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Weighted L” Estimates for a Rough Maximal Operator
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ABSTRACT. This paper is concerned with studying the weighted LP boundedness of a
class of maximal operators related to homogeneous singular integrals with rough kernels.
We obtain appropriate weighted LP bounds for such maximal operators. Our results are
extensions and improvements of the main theorems in [2] and [5].

1. Introduction

Let S®~! be the unit sphere in R™ equipped with the normalized Lebesgue
measure do = do (z'). Let Q be a homogeneous function of degree zero on R™, with
Qe LY(S" 1) and

(1.1) /S Q (o) do () = 0,

where 2’ = z/ |z| for any x # 0.
Let 'H = the set of all radial functions h satisfying

([Trort) " <1

For a suitable C! function v on the interval (0,00) we define the maximal
operator Mgq ., by

(1.2) Ma, f(z) = sup (= ~v(yDy)Rh(lyDQ (Y') [yl ™" dy| ,

heH’ R"
where y' =y/ |y| € S"~! and f € S(R"), the space of Schwartz functions.
For the sake of simplicity, we denote Mg , = Mg if y(t) = t.

In [2], L. K. Chen and H. Lin studied the LP boundedness of the maximal
operator Mg under a smoothness condition on €). In fact, they proved the following:
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Theorem A ([2]). Assume n > 2 and Q € C(S"1) satisfying (1.1). Then

”Mﬂ(f)HLP(R") < Cp ”fHLP(R")

for2n/(2n—1) <p < oo and f € LP. Moreover, the range of p is the best possible.

Recently, in [5] Y. Ding and H. Qingzheng showed that the smoothness condition
assumed on {2 was not necessary as described in the following theorem.

Theorem B ([5]). Assume n > 2 and Q € L*(S"~1) satisfying (1.1). Then

(1.3) IMa(H)llzewy < Cp lfll Lo (w),
if p and w satisfy one of the following conditions:
(a) 2<p<ooandw € A,/r(R");
(b) 2n/(2n—1) <p <2, w(z) = |x\a ,and $(1-n)(2—p) < o < 3(2np—2n—p).

Here A,(R™) is the Muckenhoupt’s weight class whose definition will be recalled
in Section 2 and the weighted LP(w) = LP(R"™,w(z)dz), w > 0, is defined by

1/p
LM (R, w(a)d) = {f Wi = ([ W@Pwtayir) < oo}.

In light of the above results, the following natural questions arise:

Question 1. Under similar conditions on w in Theorem B, does the LP (w) bound-
edness of the operator Mg, still hold under the condition Q € L4(S"~1), for some

q#27

Question 2. Does the LP(R™) (or L? (w)) boundedness of the operator Mg would
hold under a weaker condition than the condition Q € L4(S"~1), for ¢ > 1?7

We are able to obtain answers to these questions in the affirmative. More
precisely, we have the following results:

Theorem 1.1. Suppose that n > 2 and Q € LI(S"™ 1) (¢ > 1) satisfying (1.1).
Then

(1.4) IMa(F)llLowy < Co Il Lo,
if p and w satisfy one of the following conditions:

(a) 0<p<ooandw € Apys;

(b) 2n6/(2n4+ndé—2) <p <2, w(x) = |ac|cx ,3(1-n)(2—p) < @ < 3(2np—2n—p),
where § = max{2,q'} and ¢’ is the dual exponent of q.
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For radial weights we are able to prove the following sharper and more general
result:

Theorem 1.2. Suppose thatn > 2 and 2 satisfies (1.1). Suppose v is in C*([0, 00)),
convez, and increasing function with v(0) = 0. Then

(1~5) ||MQ,7(f)||Lp(w) < Cp ”fHLp(w)
if p, Q and w satisfy one of the following conditions:
(a) Qe HY(S" 1), we A}IO/Q(RJF), 2<p<oo;

(b) Qe LI(S" V) (g> 1), 2n8/(2n+nd—2) <p <2, w(z) =|z| , L(1—n)2-
p) <a< :(2np—2n—p).

Here AZI)(R+) is a special class of radial weights introduced by Duoandikoetxea
[7] and H'(S™"!) represents the Hardy space on the unit sphere. The definitions
of AZI,(R+) and H'(S"~!) will be reviewed in Section 2.

