KYUNGPOOK Math. J. 45(2005), 45-53

On the Basis Number of the Semi-Strong Product of Bipartite
Graphs with Cycles

M.M.M. JARADAT AND MAREF Y. ALZOUBI
Department of Mathematics, Yarmouk University, Irbid, Jordan
e-mail : mmjst4@yu.edu.jo and maref@yu.edu.jo

ABSTRACT. A basis of the cycle space C(G) is d-fold if each edge occurs in at most d cycles
of C(G). The basis number, b(G), of a graph G is defined to be the least integer d such
that G has a d-fold basis for its cycle space. MacLane proved that a graph G is planar
if and only if b(G) < 2. Schmeichel showed that for n > 5, b(K, e P>) < 1+ b(K,). Ali
proved that for n,m > 5, b(K, ® K.,) < 3+ b(K,) + b(Kn). In this paper, we give an
upper bound for the basis number of the semi-strong product of a bipartite graph with a
cycle.

1. Introduction

Throughout this paper, we consider only finite simple connected graphs. Our
terminology and notation will be standard except as indicated.

Let G be a graph and ey, ez, , €|g(@) be an enumeration of its edges. Then
any subset S of E(G) corresponds to a (0, 1)-vector (C1,C2, -+, {|r(@)|) € (Zy) @)
with ¢; =1ife; € Sand (; =01if e; ¢ S. Let C(G), called the cycle space, be the
subspace of (Zg)‘E (@I generated by the vectors corresponding to the cycles in G.
We shall say that the cycles themselves, rather than the vectors corresponding to
them, generate C(G). It is well known that if r is the number of components of G,
then dim C(G) = |E(GQ)| — |[V(G)| + .

A basis of C(G) is called d-fold if each edge of G occurs in at most d of the cycles
in the basis. The basis number of G, b(G), is the smallest non-negative integer
number d such that C(G) has a d-fold basis. The first important result concerning
the basis number of a graph was the theorem of MacLane when he proved that a
graph G is planar if and only if b(G) < 2.

Schmeichel proved that there are graphs with arbitrary large basis numbers.
Moreover, Schmeichel proved that b(K,) < 3.

The required basis of C(G) is a basis with b(G)-fold. Let G and H be two
graphs, ¢ : G — H be an isomorphism and B be a (required) basis of C(G). Then
B' = {p(c)|c € B} is called the corresponding (required) basis of B in H.

Let Gy and G2 be two graphs. The direct product G = G; A G2 is the
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graph with the vertex set V(G) = V(G1) x V(G2) and the edge set E(G) =
{(u1,u2)(v1,v2)|u1v; € By and ugve € Es}. The semi-strong product G = G @ Gs
is the graph with the vertex set V(G) = V(G1) x V(G2) and the edge set E(G) =
{(u1,u2)(v1,v9)|lugvy € Ey and ugvy € E5 or uy = vy and ugvy € Fy }. Note
that, |E(G1 AG2)| = 2|E(G1)||E(G2)| and |E(G1 e Gs)| = 2|E(G1)||E(G2)|+
V()| [E(Go).

In this paper, we are interested in establishing an upper bound of the basis
number of the semi-strong product of a bipartite graph with a cycle. In the following
results of Schmeichel and Ali in which they give an upper bound for the basis number
of the semi-strong product of a complete graph K, with a path P, and a complete
graph K,,.

Theorem 1.1. (Schmeichel) For each n > 5,b(K,, @ P») < 1+ b(K,).
Theorem 1.2. (Ali) For each n,m > 5,b(K,  K,,) <3+ b(K,) + b(K,,).

A tree T consisting of n equal order paths {P(l), P@ ... ,P(”)} is called an
n-special star if there is a vertex, say wvi, such that vy is an end vertex for each
path in {PM, PP ... P and V(PO)NV(PYW) = {v,} for each i # j (see
[5]). Jaradat proved the following result ([5]).

