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ABSTRACT. In this paper we investigate the growth of finite order solutions of the
differential equation f*) + Ap_1(z)f* Y 4+ ... 4 Al(z)f/ + Ao(2)f = F(z), where
Ao(2),- - ,Ak—1(2) and F(z) # 0 are entire functions. We find conditions on the co-
efficients which will guarantees the existence of an asymptotic value for a transcendental
entire solution of finite order and its derivatives. We also estimate the lower bounds of
order of solutions if one of the coefficient is dominant in the sense that has larger order
than any other coefficients.

1. Introduction and statement of results

For an entire function f we denote by o(f) the order of growth of f which is
defined by

— log T — log log M
(11) o(f) = T 8T S) _ o loglog M(r, f)
r——+00 log r r—+00 IOg r
where T'(r, f) is the Nevanlinna characteristic function of f, and M(r, f) =

max|.|—, | f(z)]. See [4] for the notations and definitions.
For k > 2 we consider the non-homogeneous linear differential equation

(1.2) FO 4 A1 (2)f* D 4o Ay (2)f + Ao(z)f = F,

where Ag(2), -, Ax—1(2) and F(z) # 0 are entire functions. It is well-known that
all solutions of equation (1.2) are entire functions. It is also known that if there
exists one As (0 < s <k —1) such that Ay is transcendental with

max {o(A;)(j # 5).0(F)} < o(A,) < 1/2,

then every transcendental solution f of (1.2) is of infinite order ([5]). Recently the
growth theory of the differential equations has been an active research area, and
the growth problems of the non-homogeneous linear differential equations are of
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very important aspect in this area. In [1] Belaidi and Hamani have investigated the
growth of solutions of the differential equation

(1.3) PO 4 A1 () fF D 4o A (2)f 4 Ao(2) f =0,

where Ag(z), -+, Ax—1(2) are entire functions with Ay(z) # 0 and have proved the
following results:

Theorem A ([1]). Let Ag(z), -, Ap—1(2) with Ag(z) # 0 be entire functions such
that for real constants o, 3, 61 and 03 where o > 0,0 > 0 and 61 < 03, we have

(1.4) A1(2)] = exp { (1 + (1) ]2 |
and
(1.5) 45()| < exp {o(1) 127} (G =02, k= 1)

as z — o0 in 6y < argz < 03. Let € > 0 be a given small constant, and let S(g)
denote the angle 64 +¢ < argz < 0y —e. If f #£ 0 is a solution of equation (1.3)with
o(f) < +oo, then the following conditions hold:

(i) There exists a constant b # 0 such that f(z) — b as z — oo in S(e).

Furthermore,

(1.6) F(z) = bl < exp {= (1 + o(1)ar ]2}

as z — oo in S(e).

(ii) For each integer m > 1

(1.7) £ 2| < exp { = (1+ o(1)ar ]2’}
as z — oo in S(e).

Theorem B ([1]). Let Ag(2), -+ ,Ax_1(2) be entire functions that satisfy
max{c(A4;) : j=0,2,--- ,k—1} < 0(A1). Then every solution f # 0 of (1.3) of
finite order satisfies o(f) > o(Ay).

The main aim of this paper is to extend the above results to the non-
homogeneous linear differential equation (1.2) in the following theorems, in which
the dominating coefficient A;(z) is replaced by As(z).

Theorem 1.1. Suppose that Ag(z), -+, Ax—1(z) and F £ 0 are entire functions
such that for real constants a, 3, 61 and 03 where o > 0, B > 0 and 6, < 03, we
have for some s=1,--- ,k—1,

(1.8) [4,(2)] = exp { (1+ o(1) |21}
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and
(19) max {|4;(2)],|F()]} < exp {o(1) )"}
forall j =0,---,s—1,s4+1,--- k=1 as z — o in 0y < argz < 0. For

given € > 0 small enough let S(e) denote the angle 61 + ¢ < argz < 0y —e. If f
is a transcendental solution of equation (1.2) with o(f) < 400, then the following
conditions hold:

(i) There exists a constant bs_y such that f*~1(z) — bs_jas z — oo in S(e).
Indeed,

(1.10) ’f(s_l)(z) —bs_1’ < eXp{—(1+0(1))Oé|Z|B}

as z — oo in S(e).