It is known that for any ¢ > 1,

(1.6) c(S" ')y cLysS" ') C Llogt L(S™ 1) c H'(S" ™)

and all inclusions are proper.

By the relationships in (1.6) remarked above one sees that even in the special
case y(t) =t (Mg, = Mgq), Theorems 1.1-1.2 represent improvements of Theorems
A and B.

The paper is organized as follows. A few definitions and lemmas will be recalled
or proved in Section 2. Section 3 contains the proofs of the main theorems.

Throughout this paper, the letter C' will stand for a positive constant that
may vary at each occurrence. However, C' does not depend on any of the essential
variables.

2. Some definitions and lemmas

We start this section with recalling the definition of some special classes of
weights and some of their important properties which relevant to our current study.

Definition 2.1. A locally integrable nonnegative function w is said to belong to
Ap(R"™) (1 < p < o0) if there is a positive constant C' such that

-1

By (er /Q w(x)dm> (|Q|‘1 /Q w(a:)l/wdx)p <c,

and a locally integrable nonnegative function w is said to belong to A;(R") if there
is a positive constant C such that

|Q|1/Qw(y)dy < Cw(z), ae. x €Q,
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or equivalently M*w(zr) < Cw(z) a.e. x € R", where @ denotes a cube in R”
with its sides parallel to the coordinate axes and M™*f denotes the usual Hardy-
Littlewood maximal function.

Definition 2.2. Let 1 < p < oco. If w(z) = vy(|x])va(|z])' P ,where either v; €
A;(Ry) is decreasing or v? € A1(Ry), i=1,2, thenwe say that w € A,(R).

Let AZI,(R”) be the weight class defined by exchanging the cubes in the defini-
tions of A, for all n-dimensional intervals with sides parallel to coordinate axes (see
[11]). Let flll, =A,N Al Tfw e A,, it follows from [7] that M*f is bounded on
LP(R",w(|z|)dx). Therefore, if w(t) € A,(R.), then w(|z]) € A,(R™).

By following the same argument as in the proof of the elementary properties of
A, weight class (see for example [10]) we get the following:

Lemma 2.3. If1 < p < oo, then the weight class A{,(RQ has the following
properties:

(i) AL c AL if 1 <p1 <p2 < oo
(ii) For any w € 1:11[7, there exists an € > 0 such that W' € fl{);
(iii) For any w € 121117 and p > 1, there exists an € > 0 such that p —e > 1 and

AT
weA, ..

Now, let us recall the definition of the Hardy space H'(S"~!) and some of its
important properties. The Hardy space has many equivalent definitions, one of
which is given in terms of the following radial maximal operator on S*~1 :

Pt f— sup
0<r<1

| Perwiot).

where P, (y) = (1 - |x|2) [z —y|".
Definition 2.4. An integrable function fon S"~! is in the space H'(S"7!) if
[fllz1(sn-1) = IPT fll L1 (gn-1y < 00

Now let us recall the atomic decomposition of H*(S"~!). For xp € S"~! and
p >0 welet B(xg,p) =S" 1n{yeR": |y — x| < p}

Definition 2.5. A function a(-) on S"~! is called an co-regular atom if there exist

xo € S" ! and p € (0,2] such that

(2.1) supp(a) C B(zg,p);

—n+1,
P

0.

IA

(23) | alast)



Weighted LP Estimates for a Rough Maximal Operator 259

A very useful characterization of the space H'(S"~!) is its atomic decomposi-
tion. The atomic decomposition of H'(S"~1) is given by the following lemma:

Lemma 2.6. If Q € HY(S" ') and satisfies the mean value zero property
(1.1), then there exist {c;};c € C and oo-regular atoms {a;}; . such that

o0 o0
Q= 21 cja; and ||QHH1(S"—1) ~ Zl\cj\-
J= J=

For any non-zero § = (§1,---,&,) € R™, we write {' = /|| = (&1, ,&,) =
(€1,€L). For a fixed p > 0, we let L,(£) = (p°&1, plas -+, pbn) = (p*61, ps) and let
r=r(¢) = €7 L),

In proving our main results we shall need the following two results proved by
Fan and Pan in [9]:

Lemma 2.7. Let a be an co-regular atom on S~ (n > 3) with supp(a) C B(¢', p)
(0<p<1). Let

Fuls€) = (1= (s) [ als, (1= ) /25)do(i).