Theorem 1.3. (Jaradat) For each bipartite graph G, b(G A C,) < 3 + b(G).
Moreover, b(GAC,,) < 24 b(G) if G has a spanning tree which contains no subgraph
isomorphic to a 3-special star of order 7.

It is well known (see Harary [4]) that the direct product of a bipartite graph G
with a path of order 2, P, is disconnected, the following result ([5]) generalize this
result.

Proposition 1.4. (Jaradat) Let G be a bipartite graph and Py be a path of order
2. Then G N\ Py consists of two components Gy and Go each of which is isomorphic
to G.

In view of the above results, a natural question arises: does there exist an upper
bound of the basis number of the semi-strong product of graphs?

Our main purpose in this paper is to give a positive answer to the above ques-
tion by considering the semi-strong product of a bipartite graph with a cycle.

2. Main results

In this section, we give an upper bound of the basis number of the semi-strong
product of a bipartite graph with a cycle. Throughout this section we consider
Cp, = v1vg -+ V,—10,v1 and the fold of an edge e in a set B C C(G), fu(e), is the
number of cycles in B containing e.

Lemma 2.1. For each cycle C,, with n > 4 and path P, = ww, we have
b(PyeCp) > 3.
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Proof. Let A = {(u,v1),(w,v1),(w,v3)} and B = {(u,v2), (w,v2), (u,v,)}.
Consider the subgraph H of P, e C, whose vertex set V(H) = AU B U
{(w,v4), (w,v5),- -, (w,v,—1)} and edge set consists of the following nine paths:
Py = (u,v1)(w,v2), Po = (w,v1)(u,v2), Ps = (u,v1)(u,v,), Py = (w,v1)(u,v,), Ps
= (u,v1)(u,v2), Ps = (u,v2)(w,v3), Pr = (w,v1)(w,v2), Ps = (w,vs)(w,vs3), and
Py = (w,v3)(w,vq) - - - (W, vp—1)(u, vy,). Then H is homeomorphic to K3 3. There-
fore, b(P, o Cy,) > 3. O

Theorem 2.2. For each cycle C,, with n > 4 and path P, = uw, we have
b(Py e Cp) = 3.
Proof. To prove this Lemma it suffices to exhibit a 3-fold basis for C(P; e C},). Set

Bru = {Bi = (w0;)(u0500) (nv2)(w,0j41) (w,vy) | = 1,2, ,n =2}
U {Bg;;l) = (U, V1) (0, vn)(u,vl)(w,vn)(u,vn_l)} , and
Bp,w = {ngw = (w,v;)(w, vj4+1) (W, vj12) (w, vj41)(w,v5) | F=1,2,-- ,n— 2}

U {Bg;;1> - (w,vn_l)(w,vn)(w,vl)(u,vn)(w,vn_l)} .

It is an easy matter to see that each of Bp,, and Bp,, is linearly independent.
Note that every linear combination of cycles of Bp,, contains at least one edge of
the form (u,v;)(u,vj41) and (u,v1)(u,vy,) for some j which is not in any cycle of
Bp,w. Thus Bp,, U Bp,, is linearly independent set. Now, consider the following
two cycles:

Cy = (u,v1)(u,v2) -+ (U, vy ) (u,v1) and Cy, = (w, v1)(w,va) - -+ (W, vy,) (W, v71).

We now prove that C, is independent from the cycles of Bp,, U Bp,y. Let F =

i ng&i (mod 2). Then F' is an edge disjoint union of cycles and each of which
contains at least one edge of the form (w,v;)(w,v;j4+1) and (w,v1)(w,v,) for some

j. Thus, if C,, = >4, ngj + >0, Bg;"l)u(mod 2), then ~, must be equal to 0.
Hence C,, = > )1, Bgﬁ:‘g (mod 2). To this end, we consider two cases:

