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Abstract. Using the concept of fuzzy points, the notions of fuzzy point BCC-

(sub)algebras, quasi BCC-(sub)algebras and quasi BCC-ideals are introduced. Some char-

acterizations of them are discussed.

1. Introduction

In 1966, Y. Imai and K. Iséki [8] defined a class of algebras of type (2,0) called
BCK-algebras which generalizes on one hand the notion of algebra of sets with the
set subtraction as the only fundamental non-nullary operation, on the other hand
the notion of implication algebra. The class of all BCK-algebras is a quasivariety.
K. Iséki posed an interesting problem (solved by A. Wroński [10]) whether the class
of BCK-algebras is a variety. In connection with this problem, Y. Komori [9] in-
troduced a notion of BCC-algebras, and W. A. Dudek [1], [2] redefined the notion
of BCC-algebras by using a dual form of the ordinary definition in the sense of Y.
Komori. In [6], W. A. Dudek and X. H. Zhang introduced a notion of BCC-ideals
in BCC-algebras, and W. A. Dudek and Y. B. Jun [4] established the fuzzification
of BCC-ideals in BCC-algebras (see also [5]). In this paper, we use the notion of
fuzzy points to establish the notion of fuzzy point BCC-(sub)algebras, quasi BCC-
(sub)algebras and quasi BCC-ideals. We investigate some related properties.

2. Preliminaries

Recall that a BCC-algebra is an algebra (X, ∗, 0) of type (2,0) satisfying the
following axioms:
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(C1) ((x ∗ y) ∗ (z ∗ y)) ∗ (x ∗ z) = 0,

(C2) 0 ∗ x = 0,

(C3) x ∗ 0 = x,

(C4) x ∗ y = 0 and y ∗ x = 0 imply x = y.

for every x, y, z ∈ X. For any BCC-algebra X, the relation ≤ defined by x ≤ y if
and only if x ∗ y = 0 is a partial order on X. In a BCC-algebra X, the following
holds (see [7]).

• x ∗ y ≤ x,

• x ≤ y implies x ∗ z ≤ y ∗ z and z ∗ y ≤ z ∗ x

for all x, y ∈ X. A nonempty subset S of a BCC-algebra X is said to be a BCC-
subalgebra of X if x ∗ y ∈ S whenever x, y ∈ S. A nonempty subset A of a BCC-
algebra X is called a BCC-ideal of X if it satisfies

• 0 ∈ A,

• (x ∗ y) ∗ z ∈ A and y ∈ A imply x ∗ z ∈ A for all x, y, z ∈ X.

Note that every BCC-ideal of a BCC-algebra X is a BCC-subalgebra of X. A fuzzy
set µ in a set X is called a fuzzy point if it takes the value 0 for all y ∈ X except
one, say, x ∈ X. If its value at x is α ∈ (0, 1] we denote this fuzzy point by xα,
where the point x is called its support. For a fuzzy set µ in X and α ∈ [0, 1], the set
U(µ; α) := {x ∈ X | µ(x) ≥ α} is called a upper level set of µ. A fuzzy set µ in a
BCC-algebra X is called a fuzzy BCC-subalgebra of X if µ(x∗y) ≥ min{µ(x), µ(y)}
for all x, y ∈ X. A fuzzy set µ in a BCC-algebra X is called a fuzzy BCC-ideal of
X it it satisfies

• µ(0) ≥ µ(x) for all x ∈ X,

• µ(x ∗ z) ≥ min{µ((x ∗ y) ∗ z), µ(y)} for all x, y, z ∈ X.

3. Quasi BCC-algebras

In what follows, let X denote a BCC-algebra unless otherwise specified. Let
F(X) denote the set of all fuzzy points in X and define a binary operation “¯” on
F(X) by xα ¯ yβ = (x ∗ y)min{α,β} for all xα, yβ ∈ F(X). We can easily check the
following results:

(q1) ((xα ¯ yβ)¯ (zγ ¯ yβ))¯ (xα ¯ zγ) = 0min{α,β,γ},

(q2) 0δ ¯ xα = 0min{α,δ},

(q3) xα ¯ 0δ = xmin{α,δ}

for all xα, yβ , zγ , 0δ ∈ F(X). But the following implication
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(q4) xα ¯ yβ = 0min{α,β}, yβ ¯ xα = 0min{α,β} ⇒ xα = yβ

does not hold in general. For, if we consider two fuzzy points b0.3 and b0.7 where b
is an element of a BCC-algebra (X, ∗, 0), then

b0.3 ¯ b0.7 = (b ∗ b)min{0.3, 0.7} = 00.3

and
b0.7 ¯ b0.3 = (b ∗ b)min{0.3, 0.7} = 00.3,

but b0.3 6= b0.7.
Hence F(X) may not be a BCC-algebra under the operation “¯”. We now call

F(X) the quasi BCC-algebra.