(ii) For each integer m > s

(1.11) £ ()

<exp {~(1+o(1)a ="}
as z — oo in S(e).

Theorem 1.2. Let Ao(z), -+, Ak—1(2) and F # 0 be entire functions such that for
some integer s, 1 < s <k —1, we have max{o(A4;) (j #s), o(F)} < o(As). Then
every transcendental solution f of (1.2) of finite order satisfies o(f) > o(As).

2. Preliminary lemmas
Our proofs depend mainly upon the following Lemmas.

Lemma 2.1 ([3, p. 89]). Let f be a transcendental entire function of finite order
o, let T'={(k1,71), (k2,72), -+, (km,Jm)} denote a finite set of distinct pairs of
integers that satisfy k; > j; > 0(i = 1,--- ,m), and let ¢ > 0 be a given constant.
Then there exists a set E C [0, 2m) that has linear measure zero, such that if
o € [0, 2w) — E, then there is a constant Ry = Ro(vg) > 1 such that for all z
satisfying arg z = 1y and |z| > Ry, and for all (k,j) € T, we have

f® ()
7902

(2.1) < || k=D lo=1te)

Lemma 2.2 ([2], [6]). Let f(z) be an entire function and suppose that ’f(k)(z)| is
unbounded on some ray argz = 0. Then there exists an infinite sequence of points
2y =rpet? (n=1,2,---), where 1, — +00, such that f*)(z,) — oo and

f(j)(zn)
‘f(’” (2n)

(2.2) < (L4 0(1) 2" (= 0+ 1k — 1),

1
(k= J)!
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Lemma 2.3 ([3]). Let f(z) be a meromorphic function, let j be a positive integer,
and let a« > 1 be a real constant. Then there exists a constant R > 0 such that for
all r > R, we have

(2.3) T(r, f9) < (j +2)T(ar, f).

3. Proof of Theorem 1.1

Suppose that f is a transcendental solution of (1.2) with o(f) < 4o00. Set
p =0(f). Then by Lemma 2.1, there exists a set E C [0, 27) that has linear measure
zero, such that if ¢y € [0,27) — E, then for all k > s> 1, and all j =s+1,--- ,k,

f(j)(z)
f&(z)

as z — oo along arg z = .

(3.1) < |Z|(j—8) (p=1+e) < |Z|(k'—5)p (0<e<1)

Now suppose that ‘f(s) (z)’ is unbounded on some ray argz = ¢o where ¢g €

[01,02] — E. Then by Lemma 2.2, there exists an infinite sequence of points z,, =
rne’® where r, — 400 such that f(s)(zn) — oo and

1 s—7j s /-
B2 [FE e o)l <2kl =00 s
as z, — 00. By (1.2) we have
(k) (k=1) g (s+1) 4
(s f f k—1 f s+1
(3.3) f [ﬂ)A + 7o A, ot 7oA,
S Ay f A F
1+ Lol _ &
+1+ f(S) AS + f(S)A AS

Combining (3.1), (3.2), (1.8) and (1.9) together with (3.3) yields that f)(z,) — 0
as z, — co. This contradicts that f(*)(z,) — oo as z, S)(z)|
is bounded on any ray argz = ¢ where ¢ € [01,05] — E. It then follows from the
classical Phragmén-Lindelof theorem [7, p.214] that there exists a constant M > 0
such that

(3.4) £ )| < m
for all z € S(e).

If 0y € [61 +¢&,02 — €] — E, then when argz = 6y, we obtain for all m < s, by
(s — m)-fold iterated integration along the ray under consideration,

(3.5) f(m)(z) = f(m)(o) + f(m—'rl)(o)z 4+t mf(s—l)(o)zs—m—l

+/OZ---/OC/OEf(S)(t)dtdf---du
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Therefore, by an elementary triangle inequality and (3.4), we obtain from (3.5)
36)  [rme)

< |FmO|+ |F @) 2+ a0 E

(s—m-—1)

+M/0 / / ] |dg] -« |dul = O(|2*™™).