Then up to a constant multiplier independent of a, Fu(s,&') is an co-regular atom
on R. More precisely, there is a constant C' independent of a such that

(2.4) supp(F,) € (& —3r,&) +3r);
[Falle < Cr7l;

(2.6) /RFa(s)ds = 0,

where r = r(¢') = |(p*¢], p€l)| -

Lemma 2.8. Suppose that n = 2 and a is an co-regular atom satisfying (2.1)-(2.3).
Let & = (&1,&5) € St be the center of the support of a(-). Let

fal(s,€) = (1= 82)~ 2y _1 1y (s) {a (s, V- 52) ta (s, —V1- 52)} .

Then up to a constant multiplier independent of a, fq(s,&') is an oco-regular atom
on R. The radius of their support is v = r(£') = p\/p (5/1)2 + (fé)Q, and the center
of their support is .

Lemma 2.9. Suppose that a(-) is an oo-reqular atom on S~ with supp(a) C
B(e, p), wheree = (1,---,0) € S"L. Let v be in C%([0,00)), conver, and increasing
function with v(0) =0 and let

1/2
dt
; .

ok+1

Loq(§) = (/Zk

/ a](yl)efi’y(t)<§,y,>da_(y/)
Sn—1
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Then there exists a positive constant C' independent of k, & and p such that

NG

(27) Tnn©] < C @)
(2.8) Lun k(@) < ClEMLE)] .

Proof. We shall only prove (2.7)-(2.8) for the case n > 2, since the proof for n = 2
is essentially the same (we use Lemma 2.5 instead of Lemma 2.4). For any & # 0,
we choose a rotation 6 such that (&) = |¢|e. Let ¢y = (s,45, -+ ,4.,). Then

) 2k+1
o ©F = [
2k

where 0~ is the inverse of 6. Now, a(6~1y’) is again a regular co—atom with support
in B(¢', p), where ¢ = £/|£|. For simplicity, we still denote it by a(y’). Thus we
have

Hdt

)

/ a(9—1y/)e—m(t)\£\<eay'>da(y’)
Sn—l

ok+1

Taas©F = |

where F,(s,¢’) has support in (&) —3r, £} +3r) (see Lemma 2.4). By the cancelation
property of F,(s,¢’) and the conditions on vy we have
2k+1

/Qk /RFa(s,f’) (e_”(t)‘gls - 1) ds
, 2
Cr2 (el A(21)? ( / " ds>

’
1—3r

2 dt

/ (s, &)= 0Els g
R

2

|Ia,'y,k(§)|2

IN

< ChEMYLE)|

Thus by combining the last estimate with the trivial estimate |1, - x(§)] < C we get
(2.7). To prove (2.8), we notice that

Lor@f= [ ( /

Denote

k+1

ew<t>|s|(su>it> F,(s,&)F,(u,&)dsdu.

ok+1
ok t

Ji(&, s,u) = (/ el’v(ﬂl&l(su)‘”) )

By a simple change of variable, we have

2 2
Jk(gys’u):/ e—iw<2kt>|f|<s—u>ﬂ5/ am
1 t 1 t
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where .
0] :/ e WIE-V gy 1 <t < 2.
1

By the assumptions on 7, we obtain

1(2w) | 229

forl<w<t<2.
w t

d
Zo(@hw) = 28(20w) >

Thus by van der Corput’s lemma, |G(t)] < |¢(s — u)7(2k)‘_1 t,for 1 <t < 2. Hence
by integration by parts,

-1
| Jk(&; 5, u)] < Cle(s — w29
This estimate when combined with the trivial estimate Ji (&, s,u) < In2 gives
—1
[ Tu(&, 5,u)] < CJ€(s —u)y(2M)] 2.

Thus

Loy 1 (6]

IN

C |ey(2h)) / ls — u~} Fu(s, &) Fa(u, €)dsdu

RXR

_1 511_,'_37, 1
C’fv(?k)’ 21“_1/R /51 , |s —u|"2ds
1 s

By a simple change of variable we get

&143r ) £1+3r—u )
/ |s —ul"2ds < / |s| = ds
& —3r & —3r—u

Fa(u,&')

IN

du.

