F%)p() is contained in some compact subset of D;
zeK

(1) max(M (ya, Sa), (T, 24)) converges to max{M((y,s),n(z,z)) pro-
vided that y, — vy, S — $ and zq — z;
() (M(x,-),n(z,-)) =0 and H(z,z) = {0} for all z € K.
Then the problem (F-VQVLI) is solvable from Theorem 3.1.

COROLLARY 3.7 [25]. Let K be a nonempty compact convex subset
of X. Let F: K — S(L(X,Y)) be a fuzzy mapping with closed fuzzy
set-values, G : K — (K be a convex fuzzy mapping with topologically
open fuzzy set-values and a multivalued mapping W : K — 2Y defined
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by W(z) = Y\[-int C(z)], z € K, be closed, where {C(z) : x € K} is

a family of solid convex cones inY. Let P= () C(z) and h: K — Y
zEK
be a continuous P-convex function. Suppose further that

(i) there exist a ls.c. function 8 : X — (0,1] and a constant v €
(0,1] such that for any = € K the cut sets (F;) g, and (G,) are
nonempty;

(i) U (Fz)p) s contained in some compact subset of L(X,Y);
z€K

() for any x € K, there exists s € (Fy)g(s) such that (s,x — z) ¢
—int C(z) for any z € (Gy)-.
Then the following variational inequality:
(F-VVI) Find z € K such that, for any = € K, there exists 5 € (Fz)g(z)
such that

(8, —2) + h(z) — h(Z) € ~int C(Z), z€ (Gz)y,
is solvable.

The following theorem for the existence of solutions for (VQVLI) is

a special case of Corollary 3.6.

COROLLARY 3.8 [17]. Let K be a nonempty compact convex subset
of X and D be a nonempty subset of Y. Let F : K — 2P be closed, G :
K — 2% be ls.c. and nonempty convex-valued, M : K x D — 2L(X.Z)
be nonempty compact-valued and a multivalued mapping W : K — 2%
defined by W(z) = Z\{—int C(z)}, z € K, be closed. Letn: X x X —
X be linear and H : K x K — 22 be P-convex with respect to the first

variable and ls.c. with respect to the second, where P := (] C(z).
zeK
Suppose further that

(i) (M(z,-),n{z,-)) =0 and H(z,z) = {0} forall z € K;
(i) F is compact;
(I) max(M(ya, 5a),n(x, z4)) converges to max(M(y, s),n(z,z)) pro-
vided that y, — vy, s — § and z, — z.
Then the problem (VQVLI) is solvable.
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