We obtain from (1.2)

(s)

CRONN NG T
fk (k 1) fs+1) ()
< P+ (| + [Ar-2) fu ot A e |

1A @£+ LA | ]+ Ao2)] 11

Using (3.1), (3.4), (3.6), (1.8) and (1.9), we obtain from (3.7)

(3.8) exp{ (1+o(1))a || }‘f ‘
< exp{o(1) |z|ﬁ}+|z|<k P (14 (k= s = Dexpfo(1) 1} | 17|
+(O() &+ Off) explol )I21%)
< exp{o(l |z|ﬁ}+|z| (1+(k—s—1)exp{o(1)|z|ﬁ})M
(

+(O(al") + -+ Ozl exp {o(1) 1217}

as z — oo along arg z = 6. From (3.8), we conclude that

(3.9) £72)]
exp {o(1) 21"} + 12177 (14 (k= 5 = Dexp {o(1) 12| )M
exp {(1+o(1))alz/’}
(O(l#1°) + -+ + Ol exp {o(1) |21}
exp {(1+o(1))al2/}
< exp{-(1+o()alz’}.

Using an application of the Phragmén-Lindel6f theorem to (3.9), we can derive that

(s)

+

(3.10) £9)| < exp {1+ o(1))al)’}
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as z — oo in S(2¢). This proves the second assertion for m = s.

Now let z € S(3¢) where |z| > 1, let v be a circle of radius r = 1 with center at
z, and let m > s be an integer. Then by the Cauchy integral formula and (3.10),
we obtain as z — oo in S(3¢),

m— s) ]{| ‘f - i

@1y )| <
< %.271’6)([){—(14—0(1))0&“24—1)’8}
< exp{—(1+o(1))alel’ (1 - ﬁ)ﬁ}
< e {-(+o()alz}.

This proves the second assertion for m > s.

Now fix 6 where 1 + ¢ <0 <6y — ¢, and set

“+ o0

(3.12) Qg1 = /f(s)(tem)ewdt.

0

By (3.10), it very easy to obtain the existence of as;_1 and that as_; € C. Indeed,
integrating f(s)(u) along the sector boundary 0 — R e — R ¢ — 0, by using
(3.10) and Cauchy’s theorem to conclude that the integral of f(*)(u) over the arc

[Rew,Rew} tends to zero as R — oo, the independence from 6 immediately

follows. Let z = |z| ¥ where 6; + ¢ <9 < 65 — . Then, we obtain from (3.12)

(3.13) f(s—l)( )_ f(s—l)(o) — a5

—+oo

- / 7 () — / O (te)ea

|z

|
_ / (S) < f (s) teup ’Lwdt + /f s) tel’(l)) Mlldt)
0 2|

0
+oo

= —/f(s)(tew)ewdt.

2|
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Then, we obtain from (3.10) and (3.13)

+oo
(B149) [/ - 70 4| = / FO (te) e d
2
+oo
< /exp{—(1+o(1))at5}dt

2|

+o0 B-1
1 (1 +o(1)aB 5~
< — _ i
(14 0(1))aBEL" exp {(1 +o(1))al2] } % exp {(1 + 0(1))6%}
1
<

Z|B}
ot v expq —(14+o(1))a——
(1+O(1))a6% eXP{(1+O(1))a|Z2| } ¢ p{ 2

< exp{~(1+o()alel’}

as z — oo in S(g), where by_; = f~V(0) 4+ as_1. We note also that f=1)(z) —
bs—1 as z — oo in S(e) from (3.14). The proof of Theorem 1.1 is complete. O

Next, we give two examples that illustrate Theorem 1.1.

Example 3.1. Consider the differential equation
(3.15) [/ =ze P = f +(eF+1)f = (2 + 1)e”.

In this equation, for z = re?® (r — 4+00) and %’r <fh< ‘%T we have

| — ze *| = rexp(—rcosf) > exp((1+ 0(1))?7“)
= |—¢®| <exp(rcosf) < exp(o(l)r)
le* + 1] <1+ exp(rcosf) < exp(o(l)r)

[(z4+1)e*| = (r+ 1) exp(rcosf) < exp(o(l)r).