A

61
< / |s|7%ds§Cr%.
—6r
So,
1 1 1 1
[ k() < Clery(@O)] T Fallf < Clerm28)| F = C 2L 6] "
This completes the proof of Lemma 2.9. (|

For any 2 € L1(S"~1), we define the maximal operator
Mg, ., f(x) = sup [pk .0 * f(2)],
keZ

where |Q( ,)‘
B . N2y
om0 % F(z) = / =yl

2R < y|<2rH
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If v(t) = t, we denote Mg, ., by Mg,. Then we have the following results related to
the maximal operators M¢, . and M.

Lemma 2.10. Let Q € L'(S"') and w € A,(R*), 1 < p < co. Let 7y be in
C?([0,00)), convex, and increasing function with v(0) = 0. Then

(2.9) 1M 5 (D 1oy < Co 19111 (gm-1) 1 2

where Cp is a constant independent of Q0 and f € LP(w).

Proof. Using the spherical coordinate we have

ok+1

dt
s @< [ [ e =) 06 o) S
Let s = y(t). By the assumptions on v, we have
(2R , , L ds
Miofa) < [ [ e = s)l100)] doty)
v(2*) Sn-1 §
(210) < [ 106 My f@)ity)
where
1 (B ,
My f)=swp & [ 17z~ s)lds
ReR 0

is the Hardy-Littlewood maximal function of f in the direction of 3. By equation
(8) in [7] and since w € A,(R™) we have

(2.11) 1My fll ooy < CIfllo(wy With C independent of y'.

By (2.10) and Minkowski’s inequality for integrals we have

95 sy < [ 1961 1My Sl (6

n—

and hence by (2.11) we get (2.9). This completes the proof of the lemma. O
We shall need the following lemma from [7, p. 873].

Lemma 2.11. Let Q € LY(S"~1) for some d > 1. Then the mazimal operator Mg,
is bounded from LP(w) to itself, when p and w satisfy one of the following conditions:

(a) d<p<oo,p#landw € Ay q;

(b) 1<p<d,p# o0 andw' " ¢ Apyar-
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Let Mg be the spherical maximal operator defined by
M f(@) =sup [ |f(a = r0)|do0).
r>0.J8n-1
We shall need the following result concerning the weighted LP boundedness of Mg
with power weights.

Lemma 2.12 ([8]). Suppose thatn > 2, p >n/(n—1) and 1 —n < a < (n —
1)(p—1) — 1. Then Mg(f) is bounded on LP(R™, |z| ).

3. Proof of theorems

In the proof of our results we will apply the machinery developed by Duoandiko-
etxea and Rubio de Francia in [6]. We shall start by presenting a proof of Theorem
1.2.

The proof of Theorem 1.2 under condition (a).
In view of the atomic decomposition of €2, it suffices to show that

(3.1) Mar(F)llpo ey < Co 1o
holds for w € Af)/z(RJr), 2 <p<ooand f € LP(w) when a satisfies
(i) supp(a)C B(zo, p) for some 2o € S~ and p € (0,2];
(i) llaflo < p~ 1
(lll) fsn—l a(y)dg(y) =0.

Let us first prove (3.1) for the case 2 < p < co. For each k € Z, let n;, = v(2%).
Since 7 is convex and increasing in (0, 00), we have () /t is also increasing for ¢ > 0.
Therefore, the sequence {n;, : k € Z} is a lacunary sequence with 91 /n > 2. Since
the weight function w is radial, by using an appropriate rotation on S"~!, we may
assume w.l.o.g. that zo = (0,---,0,1). Let {®;}*_ be a smooth partition of unity
in (0, co) adapted to the intervals E; = [773'_+11a n;fl]. More precisely, we require the
following:

o € C®,0<P; <1,y P(t)=1,
J

supp ®; C Ej, dsizs(t)’gg.
By duality,
> % dr V2
Mo f(a) = (/ JRRGICERIOOTEE )

2k+1

=/

1/2
*dr
m)

JRRCGICEROOEt
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Now if we let \Tl;(f) =®,(|L,(&)]), then we have f =) ¥,y * f for f € S(R")
J
and for any k € Z. Thus

Maq f(a /

keZ

9 1/2

Z /Sn_1 a() (Yjpn * f) (x —y(r)€)do (&) dr

2k+l
r
By Minkowski’s inequality, we have
(3.2) Maqyf(z) < ZM 7 f (@),

where

2k+1

(5

By Plancherel’s theorem and Lemma 2.9 we get

1/2
*dr
")