Definition 3.1. A subset Ω of the quasi BCC-algebra F(X) is called a quasi BCC-
subalgebra if xα ¯ yβ ∈ Ω whenever xα, yβ ∈ Ω.

For any α ∈ (0, 1], let Fα(X) denote the set of all fuzzy points in X with the
value α. It is easily to check that (Fα(X),¯, 0α) is a BCC-algebra and that Fα(X)
can be identified with X. We call Fα(X) a fuzzy point BCC-algebra.

Definition 3.2. Let α ∈ (0, 1]. A subset Ωα of a fuzzy point BCC-algebra Fα(X)
is called a fuzzy point BCC-subalgebra if xα ¯ yα ∈ Ωα whenever xα, yα ∈ Ωα.

Example 3.3. Let X = {0, a, b, c, d} be a BCC-algebra with the following Cayley
table:

∗ 0 a b c d
0 0 0 0 0 0
a a 0 a 0 0
b b b 0 0 0
c c c a 0 0
d d c d c 0

We know that (F0.5(X),¯, 00.5) is a fuzzy point BCC-algebra and Ω0.5 =
{00.5, a0.5, b0.5} is a fuzzy point BCC-subalgebra of F0.5(X).

Remark. Let α ∈ (0, 1]. Then Fα(X) is a quasi BCC-subalgebra of F(X).

Given a fuzzy set µ in X and α ∈ (0, 1], we define two sets:

Fα(µ) := {xα ∈ F(X) | µ(x) ≥ α}
and

F(µ) :=
⋃

α∈(0,1]

Fα(µ).

The following example shows that Fα(µ) may not be a fuzzy point BCC-subalgebra
of Fα(X) for some α ∈ (0, 1].

Example 3.4. Let X = {0, a, b, c, d} be a set with the following Cayley table:
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∗ 0 a b c d
0 0 0 0 0 0
a a 0 0 0 0
b b b 0 0 a
c c b a 0 a
d d d d d 0

Then (X, ∗, 0) is a proper BCC-algebra (see [3]). Consider a fuzzy set µ in X
defined by µ(0) = 0.8, µ(a) = 0.2, µ(b) = 0.3 and µ(c) = µ(d) = 0.5. Then
F0.4(µ) = {00.4, c0.4, d0.4} is not a fuzzy point BCC-subalgebra of F0.4(X) since
c0.4 ¯ d0.4 = (c ∗ d)0.4 = a0.4 /∈ F0.4(µ).

Lemma 3.5. If µ is a fuzzy BCC-subalgebra of X, then Fα(µ) is a fuzzy point
BCC-subalgebra of Fα(X) for every α ∈ (0, 1].

Proof. For any α ∈ (0, 1], let xα, yα ∈ Fα(µ). Then µ(x) ≥ α and µ(y) ≥ α. Since
µ is a fuzzy BCC-subalgebra of X, it follows that

µ(x ∗ y) ≥ min{µ(x), µ(y)} ≥ α

so that xα ¯ yα = (x ∗ y)α ∈ Fα(µ). Hence Fα(µ) is a fuzzy point BCC-subalgebra
of Fα(X). ¤

Theorem 3.6. Let µ be a fuzzy set in X. If Fα(µ) is a fuzzy point BCC-subalgebra
of Fα(X) for every α ∈ (0, 1], then F(µ) is a quasi BCC-subalgebra of F(X).

Proof. Let x, y ∈ U(µ; β), where β ∈ (0, 1]. Then µ(x) ≥ β and µ(y) ≥ β, and so
xβ , yβ ∈ Fβ(µ). Hence

(x ∗ y)β = xβ ¯ yβ ∈ Fβ(µ)

because Fβ(µ) is a fuzzy point BCC-subalgebra. It follows that µ(x ∗ y) ≥ β so
that x ∗ y ∈ U(µ; β). Thus U(µ; β) is a BCC-subalgebra of X. Now let xα, yβ ∈
F(µ). Then µ(x) ≥ α ≥ min{α, β} and µ(y) ≥ β ≥ min{α, β}. Therefore x, y ∈
U(µ;min{α, β}), and so x ∗ y ∈ U(µ;min{α, β}) since U(µ;min{α, β}) is a BCC-
subalgebra. It follows that µ(x ∗ y) ≥ min{α, β} so that

xα ¯ yβ = (x ∗ y)min{α, β} ∈ F(µ).

Consequently, F(µ) is a quasi BCC-subalgebra of F(X). ¤

Theorem 3.7. Let µ be a fuzzy set in X such that F(µ) is a quasi BCC-subalgebra
of F(X). Then

(i) µ is a fuzzy BCC-subalgebra of X.

(ii) 0α ∈ F(µ) for all α ∈ Im(µ).