Case 1. n is odd.
Since (u, v1)(u, v2), (v, v2)(u,vs) € E(C,) and the only cycle in Bp,, contain-

ing (u,v1)(u,ve) is B%)u, we get ngu € {Bg;z, ngﬁ, e ng;ﬁ)} and Bg;u ¢
{B%&,Bgﬁg,-“ , Bg;i)}. Also since (u,vs)(u,vq), (u,v4)(u,v5) € E(Cy)
and the only two cycles in Bp,,, containing (u, vs)(u,v4) are ng)u and Bg;)u, we
e B € {532,552 - 553} e B0, {592, 88, ).
Continuing in this way implies that Bg;m € {ng&, Bg;z, e ,Bg;j)}. It is
easy to see that (u,v1)(u,v,) € E(C,), and the only cycle in Bp,, contains
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this edge is Bg;;l). Then Bg;l) € {B%ﬂ,l@%ﬂ, e ,Bg;’é)}. One can see
easily that (u,vy,)(u, v,—1) belongs only to ng), Bg;;l) and C,,. Therefore,
it is not in Y )%, Bg:g (mod 2). This is a contradiction.

Case 2. n is even.
Then by the same arguments as in Case 1 we have that each of BSQ)H, Bg;?u,

B B e (B, B - B} and each of BE,,BE)

Pyu» =~ Pau? Pour "
B ¢ (BB, B} Therefore, €, + S1L, B (mod 2)
contains (u, v,—1)(w, v, ). This is a contradiction.

Using the same arguments as above one can prove that C,, is independent from the
cycles of Bp,, U Bp,,, U {Cy}. Therefore, Bp,, U Bp,,, U {Cy,} U{C,} is linearly
independent. Now, set

D = (u,v1)(u, v2)(w,v1)(w, vy)(u, vy1).

To this end, we show that D is linearly independent from the cycles of Bp,, U
Brw{CU{Cu . Let F = B BE). -+ B Yo BE, BE - B U

Pow
{Cy}pea where A C {u,w}. Assume D =371, Bg;z +>02, Bg’ﬁ +2 escaCr
(mod 2). Since (u,v1)(w,v2) and (w,v1)(u,vs) are two edges of E(D) and the
only cycles in Bp,,, UBp,, U{C,}U{C,} containing these two edges are Bgz)u and

B%)w, respectively, as a result {B%)u785312)w} C F. Also since (u,v2)(w,vs) and
(w, v2)(u, v3) are two edges of E(Bg;u @nglz)w) where @ is the ring sum, and are not
in F(D) and the only two cycles containing these edges are Bg;u and Bg)w, we have
{ng)u’ ng)w} C F. Continuing in this way it implies that {Bg;l),l?g;l)} C F.
Note that Bg;l) is the only cycle which contains only one of the following two

edges (u,v,)(w,v1) and (w, v, )(u,v2) and Bg;l) is the only cycle which contains
the other. Hence, these two edges belong to D, a contradiction. Therefore, Bp, =
Bp,y U Bpyyw {Cu} U{Cy} U{D} is linearly independent. Since |Bp,| =2n+1 =
dim C(Py e (), Bp, is a basis for C(P, e C'). To complete the proof of the Theorem,
we show that B is a 3-fold basis. Let e € E(Py e Cyp). (1) If e € E(Py ACy),
then fgp,,(e) < 1, f8p,.(€) < 1, fioyuio,y(e) = 0, and fipy(e) < 1. (2) If
e € E(PyeCy) — E(P A Cy), then fp,,,(e) =0, fgp,,(e) =0, fic,jufc.y(€) < 2,
and fypy(e) <1 (see figure 1 which illustrates the case P, @ Cy).
([l
In order to achieve our goal we find it is useful to give the following definition.
Let G be a graph and ey, ez, - - €|p(q)|-1, €|E(e)| be an ordering of the edge set of
G. For each e; assign 1 to one of its two vertices and 0 to the other. Let u be a
vertex which is incident to en,,€n,, - ,€,, Where n; < ng < --- < n,. Then u
corresponds to a (0,1)-vector (£1,&2,---,&) where & = 0 if 0 is assigned to u in
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(uvy) (Uva)  (W,vg) (Uva) (Uvs)  (W,V,) (W,v,)
(WVy)
®
(uvy)
B@, ?
{
(u, v1 (u,vy) (W.vy) (w V)
(uva) o B(s
w v
(w,v2) (u, Vz) (W,vy) 3
(u,vy)
(u,v3)
(uvy) (u, V1) (W,v,) (W,V,) (W,v)
1 2)
BYpy, D B®p
Figure 1:

en; and & = 1 if 1 is assigned to u in e,,. We call this vector a degree vector of
u and denote it by DVi(u). The set of all degree vectors of G will be denoted by
DV S(G). Note that DV S(G) is not unique because the values of the components
in each vector depend not only on the way we assign the 0’s and 1’s for the vertices
of edges of GG but also on the way we label the edges of G.

Proposition 2.3. For each tree T of order > 2, there is a degree vector set DV S(G)
such that the degree vector of any vertex contains exactly one entry of value 1, except
one end vertex has degree vector (0).

Proof. Label the edge of T. Pick any end vertex of T', say v*, and let v*v € E(T).
Assign the value 0 to the vertex v*, so the vertex v has to take the value 1 in the
edge v*v. Now, let {v1,va, - ,v,,0*} be the set of all vertices which are adjacent
to v. For each 1 < j < r assign the value 0 to v and 1 to each v; in the edge vvy,
vy, -+, vu,.. For each 1 < j < r assume {vjl,vj2,~- 7Ujr77v} is the set of all
vertices which are adjacent to v;. For each 1 < j < r and 1 < s < r; assign the
value 0 to v; and 1 to v;, in each edge v;v;,. By continuing in this process, we get
that every degree vector of every vertex has exactly one of its components the value
1 except the degree vector of v* is (0) (see figure 2).
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T
U € U U, € Ug U; € U; U, € Us U, € Ug
o—0 o——0 o—0 [ o @ L]
0 1 0 1 1 0 1 0 1

DVS(T)={ DVt (u1)=(0), DVt (uz)=(1,000), DVr(uz)=(10), DV (us)=(2)
DVt (us)=(1), DVt (ug)=(1)}

Figure 2:

O
The following lemma of Jaradat will play a useful role in the coming results:

Proposition 2.4. (Jaradat) For each tree T of order > 3, there is a set of paths
S(T) = {P3(1),P§2), e ,P:.)(m)}, called a path-sequence, such that

each P?Ei) is a path of length 2,

U, E(P) = E(T)

1=

)
)
ii) every edge wv € E(T) appears in at most three paths of S(T),
) each Pg(j) contains one edge which is not in Uf;ll ngi),

)

if wv appears in three paths of S(T), then the paths have forms of either
wva, uvb and cuv or auv,buv or uvce,

(vi) for each end point v the edge vv* occurs in at most two paths of S(T).

(vii) m = |V(T)| - 2 = |E(T)| - 1.

One can easily see from the proof of Proposition 2.4 (see [5]) that each S(T),
which satisfies the conditions in Proposition 2.4, there is an edge whose one of its
vertices is an end vertex of T' and appears only in one path of S(T"). Moreover, from
the proof of Proposition 2.3 we can assume that edge is the edge which contains the
vertex of degree vector (0).
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Let e = ww. In the following results we consider B =B, UC, if 1is assigned
to u and 0 to w, and B®) = B, UC, if 1 is assigned to w and 0 to u where
Bey = Bp,y, and Bey = Bp,qy as in Lemma 2.2.

Lemma 2.5. For each tree T of order > 2 and cycle C,, with n > 4, we have
3<b(T eC,) <4. Moreover, b(T e Cy,) = 3 if T contains no subgraph isomorphic
to a 3-special star of order 7.