L o0 W ) =50 d(©

2k:+1

) 2 o ) . d?“
IMars I3 = [ > S L L @ = sedoo
ok+1 ‘ dr . 9
< a(§)e” 8T 4o (¢) ) f(z)
]%;‘/J‘Fk </ ‘/Sn_l ’
2
< (2%l f(2)| da
> .. @)
< o272l f)3,
where
Aj={zeR": 77]+1 < |Lp(2)] < 77;—11}-
Therefore,
(3.3) [Maq i (Hlly < C275 £, -

Now, we need to compute the LP(w)-norm of M, ;(f) for p > 2. By duality,
there is a function ¢ in L(p/2)/(w1_(p/2)’) with HgH(p/Q),’wl_(p/zy < 1 such that
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[ Mg (DI,

2k+1

-2k

2

L a@ W P o =2(dot©)] o) da

keZ
2kt dr
< My 3 [ e @F [ [ @t 2009100t
<Y / Wiy % f(2)? M2 (3)(—2)de, with §(z) = g(—a),
keZ
< C Z‘\Pk-ﬁ-j*le HM(::’Y(Q)H(p/z)/7w17(p/2)/'
keZ

p/sz

By Lemma 2.3 and since w € A,(Ry) if and only if ~w1_T/ € A (Ry) we get
w € AII)/Z(RQ c Al(Ry) C Ap(Ry) and w!=®/2" e A, 5 (Ry). Therefore, by
the weighted Littlewood-Paley theory [11] and Lemma 2.10, we have

(34) [ Map (Nl < ClIfll,, for2<p<ooandw e A H(Ry).

By interpolating between (3.3) and (3.4) with w = 1, we get

(3-5) IMan i (DI, < G2 1],

for 2 < p < oo and for some 6 > 0.
Now, by Lemma 2.3, for any w € AJ ,(R4), there is an ¢ > 0 such that

w'te e AL )(Ry). Thus by (3.4) we have

(86) [ Mas(Dllyorre < ClFlly e for 2 < p< oo and w € AL ,(Ry).

Therefore, using the Stein-Weiss interpolation theorem with change of measure [15],
we may interpolate between (3.5) and (3.6) to obtain a positive number 7 such that

(3.7) [Maqyi (Oll,0 < C,27 Wl £l for2<p<ocandwe AII)/Q(RQ

which in turn implies

(3-8) IMar (Dl < Co D IMan (Dl < Collfll
i

for2 <p<ooandw € AII)/2(R+). In the endpoint case p = 2 and w € A{(R,),
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by Schwarz inequality, and (2.10) we have

[Ma i (Dl
2 % dr
= S [ @@ @ -2 9de(©)] Ttz
keZ n Jok Sgn—1 r
2 dr
< lall, ey * f ()] Ollw(z +~(r)é)| do(§)—dx
5[ s [ w@lltraiats’
< Cllall, Z/ |Wirj * f(2)]” My (@) (—2)de, with O(z) = w(~2)
kEZ
< Cllaf, s * f (@) Y| My &(—z)do(y')dx.
;/ k+j / Y

By the arguments in the proof of Theorem 7 in [7, p. 875] we infer that

My (@)(—z) < Cw(z) with C independent of y'.

Thus,
Mars(DIE, < Clal2Y / Wiy * (@) 2 w(o)de
keZ
1/2]|2
< (Z [Whtj * f|2>
keZ

2w
Since w € AL(R;) € A;(Ry), by the weighted Littlewood-Paley theory we get
(3.9) IMai (Dl < Ifllz for w € Af(Ry).

As above, by using the interpolation theorem with change of measure between (3.3)
and (3.9), Lemma 2.3 and using (3.2) we get (3.1) for p = 2. Thus the proof Theorem
1.2 under condition (a) is complete. O

The proof of Theorem 1.2 under condition (b).