Proof. (i) Let x, y ∈ X be such that µ(x) = 0 or µ(y) = 0. Then

µ(x ∗ y) ≥ 0 = min{µ(x), µ(y)}.



Quasi BCC-algebras 119

Since xµ(x), yµ(y) ∈ F(µ) for all x, y ∈ X with µ(x) 6= 0 6= µ(y), we have

(x ∗ y)min{µ(x), µ(y)} = xµ(x) ¯ yµ(y) ∈ F(µ).

Hence µ(x ∗ y) ≥ min{µ(x), µ(y)}, and so µ is a fuzzy BCC-subalgebra of X.
(ii) Let α ∈ Im(µ). Then there exists x ∈ X such that µ(x) = α. Thus xα ∈

F(µ), and so 0α = (x ∗ x)α = xα ¯ xα ∈ F(µ). This completes the proof. ¤

Remark. Let µ be a fuzzy set in X and α, β ∈ (0, 1] with α ≥ β. If xα ∈ F(µ),
then xβ ∈ F(µ).

Definition 3.8. Let µ be a fuzzy set in X. Then F(µ) is called a quasi BCC-ideal
of F(X) if it satisfies

• 0α ∈ F(µ) for all α ∈ Im(µ),

• for all xα, yβ , zγ ∈ F(X), (xα ¯ yβ) ¯ zγ ∈ F(µ) and yβ ∈ F(µ) imply
xmin{α, β} ¯ zmin{β, γ} ∈ F(µ).

Example 3.9. Let X and µ be as in Example 3.4. Then the set

F(µ) := {0α | α ∈ (0, 0.8]} ∪ {aβ | β ∈ (0, 0.2]} ∪ {bγ | γ ∈ (0, 0.3]}
∪{cδ | δ ∈ (0, 0.5]} ∪ {dε | ε ∈ (0, 0.5]}

is not a quasi BCC-ideal of F(X) because (b0.5 ¯ d0.4) ¯ d0.3 = 00.3 ∈ F(µ) and
d0.4 ∈ F(µ), but

bmin{0.5, 0.4} ¯ dmin{0.4, 0.3} = b0.4 ¯ d0.3 = a0.3 /∈ F(µ).

Example 3.10. Let X = {0, a, b, c, d, e} be a set with the following Cayley table:

∗ 0 a b c d e
0 0 0 0 0 0 0
a a 0 0 0 0 a
b b b 0 0 a a
c c b a 0 a a
d d d d d 0 a
e e e e e e 0

Then (X, ∗, 0) is a proper BCC-algebra (see [6]). Let µ be a fuzzy set in X defined
by µ(e) = 0.3 and µ(x) = 0.5 for all x 6= e. Then µ is a fuzzy BCC-ideal of X, and
the set

F(µ) = {0α, aβ , bγ , cδ, dε | α, β, δ, γ, ε ∈ (0, 0.5]} ∪ {eρ | ρ ∈ (0, 0.3]}

is a quasi BCC-ideal of F(X).
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Theorem 3.11. Let µ be a fuzzy set in X. Then µ is a fuzzy BCC-ideal of X if
and only if F(µ) is a quasi BCC-ideal of F(X).

Proof. Assume that µ is a fuzzy BCC-ideal of X. Since µ(0) ≥ µ(x) for all x ∈ X,
we have µ(0) ≥ α for all α ∈ Im(µ). Hence 0α ∈ F(µ). Let xα, yβ , zγ ∈ F(X) be
such that (xα ¯ yβ)¯ zγ ∈ F(µ) and yβ ∈ F(µ). Then µ((x ∗ y) ∗ z) ≥ min{α, β, γ}
and µ(y) ≥ β. Since µ is a fuzzy BCC-ideal, it follows that

µ(x ∗ z) ≥ min{µ((x ∗ y) ∗ z), µ(y)}
≥ min{min{α, β, γ}, β}
= min{α, β, γ}

so that

xmin{α,β} ¯ zmin{β,γ} = (x ∗ z)min{min{α,β}, min{β,γ}}
= (x ∗ z)min{α,β,γ} ∈ F(µ).

Conversely, suppose that F(µ) is a quasi BCC-ideal of F(X). Obviously µ(0) ≥ µ(x)
for all x ∈ X. Let x, y, z ∈ X be such that µ((x ∗ y) ∗ z) = α and µ(y) = β. Then
yβ ∈ F(µ) and

(xα ¯ yβ)¯ zα = ((x ∗ y) ∗ z)min{α, β} ∈ F(µ).

Since F(µ) is a quasi BCC-ideal, it follows that

(x ∗ z)min{α,β} = xmin{α,β} ¯ ymin{α,β} ∈ F(µ)

so that µ(x ∗ z) ≥ min{α, β} = min{µ((x ∗ y) ∗ z), µ(y)}. Hence µ is a fuzzy BCC-
ideal of X ¤
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