N
o
—~ ~~ —~
:gi =
|

Hence the conditions (1.8) and (1.9) of Theorem 1.1 are verified (o = g,ﬁ =1),
with Ay(z) = —ze™# is the dominating coefficient. The function f(z) = e* 4+ z with
o(f) =1 satisfies equation (3.15) and the relations (1.10), (1.11) with b, = 1.

Example 3.2. Consider the differential equation

(3.16) flr—effl —e Ff +eff =€ — 1.
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In this equation, for z = re(r — 400) and 2% < # < 3T we have

A=) = | e =exp(reost) = exp((1+o0(1)7)
|Ao(2)] = |e*| =exp(rcosd) < explo(l)r)

|A2(2)] = |—¢€°| =exp(rcosd) < exp(o(l)r)

|F(2)] e —1] <1+exp(rcosf) < exp(o(l)r).

Obviously, the conditions (1.8) and (1.9) of Theorem 1.1 are verified (o = 3, 8 = 1),
with A;(z) = —e™* is the dominating coefficient. The function f(z) = e* with
o(f) =1 satisfies equation (3.16) and the relations (1.10), (1.11) with by = 0.

4. Proof of Theorem 1.2

Let max {o(4;)(j#s),0(F)} = 8 < 0(As) = a. Suppose that f is a tran-
scendental solution of (1.2) with o(f) < 4o0. It follows from (1.2) that

F(z) f® flk=1) Fls+D)
(4'1) AS(Z) f(s) - f(s) - k-1 Z)W T AS+1(Z)W
(s—1) ’
e - s e L - e

Applying the lemma of the logarithmic derivative, we have
fU+D
@

holds for all  outside a set E C (0, + oo) with a linear measure m(E) = § < +o0.
For j=0,--- ,k— 1, and since

(4.2) m(r, )=0(ogr) (j=0,---,k—1), (o(f) < +0),

. _ fl+D
(4.3) Tl f9H0) < 200 f9) + mir = 50),

by using Lemma 2.3 and (4.2) we obtain from (4.3)

(44) Tl fU) < 27(r, f9) + Oflogr) < 207 + 2T(r, f) + Ollog).
By (4.4), we can obtain from (4.1) that

(4.5) T(r,As) <T(r,F)+T(2r, f) + ZT(T, A;)+O(logr) (r¢E),
J#s

where ¢ is a constant. Since o(A;) = «, there exists {r;} (r,, — +00) such that

log T(r,, As
(4.6) i 08T 0w As) _
7‘;—>+OO 10g’l‘n
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Since m(E) = § < +o00, there exists a point 7, € |r,,,r, + 6 + 1| — E. From

n''n

@) log T' (1, As) S logT(r;L,As) B logT(r;L,As)
' log 7, ~log(r, +6+1) logr, +log(1+ (6 +1)/r,)
we get
logT(ry,, As
(4.8) lim log T'(rn, As) >

ot logry
So for any given (0 < 2e < a — 3), and for j # s
(4.9) T(rp,Aj) < Tngg, T(r,, F) < r5+5 and T(rp, As) > 1~ ¢

holds for sufficiently large 7,. By (4.5) and (4.9) we obtain for sufficiently large r,

(4.10) 7o < krPte 4 (21, f) + O(logry,).
Therefore,
(4.11) LA GILE DN

rm—+oo  logry,
and since ¢ is arbitrary, we get o(f) > 0(As) = a. This proves Theorem 1.2. O
Next, we give an example that illustrates Theorem 1.2.

Example 4.1. Consider the differential equation
(4.12) P e —6af — (823 + 122 + T)f = (422 + 4z + 3)e”.
In this equation we have

= %, o(Ay) =2
= —(8224+122+7), o(A4y) =0
—6z, o(A1)=0

= (422 +42+43)e*, o(F)=1.

b
Jun
~—~ ~~ —~
\./\t\_z/\./\./
I

Hence the conditions of Theorem 1.2 are verified. The function f(z) = e’ ** with
o(f) = 2 satisfies equation (4.12) and the relation o(f) > o(As).
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