Let {®;}™_ be as before and //\\j(f) = ®,(|¢|) for £ € R". Then by the above
arguments and changing variables we get

(3'10) MQ vf < ZSQ/y ]f

where

7(2)
Saq,if(x) = Z/
keZ 7(1)

L 2O Wyiis ) (@ =124

1/2
2@/
. )
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By the same proof as that of (3.3) we have

(3.11) 15075 (N)lly < C27* | £,

By (3.10)-(3.11), interpolation theorem with change of measure and following the
same argument as in the proof of (3.7), we notice that the proof of Theorem 1.2 for
condition (b) is completed if we can show that

(3.12) 150,75 (Pl = < NF1lp g

for 2nd/(2n+nd —2) <p < 2,1(1—n)(2—p) < o < 3(2np — 2n — p). To this end,
we use the duality argument. In fact, by duality there is a function g = g ;(z,7)

satistying lgl| < 1 and gi;(e,r) € 2" (12 [L2 ((1).2(2)) %) K] 2 =" /P do)
such that

||SQa’Y,jf||p,\z|a

7(2) dr
= LS00 Ak 1 - 2 o) L o

keZ (1)

~(2) dr
_ | L dr
= / ,%; /V N /S QO Ay ) (@)gr (@ + 250, 1)do(€) L da
1/2

IA

7(2) -\
2 ( [ @+ 2, r)da(}s)f)

keZ 1

1/2
(e

keZ

P lal—er' /v

p,|z|™
Now set
F " Q k d dr 2
= s ar

Since |x|a € A,(R") if and only if —n < a < n(p — 1), by the weighted Littlewood-
Paley theory we have

(3.13) 15035 o < Co 11l o || (F (92

pfal =o'/

1/2

Since H(F(g))l/2 = ”F(g)”pl/z,mra?”/f’ and p’ > 2, there is a function

P fo|=or /7

be L(p//2)/(R”7 \m|_o‘p//p) such that [[Bl] /gy, |4-er/» < 1 and
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I1£'(g) ||p//2 | P’ /P

/R </ /SM 1) | gk,j (x + 27r&, r)| do(€ Cff) Ib(z)| dz.

Now, we need to consider two cases:

Case 1. 2n6/(2n+né—2) <p <2, 2(1-n)(2—p) < a < 3(2np—2n—p) and
qz2.

By Holder’s inequality, we have

7(2) dr
(3.14) / / )| |9k,3 x—|—2 ré,r |da .
gn—1

~(2) ’ 2/’1/ dr
ot [ /S loe e o) L

(1) r

7(2) ) 9 dr
20 [ [ oo+ 2] do©)
y(1) Jsn-t r

Thus, by (3.14) and a simple change of variable we get

" keZ

IA

IN

”F )Hp ' /2,|z| P '/p

¥(2) 2 dr
< c/ / g, j (x,7) (/ |b(m—2kr5)\da—(§)> —dz
" kez /(1) Snot
v(2)
< o (X[ sl ) Ms(bh(a)ds
" \keZ ~(1)
/2||?
7(2) ar\
< (Z/ ng,j(-,r)2> [MsUODN 2y 20/ 2= -
kEeZ (1) r

P Ja|or/

By the conditions on p, ¢ and o we have (p'/2)" > n/(n—1) and 1 —n < 575 <
(n—1)((p'/2) — 1) — 1. Thus by Lemma 2.12 and the choices of g and b we obtaln

”F(Q)”p//ww‘fap’/p <C
which proves (3.12) for ¢ > 2.

Case 2. 2n0/(2n+nd —2) <p <2, 3(1—=n)(2—p) < a < 3(2np — 2n — p)
and 1 < ¢ < 2.
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By Holder’s inequality, Fubini’s theorem and a change of variable, we have

||F( )” p'/2, |l|*up’/p

P |~ /?

< ||Q||q/ / / 12() 2 q’g;w (z + 2%, r ‘ do (¢ —|b( )| dx
" ez /(1) JsnTt
7(2) 2_q . dr
< C/ / lg,;(x,7) )| ‘b(a:—? r§)|d0(§) —dx
n keZ Sn 1 T
1(2) 2 24" g
< cf S e ( o= 20| ao(9) Las
n kGZ Sn— 1
~(2) ’ 2/4 dr
<o X[ losten *(/ 2’%5)|”2do<s>> g
n kEZ Sn 1
7(2) o dr /2 2/d'
< o (X losenP ) (Mse @) da
R™ \ ez /(1) r
p 1/2||2
.
< / 91 2) .
<k€ZZ Y r

| (s 7)™

(»'/2)" Ja|**/ =P

Since (2/¢')(p'/2)’ > n/(n—1), by Lemma 2.12 we get (3.12) in the case 1 < ¢ < 2.
This completes the proof of Theorem 1.2 under condition (b). 0

Proof of Theorem 1.1.
Let ¢(r) be a smooth function supported on {r : & <r <2} and > 0(27r) = 1.