Proof. Let e € E(T). Then eeC,, is a subgraph of TeC,,. Since, by Lemma 2.2, ceC,,
is non planar, we get that T'eC,, is non planar and so b(T'eC,,) > 3. Now, let S(T') =
{P?El) = atbier, P = asbacy, -, VT = a\v(T)|72b\V(T)|f2C\V(T>I*2} be
a path sequence as in Proposition 2.4. Let DVS(T) be the set of all degree vectors
of G as in Proposition 2.3. Set

Bpw = {(ai, vj41)(bi, v5)(cis v1) (i vj42) (@i, 0j41) | 7= 1,2, n — 2}

U{(ai, vn)(bi, vn—1)(ci, vn) (bs, v1)(as, vn ) }
U {(ai,vl)(bi,vg)(ci,vl)(bi, Un)(ai,’ljl)} .

X V(T)|—2
Let B = U712 B 0.
assume that P, is the edge which contains the vertex with degree vector (0). Let
B = Bp, U (Uecer ) -p, B(¢)). Since the degree vector of each vertex contains
exactly one entry of value 1 except one of the vertices of P, which is an end vertex,
we get that E(B©)) N E(B€)) = ¢ and E(B))N E(Bp,) = ¢ whenever ¢ # e and
e # P». Hence, B is linearly independent. To this end, one can easily see that each
cycle of B* consists of four edges. Moreover, each of these cycles either contains
an edge which is not in any cycle of B or has exactly two edge belong to B() and

the other two belong to B(el) or to Bp, for some ¢ # e. Therefore, B = B* uB' is
linearly independent. Since

Then B* is linearly independent (see [5]). We may

Bl = |B'+|8|
V(T)|-2
SED O IR S LR
i=1 e€E(T)—P;
V(T)|-2
= Z n+ Z n+ (2n+1)
i=1 e€E(T)—P;

= dimC(Te(C,),

B is a basis for C (T e C,,). To conclude the proof of this Theorem, we show that B
satisfied the fold stated in the theorem. Let e € E(T' e C,,). (1) If e € E((T — P2) A
Cy), then fp«(e) < 3 (see [5]) and fgz (e) < 1. Moreover, fz-(e) < 2 (see [5]) and
fr (e) < 1if T contains no subgraph isomorphic to a 3-special star of order 7, (2) if
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e€ E(P,ACy), then fg«(e) <1land fg(e) <2 (3)ifec E(PyoC),)—E(P,ANC,),
then fg-(e) =0 and fgz (e) < 3. O
Theorem 2.6. Let G be a bipartite graph and C,, be a cycle. Then b(G e C,,) <
4+ b(G). Moreover, b(G @ Cp,) < 3+ b(G) if G has a spanning tree contains no
subgraph isomorphic to a 3-special star of order 7.

Proof. Let Tg be a spanning tree of G. Let Br be the basis of C(Tg ¢C,,) as in
Lemma 2.5. Let By, = Bob,,, UBS,,and By,,, = BSi), UBLY, where BUY,
and B,Sf?,l 41, and B&Ln and Bg)vn are the corresponding basis of the required basis
of the two copies of G A v;v;41 and G A v1v,, respectively. It is an easy matter
to see that E(B&LHI) N E(Bq(]?%i“) = ¢ and E(B,(ﬁ)vn) N E(Bg)vn) = ¢. Moreover,
E(Byv,1) N E(Byv;,,) = ¢ and E(By,y,) N E(By,v,,,) = ¢ if i # j. Hence,
Ba = (U?;ll By, v, +1) U By, v, is linearly independent set. Note that each cycle of
Be contains at least one edge of E((G —Tg) A Cy) which is not in any cycle of Br.
Therefore B = Bg U Br is linearly independent set. Now

1Bl = |Bc|+|Brl
ondim C(G) + 2|E(Te)| |E(C)| + 1
dimC(G o C,y),

Therefore, B is a basis. To this end, if e € E(G o C),) then fs.(e) < b(G) and
fBr(e) < 4. Moreover, fp,(e) < b(G) and fg,.(e) < 3 if G contains no subgraph
isomorphic to a 3-special star of order 7. (|
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