Let T(€) = ¢(27 [¢]) and
Hoasf@) = [ 0 (Cpaan £) 0 = 244)dr(e)

Since f = > Y,y * f for f € S(R™) and for any k € Z, applying Minkowski’s

J
inequality to get

(3.15) Mo f(@ ZMQ,gf

where

1/2
Z/ ‘Hrkjf 2dr> .

keZ

Mﬂjf <
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It is clear that by Theorem 1.2, we only need to prove Theorem 1.1 under condition

().

By the same arguments as in the proof of (3.3) we have
(3.16) IMa;(f)ll, < 02791 f]l,.

As in the proof of Theorem 1.2 under condition (b) and (3.15)-(3.16), we only need
to show that

(3.17) Meaifll,. < Cpllfll,, ford <p<oo,we Ays;.

The proof of (3.17) will be divided into two steps.

Case (1): 0 < p < o0, w € A,/5 and ¢ > 2. In this case 2 < p < oo
and w € Ap/p. First we consider the case p > 2. By duality, there is a function
g e L@/ (' =@/2)") with 191l (p/2)7 wi—w/2y < 1 such that

2 2
dr
Mas D=3 [ [ 20 (s o= r20do(@)| S lota)] .
kez
By Holder’s inequality, we have
2
(318) L 2O (s o = 128600
2 q 2/
< 108 ([ 0y a9 aote))
< 900G L 1Ok ) (@ = 1250 do).
Thus, by Fubini’s theorem and a simple change of variable we get
HMQ,j(f)H,z,,w
2
d
< o [ Mg f@F [ [ lotat 20| do©) T s
kez /R” 1 Jsn-t "
< O3 [ Pl f@F M@)oz, with §(2) = g(-a)
kez/R"
< O Ty fI? M=) 2y cor—or2 -
keZ

p/2,w

Therefore, by the weighted LP (1 < p < co) boundedness of the Hardy-Littlewood
maximal operator M* and the weighted Littlewood-Paley theory [11] we get

(3.19) [Mai (O, < Cpllfll,,, for2<p<ooandwe A4,,(R").
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In the endpoint case p = 2 and w € A;(R"™), by (3.18) and the definition of Ay
weight we have

Moy (FIZ,
2

= o * f) (@ —r2k8)do @wx x
_ kzz// L 00 (e 1) - 12 9aote)| Loty
< o sy + fla Wl +125)do(6) L

S [ el (f [ )
< OX [ M« 1@ M @) o), with @) = w(=a)

kEZ
1/2]2

< (Z | Thtj * f|2>

keZ

2w

Thus, by the weighted Littlewood-Paley theory we get
(3.20) IMa; (Pllg < [flly for we Ar(RT).

Case (2): 6 < p < oo, we Ay and 1 < g < 2. In this case we have
¢ <p<oo,we A,y andp>2.

As above, by duality, there is a function g € L(p/Q)/(wl_(p/Q)/) and satisfies
191l ¢ /2) wi-/2 < 1 such that

Mo =S [

keZ

2

L 00 (T ) = r29)do@)| o)

By Holder’s inequality, Fubini’s theorem and a change of variable, we have

IMa, (NI,
_ dr
< el 270 |(Thj + f) (2 — 1256)[* dor ()2 |g(w)| da
Igz/ //—1 | kg ‘ T
< cz/ Ty * F@)P Mo (3)(—2)da
keZ
1/2]2
2 * -
< (keZmeﬂ) [Mae0 @ s

p,w

By the above arguments, the proof of (3.17) will be completed in Case (2) if we can
show that

(3.21) M

(p/2) wi=e/2)" ~ Cllgll 2y wr-rar-
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To this end, we invoke Lemma 2.11. In fact, if we let d = ¢/(2 — q), then we notice
N 1=(/2)

that [0° " € LI(S"), &' = ¢'/2, (=@ = w € Ayjg = Ay and

(p/2)" < d. Therefore, d, (p/2)" and w'~®/2)" satisfy condition (b) in Lemma 2.11.

This finishes the proof of Theorem 1.1 for condition (a). This ends the proofs of

Theorems 1.1 and 1.2. ]
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